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Preface 


This book is designed primarily to supplement standard texts in elementary 
differential equations. All types of ordinary and partial differential equations 
found in current texts. together with the various procedures for solving 
them, are included. Since the beginning student must be concerned largely 
with mastering the methods of solving a variety of different type equations, 
it is felt that there is need for a comprehensive problem book such as this. 
It should prove also of equal service to practicing engineers and scientists who 
feel the need for a review of the theory and problem work in this increasingly 


important field. 


Each chapter, except for the third which is entirely expository, begins with 
a brief statement of definitions. principles. and theorems. followed by a set of 
solved and supplementary problems. These solved problems have been selected 
to make a careful study of each as rewarding as possible. Equal attention has 
been given to the chapters on applications. which include a wide variety of 


problems from geometry and the physical sciences. 


Much more material is presented here than can be taken up in most first 
courses. This is done not only to meet any choice of topics which the instructor 
may make, but also to stimulate further interest in the subject and to provide 
a handy book of reference. However. this book is definitely not a formal text- 
book and. since there is always a tendency to “get on” with the problems, those 
being introduced to the subject for the first time are warned against using it as 


a means of avoiding a thorough study of the regular text. 


The author is pleased to acknowledge his indebtedness to Mr. Louis Sand- 
ler, associate editor of the publishers. for invaluable suggestions and critical. 


review of the entire manuscript. 


FRANK Ayres, JR. 
Carlisle, Pa. 
September, 1952. ~ 
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CHAPTER 1 


Origin of Differential Equations 


A DIFFERENTIAL EQUATION is an equation which involves derivatives. For example, 


dy 2 2 


1) Big 45 5) (y")* + (y')? + By = x 
dx 
2) oY fxg +2y = 0 6) oz = Z + x22 
dx? dx Ox oy 
3 ! = 2 2 
) se Ard 3 7) oz + 22 = x? 4 y, 
ax? ay? 


4) y" + 2(y")? + y! = cos x 


If there is a single independent variable, as in 1)-5), the derivatives are 
ordinary derivatives and the equation is called an ordinary differential equa- 
tion. 

If there are two or more independent variables, as in 6)-7), the deriva- 
tives are partial derivatives and the equation is called a partial differen- 
tial equation. 

The order of a differential equation is the order of the highest derivative 
which occurs. Equations 1), 3), and 6) are of the first order; 2), 5), and 7) 
are of the second order; and 4) is of the third order. 

The degree of a differential equation which can be written as a polynomial 
in the derivatives is the degree of the highest ordered derivative which then 
occurs. All of the above examples are of the first degree except 5) which is 
of the second degree. 

A discussion of partial differential equations will be given in Chapter 28. 
For the present, only ordinary differential equations with a single dependent 
variable will be considered. 


ORIGIN OF DIFFERENTIAL EQUATIONS. 
a) Geometric Problems. See Problems 1 and 2 below. 
b) Physical Problems. See Problems 3 and 4 below. 


c) Primitives. A relation between the variables which involves n essential 
arbitrary constants, as y = x*+Cx or y = Ax?+Bx, is called a primitive. 
The n constants, always indicated by capital letters here, are called essen- 
tial if they cannot be replaced by a smaller number of constants. See Prob- 
lem 5. 


In general, a primitive involving n essential arbitrary constants will give 
rise to a differential equation, of order n, free of arbitrary constants. This 
equation is obtained by eliminating the n constants between the (n +1) equa- 
tions consisting of the primitive and the n equations obtained by differen- 
tiating the primitive nm times with respect to the independent variable. See 
Problems 6-14 below. 


lis 


6. 


ORIGIN OF DIFFERENTIAL EQUATIONS 


SOLVED PROBLEMS 


A curve is defined by the condition that at each of its points (x,y), y 
its slope dy/dx is equal to twice the sum of the coordinates of the 
point, Express the condition by means of a differential equation. 
iy P(x,y) 
The differential equation representing the condition is 77 = 2(x+y). x 


) 


A curve is defined by the condition that the sum of the x- and y-intercepts of its tangents is 
always equal to 2, Express the condition by means of a differential equation. 


The equation of the tangent at (x,y) on the curve is Y-y = 2K-») and the x- and y- 


intercepts are respectively X = x-y a and Y = y~x 2. The differential equation represent- 
y 
‘ ee ; dx ‘dy dy.2 dy 
th dit X+Yeex-y— -x— = —) - + y — 2) + = 0. 
ing e condition is + x-y a + y-x oP 2 or mA? (x y z y 


One hundred grams of cane sugar in water are being converted into dextrose at a rate which is 
proportional to the amount unconverted, Find the differential equation expressing the rate of 
conversion after t minutes. 


Let q denote the number of grams converted in ¢ minutes, Then (100- q) is the number of grams 


unconverted and the rate of conversion is given by 2 = k(100-q), k being the constant of 


proportionality. 


A particle of mass m moves along a straight line (the x-axis) while subject to 1) a force pro- 
portional to its displacement x from a fixed point O in its path and directed toward O and 2) 
a resisting force proportional to its velocity, Express the total forceas a differential equa- 
tion. 


The first force may be represented by -k,x and the second by -k » where ky, and ky are 
factors of proportionality. 


The total force (mass x acceleration) is given by m—— = ~kyx - kg—->s 


B 
In each of the equations a) y/= x?7+A+B, 6) ye Ae » ¢) y = A+ 1nBx show that only one 
of the two arbitrary constants is essential. 


a) Since A+B is no more than a single arbitrary constant, only one essential arbitrary con- 
stant is involved, 


x+B 


B 
b) y = Ae = Ae’e , and Ae” is no more than a Single arbitrary constant. 


c) y = A+ In Be = A+ 1nB+ 1nx, and (A + 1n B) is no more than a single constant. 


Obtain the differential equation associated with the primitive y = Ax? + Bx +C. 


Since there are three arbitrary constants, we consider the four equations 
3 
y=Axts+Br+C, Y=2de+B, 2% =, F220, 
dx dx? dx? 
dy 
The last of these are being free of arbitrary constants and of the proper order, is the 
dx 


7. 


ORIGIN OF DIFFERENTIAL EQUATIONS 


required equation. 


Note that the constants could not have been eliminated between the first threeof the above 
equations. Note also that the primitive can be obtained readily from the differential equa- 
tion by integration. 


Obtain the differential equation associated with the primitive x°y’+ xy? = C, 


dy 


Differentiating once with respect to x, we obtain (2xy? + ax?) + (3x7 > + Bx y* oe = 0 


or, when xy #0, (2y + 3x #) + xy? (By + sx 2) = 0 as the required equation. 


When written in differential notation, these equations are 
1) (xy? dx + 3x7y*dy) + (3x7y dx + Sx¥y*dy) = 0 
and 2) (2y dx + 3xdy) + xy (3y dx + 5xdy) = 0. 


Note that the primitive can be obtained readily from 1) by integration but not so readily 
from 2). Thus, to obtain the primitive when 2) is given, it is necessary to determine the fac-~ 
tor xy? which was removed from 1). 


8. Obtain the differential equation associated with the primitive y = A cos ax + B sinax, A 


10. 


and B being arbitrary constants, and a being a fixed constant. 


Here ae -Aa sin ax + Ba cos ax 
dx 
2 
and a2 = ~Aa* cos ax ~ Ba* sin ax = ~a?(A cos ax + B sin ax) = -a’y, 
dx 
dy 


The required differential equation is <> + a*y = 0. 
dx 


Obtain the differential equation associated with the primitive y = Ae?* + Be“+C. 


dy 2 d’y 2 d°y 2 
Here —2 = De + Be”, — > = 4Ae** + Be”, —2 = gAe** + Be”, 
dx dx? b} 
3 2 2 5 2 2 
then 22 2 OX-saae™, “22 2 gare, ond SS 2 SP Ee 2 Dy 
dx} dx? dx? dx} dx? dx? dx 
3 2 
The required equation is Se 3 ey-% 2 0. 
dx} dx? dx 


2 
Obtain the differential equation associated with the primitive y = Gs + Cye ae Cge™. 


d 
Here a aCce°" + 2Ce** + Cle; ays aC, 6" + ice + Cie. 
dx dx? 
dy 3x 2x x 
and —+ = 27C,e + 8Cy,e °° + Coe. 
dx? 


The elimination of the constants by elementary methods is somewhat tedious. If three of 
the equations are solved for C,, C,, C,, using determinants, and these substituted in the 
fourth equation, the result may be put in the form (called the eliminant): 


ORIGIN OF DIFFERENTIAL EQUATIONS 


2 
gem ee y 1 $4 1 sy 
ger ee” y! A 3.2 1 =y!’ ‘ 
as = oe =e “(-2y" + L2y" — Bayi + 1dy) = 0, 
ge” ae” 2” y" 9 4 1 y” 
ate” gee” eX y" 27 8 1 y" 
x 2 
The roanived-aieteneitiel agmticn as 22.6 tad? bee eg 
aed dx? dx 


11. Obtain the differential equation associated with the primitive y = Cx” + Cc 


dy x2 + 1 


: dy dy : 1 2 
8 oY = 2Cx =a. & Z Gee, gee ae : 
ince 7 2Cx, C a andy Cx + € ae 2 ) 


The required differential equation is (By + x? 2 - 4x’y = 0. 


Note. The primitive involves one arbitrary constant of degree two and the resulting dif- 
ferential equation is of order one and degree two. 


12. Find the differential equation of the family of circles of fixed radius r withcenters on the 


x-axis, 


The equation of the family is (x-Cy* + y? = r?, 


C being an arbitrary constant. 
Then (x-C) + y 2 = 0, x-C=-y 2, and the 


differential equation is ae + y =r’, 


13. Find the differential equation of the family of parabolas with foci at the origin and axes 


along the x-axis, 


x? +y? = (2A +x) 
y? = 4A(A+ x) y? = 4A(A+x) 
The equation of the family of parabolas is y? = 4A(A + x). 
Then yy’ = 24, A-=syy', and y? = yy (syy'+x). 


: ae dy 2 dy 
The required equation is —) + 2x = - = 0. 
| q yc) ce y 


14. 


15. 


16. 


ORIGIN OF DIFFERENTIAL EQUATIONS 


Form the differential equation representing all tangents to the parabola y? = 2x, 
At any point (A,B) on the parabola, the equation of the tangent is y-B = (x-A)/B or, 


since A = 4B%, By =x + 4B*, Eliminating B between this and By’=1, obtained by differenti- 
ation with respect to x, we have as the required differential equation Qx(y')? — 2yy'+1=0. 


SUPPLEMENTARY PROBLEMS 


Classify each of the following equations as to order and degree. 


a) dy + (xy ~ cos x)dx = 0 Ans. Order one; degree one 


2 
Delaney Ss 


= 0 Ans, Order two; degree one 
dt? dt Cc 
cy) y" + xy" + ay ly!) + xy = 0 Ans. Order three; degree one 
d’y dv dv.2 
dy) ——~— + x(—) +ve=d Ans, Order’ two; degree one 
dx2 dx. dx 
3 2 
e) ge = ees + vw = 0 Ans. Order three; degree two 
dv dv? 
f) ek xy" + y =0 Ans. Order three; degree does not apply 
gy) ¥pl+p = sind Ans, Order one; degree one 


hy yl +x = (y—xy') Ans. Order one; degree four 


1) == = Pt (4) Ans, Order two; degree four 


Write the differential equation for each of the curves determined by the given conditions, 


a) At each point (x,y) the slope of the tangent is equal to the square of the abscissa of the 
point. Ans. y! = x? 


b) At each point (x,y) the length of the subtangent is equal to the sum of the coordinates of 
the point. Ans. y/y'=xt+y or (x+y)y'=y- 


c) The segment joining P(x,y) and the point of intersection of the norma] at P with the x-axis 


is bisected by the y-axis. Ans. y+ f = $y or yy! + 2x=0 
y 


d) At each point (9,6) the tangent of the angle between the radius vector and the tangent is 


equal to 1/3 the tangent of the vectorial angle. Ans. p = = ; tan 6 
ip 


e) The area bounded by the arc of a curve, the x-axis, and two ordinates, one fixed and one 
variable, is equal to twice the length of the arc between the ordinates. 


xX x 
Hint: ii ydx = af Ji +(yy dx, Ans. y = avi+ cy") 
a a 


wa 


17. 


18. 


19. 


20. 


ai. 


22. 


ORIGIN OF DIFFERENTIAL EQUATIONS 


Express each of the following physical statements in differential equation form. 
a) Radium decomposes at a rate proportional to the amount Q present. Ans. dQ/dt = —kQ 


b) The population P of a city increases at a rate proportional to the population and to the 
difference between 200,000 and the population, Ans. dP/dt = kP(200,000 — P) 


c) For a certain substance the rate of change of vapor pressure (P) with respect to temper- 
ature (7T) is proportional to the vapor pressure and inversely proportional to the square 


of the temperature. Ans. dP/dT = kP/T? 


d) The potential difference FE across an element of inductance L is equal to the product of L 


and the time rate of change of the current i in the inductance. Ans. E =L a 
dv d’s : 
e) Mass x acceleration = net force. Ans. m—~— =F or m-—=F 
dt dt? 


Obtain the differential equation associated with the given primitive, A and B being arbitrary 
constants, 


a) y = Ax Ans. y! = y/x e) y = sin(x+A) Ans. (ty =1l- y? 
b) y= Ax +B Ans. y" = 0 fy y=Ae +B Ans, y" = y! 
eae Bei gah Ans. yl=y g) x =A sin(y+B) Ans. y" = x(y'y 

d) y =A sinx Ans. y! = y cotx hy) In y = Ax? +B 


Ans. xyy"” ~yy! = x(y'y = 0 


Find the differential equation of the family of circles of variable radii r with centers on 
the x-axis. (Compare with Problem 12.) 
Hint: (~—Ay* + y? = r*, A andr being arbitrary constants. Ans. yy" + (y!? +120 


Find the differential equation of the family of cardiods p.= a(1- cos 0). 
Ans. (1 - cos@)do = p sin 6 dO 


Find the differential equation of all straight lines at a unit distance from the origin, 


Ans. (xy'-y)? = 1+ (y'f 


Find the differential equation of all circles in the plane, 


Hint: Use «7+ y?—~2A4x-2By+C = 0. Ans. [1+ (y') ly” ~ 3y'(y") = 0 


CHAPTER 2 


Solutions of Differential Equations 


THE PROBLEM in elementary differential equations is essentially that of recovering 
the primitive which gave rise to the equation. Inother words, the problem of 
solving a differential equation of order n is essentially that of finding a 
relation between the variables involving n independent arbitrary constants 
which together with the derivatives obtained from it satisfy the differential 
equation. For example: 


Differential Equation Primitive 
diy ; 
1) — «= 0 y =Ax* + Bx +C (Prob.6, Chap. 1) 
dx} 
2) d’y ody + eee - 6y = 0 Ce Ces Ce (Prob.10, Chap. 1) 
dx3 ‘ig? cx ie! 2 3 es 
3) v2 (By? ty? = 2? (x-C)? + y?= r? (Prob. 12, Chap. 1) 


THE CONDITIONS under which we can be assured thata differential equation is solv- 
able are given by Existence Theorems. 


For example, a differential equation of the form y’ = g(x,y) for which 
a) 8(x,y) is continuous and Single valued over a region R of points (x,y), 


b) 26 exists and is continuous at all points in R, 
y 


admits an infinity of solutions f(x,y,C) =0 (C, an arbitrary constant) such 
that through each point of R there passes one and only one curve of the fam- 
ily f(x,y,C) =0. See Problem 5. 


A PARTICULAR SOLUTION of a differential equation is one obtained from the primitive 
by assigning definite values to the arbitrary constants. For example, in 1) 
above y=0 (A=B=C=0), y=2x+5 (A=0, B=2, C=5), and y=x?+2x+3 (A 
=1, B=2, C=3) are particular solutions. 


Geometrically, the primitive is the equation of a family of curves and a 
particular solution is the equation of some one of the curves. These curves 
are called integral curves of the differential equation. 


As will be seen from Problem 6, a given form of the primitive may not in- 
clude all of the particular solutions. Moreover, as will be seen from Prob- 
lem 7, a differential equation may have solutions which cannot be obtained from 
the primitive by any manipulation of the arbitrary constant as in Problem 6. 
Such solutions, called singular solutions, will be considered in Chapter 10. 


The primitive of a differential equation is usually called the general so- 
lution of the equation. Certain authors, because of the remarks in the para- 
graph above, call it a general solution of the equation. 


SOLUTIONS OF DIFFERENTIAL EQUATIONS 


A DIFFERENTIAL EQUATION 2 = g(x,y) associates with each point (x 5,y,.) in the re- 


i. 


gion R of the above existence theorem a direction m = dy = 8(X%5,¥o). 
AX | or Yo) 

The direction at each such point is that of the tangent to the curve of the 

family f(x,y,C) =0, that is, the primitive, passing through the point. 


The region R with the direction at each 
of its points indicated is called a direc- 
tion field. In the adjoining figure, a num- 
ber of points with the direction at each is 
shown for the equation dy/dx = 2x. The in- 
tegral curves of the differential equation 
are those curves having at each of their 
points the direction given by the equation. 
In this example, the integral curves are 
parabolas. 


Such diagrams are helpful in that they 
aid in clarifying the relation between a 
differential equation and its primitive, but 
since the integral curves are generally ff R . 
quite complex, such a diagram does not aid ese ae i“ alone re 


materially in obtaining their equations. slope = -2 


a 


slope = 0 


SOLVED PROBLEMS 


Show by direct substitution in the differential equation and a check of the arbitrary constants 
that each primitive gives rise to the corresponding differential equation. 
2 
a) y = Cysinx + Cgx (1-x cota ft - 2eXey =o 
dx? dx 
x % “x 2% d> d? dy x 
b) y = Cye’ + Coxe’ + Cge ~ + 2xe St Fa ae ay te Ry a 
dx? dx? dx 
d d* 
a) Substitute y = C, sinx + Cox, 7 = Cy cosx + Cg, — = -C,sinx inthe differential equa- 
x dx 


tion to obtain 
(1 - x cotx)(-C, sinx) ~ x(C, cosx + Cy) + (Cy sinxz + Cox) = 


-C, sinx + Cyxcosx ~ Cyx cosx — Cox + Cy sinx + Cox = 0. 


The ordér of the differential equation (2) and the number of arbitrary constants (2) agree, 


b) y = Cye~ + Coxe ~ + Cae” + x7 e*, 
y’ = (C,+ Cyye~ + Coxe” = Cye” + axre* + 4xe*, 
y" = (Cy+2Cyye~ + Coxe” + Cge™~ + 2x%e% + Bxe* + 4e%, 
y" = (Cy4+3Co)e” + Coxe” - Cge™™ + Qx7e* + 1dxe* + 12e%, 
and y”- y”-— y! + y = 8e.. The order of the differential equation and the number of arbitrary 


constants agree, 


Show that y = Qn + Ce™ is the primitive of the differential equation a - y = 2(1-x) and find 
a 


the particular solution satisfied by x=0, y=3 (i.e., the equation of the integral curve through 
(0,3). 


3. 


SOLUTIONS OF DIFFERENTIAL EQUATIONS 9 


Substitute y = 2x +Ce™ and 2 = 2+Ce™~ inthe differential equation to obtain 2+ Ce (2x+ Ce’) 
= 2-2x, When x=0, y=3, 32 2-0+Ce° and C=3, The particular solution is y = 2x+ 3e™, 
d® d 
Show that y = Ce" Gye" "s x is the primitive of the differential equation —2 - 3 + 2y = 
dx 
2x-3 and find the equation of the integral curve through the points (0,0) and (1,0). 
2 


d d 
Substitute y = Cye"+ Coe *+ x, &% = Cye%+ Wye?” +1, <2 =Cye“+4Coe** in the dif- 


ferential equation to obtain Cye*+ 4Cne-* - 3(Cye*+ ocye-" $1) +2(Cye*+ Ge: x) = 2-3, 


When x=0, y=0: Cy+C, = 0. When x=1, y=0: Gad Gye’ = -1, 


x 2x 
Then C, = -C, = and the required equation is y=x+ 27°. 
e--—-eé e? -e 
2 ' gs hd & ‘ : 3 dy.2 dy 
Show that (y-C) =Cx is the primitive of the differential equation 4x (=) + an -y=0 
X 
and find the equations of the integral curves through the point (1,2). 
dy dy Cc 
Here 2(y-C)—~=C and = = —— ~. 
Sar dx Xy-C) 
C? Cc Cx + Cx(y -C) - y(y -C)” y[Cx ~ (y-C)*] 
Then AX ———————— + 2x  - Y = sO ——- S  : ee i pe =- 0. 
4(y-C)? 2(y ~C) (y-C)? (y-C) 


When x=1, y=2: Qa) 2x0 and C = 1, 4, 


The equations of the integral curves through (1,2) are (y - 1)’ =x and (y- 4)° = 4x, 


The primitive of the differential equation - = 2 is y = Cx. Find the equation of the in- 


tegral curve through a) (1,2) and 6) (0,0). 


il 


a) When x=1, y=2: C=2 and the required equation is y = 2x, 


b) When x =0, y=0: C is not determined, that is, all of the integral curves pass through the 
origin. Note that g(x,y) = y/x is not continuous at the origin andhence the existence theorem 
assures one and only one curve of the family y = Cx through each point of the plane except the 
origin, 


Differentiating xy = C(x-1)(y-1) and substituting for C, we obtain the differential equa- 
tion 

dy dy xy dy 

ety = C{(x-1)= + y-1} = ——— {(x-14 + y-} 
dx dx (x -1)(y -1) dx 
dy 

or 1 -1)— + -1) = 0. 

) x(x Re y(y-)) 


Now both y=0 and y=1 are solutions of 1), since, for each, dy/dx=0 and 1) is satisfied, 
The first is obtained from the primitive by setting C=0, but the second y=1 cannot be obtained 
by assigning a finite value to C. Similarly, 1) may be obtained from the primitive in the form 
Bxy = (x -1)(y-1). Now the solution y=1 is obtained by setting B=0 while the solution y=0 
cannot be obtained by assigning a finite value to B, Thus, the given form of a primitive may 
not include all] of the particular solutions of the differential equation. (Note that x =1 is 
also a particular solution. ) 
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12. 


SOLUTIONS OF DIFFERENTIAL EQUATIONS 


Differentiating y = Cee o?, solving for C = dy » and substituting inthe primitive yields the 


differential equation 
2 dy 
a) ep (SE) = 0. 
) ne y 
dy _ 


: 1 é ‘ 
Since y = - ae ao 7 satisfies 1), ae 8y = 0 is a solution of 1). 


Now the primitive is represented by a family of straight lines and it is clear that the 
equation of a parabola cannot be obtained by manipulating the arbitrary constant. Such a solu- 
tion is called a singular solution of the differential equation. 


Verify and reconcile the fact that y = Cycosx + Cgsinx and y =A cos(x+B) are primitives 


of ae = 0. 
dx? 
From y = C, cosx+ Cygsinzx, y’= -C, sinx+ C,cosx and ; 
y"= -~C,cosx~Cysinx = ~y or aD ay = 0. 
ace 


From y = Acos(x+B),  y’ = ~Asin(x+B) and y"= ~A cos (x+B) = ~-y, 


Now y = Acos(x+B) = A(cosx cosB - sinx sinB) 


= (A cosB) cosx + (-AsinB) sinx = C,cosx + Cosinx. 


2 


Show that Inx* + In2X. = At+x may be written as y* = Be™. 


x2 
: 2 a 2 2 A+% A Xx x 
In x +ind - In(x r) = Iny = A+x. Then y = e = ere = Be, 
x x 


Show that Arc sinx - Arc siny = A_ may be written as xV1l~y? - y 1-x? = B, 


H 


sin(Arc sin x - Arc sin y) = sinA = B, 


Then sin(Are sin x) cos(Arce sin y) — cos(Arc sin x) sin(Arc sin y) = xV1-y? -yv 1—x? = B, 


Show that 1n(1+y) + In(i+x) =A may be written as xy+x+y ="C, 
In(l+y) + In(l+x) = In(l+y)(l+x) =A. 


Then (lt+y)(l+n) sayeatyti =e! =B and xy+x+y=B-1=C, 


Show that sinh y + coshy = Cx may be written as y = Inx + A, 


Here sinh y + coshy = t(e*-e">) + s(e> + e) =e «= Cx. 


Then y = In + I1nx = A+ nx, 


SOLUTIONS OF DIFFERENTIAL EQUATIONS ap 


SUPPLEMENTARY PROBLEMS 


Show that each of the following expressions is a solution of the corresponding differential 
equation, Classify each as a particular solution or general solution (primitive). 


13. y= 2x”, xy’ = Qy. Particular solution 
2 2 foc 

14. x +y =C, yy’ +x = 0. Primitive 
Is. y=Cx+C, yrxyl + (y!). Primitive 

2 3 3p 2 2 ; . 
16. (l-x)y =x, Qx"y! = y(y +3x'). Particular solution 
17. y= e“(1+x), ym 4’ + y= 0. Particular solution 
18. y = Cyx + Coe, (x-l)y" -xy' + y=0. General solution 
19. y= Cie eye y"-~y=0. General solution 
90. y=C Pa Che" +x - 4, yo =4-—-% General solution 

1 Y 
21. y= Cye~ + Ge. y" — 3y’ + 2y = 0. General solution 
2 

22. y =Cye’ + Coe + xe™, y" ~ By! + 2y = 2e°(1-x). General solution 


CHAPTER 3 


Equations of First Order and First Degree 


A DIFFERENTIAL EQUATION of the first order and first degree may be written in the form 


1) M(x,y)dx + N(x,y)dy = 0. 
EXAMPLE 1. a) + = = 0 may be written as (y +x)dx + (y-x)dy =0 in 


which M(x,y) =y+x and M(x,y)=y-—x. 
b) o =1+x’y may be written as (1+ x’y)dx-dy=0 in which 
x 

M(x,y)=1+x°y and N(x,y)=-1. 

If M(x,y)dx+N(x,y)dy is the complete differential of a function b(x,y), 
that 1s, if M(x, y) dx + N(x,y) dy = du(x,y). 
1) is called exact and u(x,y) = C is its primitive or general solution. 

EXAMPLE 2. 3x? y* dx + 2x’ y dy=0 is an exact differential equation since 
3x°y* dx + 2x>y dy =d(x’y?). Its primitive is xy’ = C. 


If 1) is not exact but 
E(x, y){ M(x, y)dx + N(x,y)dy} = du(x,y), 
€(x,y) is called an integrating factor of 1) and u(x,y)=C is its primitive. 
EXAMPLE 3. 3y dx +2x dy=0 is not an exact differential equation but when 


multiplied by €(x,y)=x’*y, we have 3x*y*dx + 2x’y dy=0 which is exact. Hence, 
the primitive of 3y dx +2xdy=0 is x’y?=C. See Example 2. 

If 1) is not exact and no integrating factor can be found readily, it may 
be possible by a change of one or both of the variables to obtain an equation 
for which an integrating factor can be found. 


EXAMPLE 4, The transformation x = t~y, dx = dt ~dy, (i.e., x+y = t), 


reduces the equation (xty +1)dx + (2x+ 2y +3)dy = 0 
to (t +1) (dt ~dy) + (2t+3)dy =0 
or (t+1)dt + (t+2)dy = 0. 


the equation takes the form 


By means of the integrating factor ; 5 


dye pean ae a 
t+2 t+2 
Then y+t—In(t+2) =C 
and, since t = x+y, ay + x —- In(x+ty+2) =C. 


Note. The transformation xt+ty+il=t or 2x+2y+3=2s is also suggested by 
the form of the equation. 
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A DIFFERENTIAL EQUATION for which an integrating factor is found readily has the 


form 
2) fy (x)+8o(y)dx + fo(x)-8i(y)dy = 0. 
By means of the integrating factor =) » 2) is reduced to 
fo(x)* 8o(y) 
f 
2") 1 (x) Bier th &1(y) dy = 0 
f, (x) &2(y) 


whose primitive is 
A400 + 8) 4 - ¢, 


F,(x) Boy) 


Equation 2) is typed as Variables Separable and in2') the variables are sep- 
arated. 


EXAMPLE 5. When the differential equation 
(3x?y —xy)dx + (2x3 y? + xy" )dy = 0 


is put in the form y(3x? —x)dx + x? (2y?+y")dy = 0 


it is seen to be of the type Variables Separable. The integrating factor -. 

yx 

reduces it to re - +) ox + (2y+y’)dy = 0 in which the variables are sepa- 
x 


rated. Integrating, we obtain the primitive 


1 2,14 _ 
3inx + >t+y vagy = ¢C, 


IF EQUATION 1) admits a solution f(x,y,C) = 0, where C is an arbitrary constant, 
there exist infinitely many integrating factors €(x,y) such that 


E(x, y){M(x,y)dx + N(x,y)dy} = 0 


is exact. Also, there exist transformations of the variables which carry 1) 
into the type Variables Separable. However, no general rule can be stated here 
for finding either an integrating factor or a transformation. Thus we are 
limited to solving certain types of differential equations of the first order 
and first degree, i.e., those for which rules may be laid down for determin- 
ing either an integrating factor or an effective transformation. 


Equations of the type Variables Separable, together with equations which 
can be reduced to this type by a transformation of the variables are con- 
sidered in Chapter 4. 


Exact differential equations and other types reducible to exact equations 
by means of integrating factors are treated in Chapter 5. 


The linear equation of order one 


3) x + P(x)sy = Q(x) 


and equations reducible to the form 3) by means of transformations are con- 
sidered in Chapter 6. 
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These groupings are a matter of convenience. A given equation may fall into 
more than one group. 


EXAMPLE 6. The equation xdy—ydx=0 may be placed in any one of the 
groups since 


a) by means of the integrating factor 1/xy the variables are separated; thus, 
dy/y — dx/x =Q so that Iny ~Inx =1nC or ye =C., 


b) by means of the integrating factor 1/x? or 1/y* the equation is made ex- 


act; thus, BY eV 2h aad Voce gp? Me YS and eC: 
x2 x y? y 
PA Bd ge 
x on 
c) when written as a Led y = 0, it is a linear equation of order one. 
xX »¢ 


Attention has been called to the fact that the form of the primitive is 
not unique. Thus, the primitive in Example 6 might be given as 


a) Iny - lnx = 1nC, b) y/x =C, c) y = Cx, d) x/y =K, etc. 


It is usual to accept any one of these forms with the understanding, already 
noted, that thereby certain particular solutions may be lost. There is an 
additional difficulty! 


EXAMPLE 7. It is clear that y=0 is a particular solution of dy/dx=y or 
dy-y dx =0. When y #0, we may write dy/y—dx=0 and obtain Iny-x=1nC 
with C40; in turn, this may be written as y=Ce”, C#0. Thus, to include 
all solutions, we should write y=0; y=Ce% C#0. But note that y = Ce”, 
free of the restrictions imposed on y and C, includes ali solutions. 


This situation will arise repeatedly as we proceed but, as is customary, 
we shall refrain from pointing out the restrictions; that is, we shall write 
the primitive as y = Ce”, with C completely arbitrary. In defense, we offer 
the following observation. Let us multiply the given equation by e~* to ob- 
tain e*dy — ye™*dx = 0 from which, by integration, we get e~*y = C or 
y = Ce”. In this procedure, it has not been necessary to impose any restric- 
tion on y orc. 


CHAPTER 4 


Equations of First Order and First Degree 


VARIABLES SEPARABLE AND REDUCTION TO 
VARIABLES SEPARABLE 


VARIABLES SEPARABLE. The variables of the equation M(x,y)dx + N(x,y)dy =0 are 
separable if the equation can be written in the form 


1) f,(x)+ Bo(y)dx + f2(x)-8ily)dy = 0. 


The integrating factor mae » found by inspection, reduces 1) to the 


fo (x) Bo(y) 


oe AiG) og BY) g 
f,(x) 62(y) 


= 0 


from which the primitive may be obtained by integration. 


For example, (x ~—1)*y dx + x" (y +1)dy = 0 is of the form 1). The integrat- 
2 
ing factor _— reduces the equation to ee a + a dy = 0 in which 
x°y x 


the variables are separated. See Problems 1-5. 


HOMOGENEOUS EQUATIONS. A function f(x,y) is called homogeneous of degree n if 
F(Ax,Ay) = N" F(x,y). 


For example: 
a) f(x,y) = x’ ~ x’y is homogeneous of degree 4 since 
F(Ax, Ay) = (Ax)" = (Ax)? (Ay) = M(x" = x? y) = 8 FOny). 


b) f(x,y) = aoe + tan is homogeneous of degree 0 since 


Ay yy /% 


eryl + tan —- = e + tans = x f(x,y). 
Ax a 


f(Ax, Ay) = 


x? + sinx cosy is not homogeneous since 
f(Ax, Ay) = \°x? + sin(Ax) cos(Ay) #  F(x,y). 


c) f(x,y) 
The differential equation M(x,y)dx + N(x,y)dy = 0 is called homogeneous 
if M(x,y) and N(x,y) are homogeneous and of the sane degree. For example, 
2 
x ink dx + — arc sin ~ dy = 0 is homogeneous of degree 1, but 


neither (x? +y?)dx - (xy’-y*)dy =0 nor (x+y’)dx + (x-y)dy = 0 is a 
homogeneous equation. 
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The transformation as Br 2G ae 8 ede 
will reduce any homogeneous equation to the form 
P(x,v)dx + Q(x,v)dv = 0 


in which the variables are separable. After integrating, v is replaced by y/x 
to recover the original variables. See Problems 6-11. 


EQUATIONS IN WHICH ¥(x,y) AND (x,y) ARE LINEAR BUT NOT HOMOGENEOUS. 
a) The equation (a,x + by + c)dx + (agx + bgy +c,)dy = 0, (a,b,-—a,b, = 0), 


is reduced by the transformation 


a,x+byy = t, dy = dt — a, dx 
b, 
to the form P(x, t)dx + Q(x, t)dt = 0 
in which the variables are separable. See Problem 12. 


b) The equation (a,x + b,y+c)dx + (agx+ bey +cy)dy = 0, (a,bg-agb, # 0), 
is reduced to the homogeneous form 
(a,x' + byy')dx' + (agx'’ + byy')dy’ = 0 


by the transformation Ei Gar he yryltk 


in which x=h, y=k are the solutions of the equations 
axtbyyte,= 0 and agxt+tbyyt+c, = 0. See Problems 13-14. 


EQUATIONS OF THE FORM y. f(xy)dx + x. g(xy)dy = 0. The transformation 


e-See _2z pees dz — z dx 
Yu Z, Pos se : ee 
reduces an equation of this form to the form 
P(x,z)dx + Q(x,z)dz = 0 
in which the variables are separable. See Problems 15-17. 


OTHER SUBSTITUTIONS. Equations, not of the types discussed above, may be reduced 
to a form in which the variables are separable by means of a properly chosen 
transformation. No general rule of procedure can be given; in each case the 
form of the equation suggests the transformation. See Problems 18-22. 


SOLVED PROBLEMS 
VARIABLES SEPARABLE, 


1. Solve x’dx + (y +1) dy = 0. 
The variables are separated. Hence, integrating term by term, 


4 3 
2, ay EY Ge 
4 3 


or 3x + 4(y+1)° Gs 


VARIABLES SEPARABLE 7 


v 2. Solve x’ (y + l)dx + y (x -1)dy = 0. 


2 2 
The integrating factor een reduces the equation to dx + dy = 0. 
(yt+l)(z- x-1 y+1 
. . 1 1 
Then, integrating (x+1+ )dx + (y~-1+ )dy = 0, 
x-l1 yt+l 


tee +x“ + In(x-1) eye y + In(y+1) = Co, 


x4 y? + Qe — Qyt Qln(x-D(y +l) = Ca, 


and (eth? 4 (y-1* + Qin -DYth = GC 
Y 3, Solve 4x dy - ydx = x*dy or ydx + (x? ~ 4x)dy = 0. 
: : 1 : dx dy ; : 
The integrating factor —= reduces the equation to -————— + — = 0 in which the 
y(x* = 4x) x(x -4) y 
variables are separated, 
| 
the: daktee eabathonaay beceeitten ae hoe dy Lg op SL Weg, 
x-4 x y x-4 x y 


Integrating, In(x -4) - Inx + 4Iny = 1nC or (x -4)y" = Cx, 


dy 4y 
v 4, Solve — = ——“— or -3)dy = 4y dx. 
ae Per x(y -3)dy y 


The integrating factor 3 reduces the equation to Lo ay = a aie 
x 


Integrating, y-3 Iny = 4 Inx + 1nC, or y = In(Cyx*y?), 


This may be written as Cyx*y? =e or xy = Ce”. 


v 5. Find the particular solution of (1+x°)dy - xy dx = 0 satisfying the initial conditions x =1, 


y=2, 
First find the primitive, using the integrating factor Sa Se 
y(1+ x) 
2 
her, ON cee iny -din(t+x°) = Cy, 3iny = In(l+x?)+inC, y'=CU+z?). 
y 1+x) 3 


When x=1, y=2: 2° = C(1+1), C= 4, and the required particular solution is y = 4(1 time, 


HOMOGENEOUS EQUATIONS. 


J/ 6. When Mdx + Ndy = 0 is homogeneous, show that the transformation y = vx will separate the 
variables, 


When Mdx +Ndy = 0 is homogeneous of degree n, we may write 


Mdx+N dy 


x” {My (2) de + N, (2) dy} = 0 whence My (2) dx ¥ N, (2) dy = 0. 


The transformation y = vx, dy = vdx + xdv_ reduces this to 
My(v) dx + Ny(v){u dx +x dv} = 0 or {My(v) + wNy(v)}dx + xNq(v) du = 0 


or, finally, dx + Ni(v) du 


ee = CO in which the variables are separated. 
4 My(v) + vNy(v) 
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| . Solve (2) + y? Jade - 3xy"dy = 0. 


The equation is homogeneous of degree 3, We use the transformation y = ux, dy = vdx + xdv 
tai 
became ae CTC oes hi or eee 6 ee (1-20?)de - 3u*x dv = 0 
in which the variables are separable. 


2 
1 
Upon separating the variables, using the integrating factor ————— ed - av aay = 0, 


x(1~2v°) * 1~2v? 


and Inx+ $ln(1-2v°) = Cy, 2Inx + In(1-20°) = nC, or x*(1-20?) = C. 


Since v = y/x, the primitive is x°(1-2y/x’) =C or 2x -2y' = Cx, 


Note that the equation is of degree 3 and that after the transformation x? is a factor of 


the left member of 1), This factor may be removed when making the transformation. 


j 8 Solve audy — ydx-~Wx"_y* dk = 0. 


The equation is homogeneous of degree 1. Using the transformation y =vz, dy = vdx + xdv 
and dividing by x, we have 


vde+ xdv—vdx-V1-v* dx = 0 or xdv—-V1-—v* dx = 0. 


: dx 
When the variables are separated, using the integrating factor ee ’ dv — 
x 


xV¥1-v* Vi-v? 


Then arc sinv-1nx = InC or arc sin v = In(Cx), and returning to the original va- . 
pare sin y/x 


riables, using v = y/x, arc sin 2 = Jn(Cx) or Cx = 


J 9. Solve (2x sinh 2 + 3y cosh 2) dx - 3x cosh X dy = 0. 


x 


The equation is homogeneous of degree 1, Using the standard transformation and dividing by 


By WE nave 2 sinhv dx — 3x coshv dv = 0. 
Then, separating the variables, 2 a - 3 eoel is dv = 0. 
x sinh v 
Integrating, 2 1x ~- 3 In sinhy = 1nC, 2’? =C sinh v, and x7 = C sinh 2. 


w 10. Solve (2x + 3y)dx + (y—x)dy = 0. 


The equation is homogeneous of degree 1. The standard transformation reduces it to 


(2 +3v)dx + (v~1)(vdx + xdv) = 0 or (v7+ 2v42)dx + x(v-1)dv = 0. 


Separating the variables, % + 22) gw - %,4_%+2 4, __ 2d ig 
x v2 + 2u+2 x v?+ Qv+2 (v+1)% +1 
Integrating, Inx +4 In(v?+ 2v+2) - 2arctan(v+1) = Cy, 
In xv? + 2v+2) ~ 4 arctan(v+1) =C, and in(y? + Qxy + 2x7) ~ 4arcetan 772 - C, 
x 


y ll. Solve (1+2e" de + 26% (1 - 5 4 = 0. 


VARIABLES SEPARABLE 19 


The equation is homogeneous of degree 0. The appearance of x/y throughout the equation 
suggests the use of the transformation x=vy, dx = vdy + ydu. 


Then (1+ 2e°)(u dy + ydv) + 2e°(1-—v)dy = 0, (vu +2e")dy + y(1+2e”)du = 0, 
v 
and dy + ee dv = 0. 
y v + Qe” 


Integrating and replacing v by x/y, Iny + In(v+2e") = InC and x + aye*!? = C, 


LINEAR BUT NOT HOMOGENEOUS, 


» 12. Solve (x+y)dx + (3x+3y-4)dy = 0. 


I 
+ 


The expressions (x+y) and (3x + 3y) suggest the transformation x+y 


Oo 


We use y= t-x, dy = dt~dx to obtain tdx + (3t-4)(dt-dx) = 
or (4-2t)dx + (3t-4)dt = 0 
in which the variables are separable, 


hen’ Daye Sz UE x See Bde 
a 2-1 


Integrating and replacing t by x+y, we have 


ax -3t-21n(2-t) = Cy, w-3(x+y)-21n(2-x-y) = Cy, and x+3y+2In(2-x-y) = C, 


- 13. Solve (2x -5y+3)dx - (2x+4y-6)dy = 0. 
First solve 2 -5y+3 =0, 2x+4y-6=0 simultaneously to obtain x=h=1, y=k=1, 


The transformation x= x'’th=x'+1, dx = dx! 
yry'tk=y'+ i, dy = dy’ 
reduces the given equation to (2x’- 5y’)dx' ~ (2x'+ 4y')dy’ = 0 
which is homogeneous of degree 1. (Note that this latter equation can be written down without 


carrying out the details of the transformation. ) 


Using the transformation y’=vux', dy'=vdx'+ x! du, 


we obtain (2 -5v)dx’ — (2+4v)(v dx! + x’ dv) =0, (2-Tv —4v*) dx! - x'(2+4v)dv = 0, 
Ff 
and finally cae + 4 . < gy = 0, 
x! 3 4u-1 3 v+2 


Integrating, Inx/’+ 5 Ia (4v -~1) + =n (v+2) = In Cy or Saute 2)? an Or 


Replacing v by y'/x', (4y’—x')(y'+ 2x’)? = C, 
2 
and replacing x’ by x-1 and y’ by y-1, we obtain the primitive (4y—x-3)(y+2x-3) =C. 


4 14. Solve (x-y-l)dx + (4y+x-1)dy = 0. 


Solving x-y-1=0, 4y+x-1=0 simultaneously, we obtain x=h=1, y=k=0, 
The transformation xex'th=x'+i1, dx = dx! 
yry'+k=y'  , dy = dy’ 


reduces the given equation to (x’—y')dx' + (4y’+x')dy’ = 0 which is homogeneous of de- 
gree 1. (Note that this transformation x-1= x’, y=y’ could have been obtained by inspection, 
that is, by examining the terms (x~y-—1) and (4y+x-1).) 
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Using the transformation yi=ux', dy'’=udx'+ x'dv 


we obtain (1-v)dx'+ (4u+ 1)(v dx’ + x' dv) = 0. 
t t 
Then EE ngs BON gp Hg, GOR hyp LS age, 
x! 4v2 +1 a 4v%+1 4v2 +1 
2 
In x! + 5 In(4v7 + 1) + g arctan 2v = C4, In x! (407 + 1) + arc tan2v = C, 


2 2 
In(4y’ + x’) + are tan Oo C, and n[4y? + (x - 197] + are tan OO Se C. 


x! x-1 
FORM y fcxy)dx + xg(xy)dy = 0. 
JR. Solve y(xy+ljdx + x(1t+xy+x*y*)dy = 0. 
The transformation xyzvu, yru/x, dy = aie aa 
x 
reduces the equation to =(v + 1)dx + x(1+tvtv?) ae = 0 
x 

which, after clearing of fractions and rearranging, becomes vy dx - x(ltodt v*) dv = 0. 

Separating the variables, we have de - By - dv - ay = 0. 

x vy v2 v 
Then lin eee By oe av? in(4) - Qv - 1 = Cr’, 
Qy2 v x 
and 2x" y? Iny - &y- 1 = Cx? y?, 
16. Solve (y-xy*)dx - (x+x"y)dy = 0 or y(1=xy)de - x(1+xy)dy = 0. 
: x dv-vdx : 
The transformation xy=v, y=vu/x, dy = ee eae reduces the equation to 
x 
Le -vyde ~ (1+) 25 2S = 0 or 2vdx-—x(1tv)dv = 0. 
x 
dx liv x x 
Then 2> - dv = 0, 2inx-Inv-v=1nC, >. Ce", and x = Cye 


¢ 17. Solve (1= xy + xy" dx + (xy — x?) dy =0 or y(l-xy+ x? y?)dx + xu(x?y? — xy)dy = 0. 


The transformation xy=v, yru/x, dy = zdynv ee reduces the equation to 
x 
Ledev tu? de + x(v?— v) ETP = 0 or udx + x(v*— v)du = 0. 


x 


Then S + (v-l)dv = 0, Inx + he? - v = C, and Inx = xy - $x? y? + C, 


[ 


VARIABLES SEPARABLE 2] 


MISCELLANEOUS SUBSTITUTIONS, 
J18. solve = = (y-4x)’ or dy = (y—4x)'de. 


The suggested transformation y-—4x=v, dy=4dx+dv reduces the equation to 


4dx + dv = v'dx or dx ~ a = 0. 
v?~4 
Then ee deg ee ee In CD eect. se Ee a and Meee Pe porte 
v-2 v-2 v-2 y-4x-2 
419. Solve tan?(x+y)dx - dy = 0. 
The suggested transformation x+y = v, dy = dv—dx reduces the equation to 
tan?v dx - (dv ~dx) = 0, Gee ses ey or dx - cos» dv = 0. 
1+ tan*v 
Integrating, x- suv -—¢sin2v = Cy and Q(a-y) = C+ sin 2(x+y). 
Vv 20. Solve (2+ ory yy de + (x2y" + 2yx dy = 0. 
2h v? Qu 4u" 
The suggested transformation xy =v, y= =! dy = mo duis — ax reduces the equation 
x x x 
to 
v Qu av 
(2+ 2v)— dx + x(v+2)(— dv — ——dx) = 0 or v(3+v)dx —-x(v+2)dv = 0. 
4 4 5 
x x x 
tien eh ie Pin Ge sy San (Sedat aes: 


4 


and l= Cony ty? 3) or eye 3) = C, 


21. Solve (2x7+ 3y*~7)x dx -— (3x°+2y*-8)y dy = 0. 
The suggested transformation x? = u, y= v reduces the equation to 
(2u + 3v-7)du — (3ut+ 2u-8)dv = 0 
which is linear but not homogeneous. 


The transformation u = s+2, v = t+1 yields the homogeneous equation (2s+ 3t)ds - (3s+2t)dt 
= 0, and the transformation s = rt, ds = rdt+tdr yields ar? ~1)at + (2r+3)tdr= 0. 


Separating the variables, we have oat + 2 a = git ae ge ee cs = 6, 
t r2—1 t 2r¢+1 2r-1 
Then 4 Int -In(r+1) + 5 1n(r—1) = 1nC, 
4 a 5 5 2 2 5 
pa-b _ ts- ty) (unv-lyY ny ly et C, and (x2-y?-1)> = C(x?+y?-3), 
r¢+1 st+t u+v-3 e+ yy? — 3 


} 22. Solve x’ (x dx + y dy) + y(xdy-ydx) = 0. 


Here xdx+ ydy = $d(x*+y") and x dy—ydx = x*d(y/x) suggest x?+ y* = p*, y/x = tan 6, 
or x=pcos0, y=psin6, dk =-p sin6d8+cosO dp, dy = 9 cos§ dB + sinO dp. 


The given equation takes the form p*cos"0 (ep dp) + p sin 8 (07 d8) = 0 
or dp + tan@ sec@ dO = 0. 


Then (+ secO@ = Cy, Vx2+ y? enn) = Cy, and (x7 4 y7) (x +1)" = Cx’, 
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SUPPLEMENTARY PROBLEMS 


23. Determine whether or not each of the following functions is homogeneous and, when homogene- 
ous, state the degree. 


a) x? xy, homo. of degree two, e) arc sin xy, not homo. 
x 
b) SoG not homo. f) pee ee: homo, of degree one. 
x+y? 
g g) Inx-iny or In? , homo, of degree zero. 
c) at homo. of degree zero. z 
x+y hy) Vx? + Quy + By’, homo, of degree one. 
d) x+ ycos 2 » homo. of degree one. t) x Siny + ysinx, not homo. 


Classify each of the equations below in one or more of the following categories: 


(1) Variables separable 

(2) Homogeneous equations 

(3) Equations in which M(x,y) and N(x,y) are linear but not homogeneous 
(4) Equations of the form y f(xy)dx + x g(xy)dy = 0 

(5) None of the above apply. 


J24. 4ydx+xdy = 0 Ans. (1); (2), of degree one 
"06s (1a Dyed =x) dye (1) 

26. y dx — x” dy = 0 (1); (2), of degree two 

at. (1+y)dx ~ (1+x)dy = 0 (1); (3) 

28. (xy + yyde + (x"y—x)dy = 0 (4) 

29. (x sin 2 - y cos *)dx + X COS 2 dy = 0 (2), of degree one 

BO. y' (x7 + 2)dx + (x+y?) (y dx ~ xdy) = 0 (5) 

31. y vat+y? dx — x(x + Ve? + ¥*)dy = 0 (2), of degree two 

32. (x+y+1ljdx + (2x+ 2y+1)dy = 0 (3) 


33. Solve each of the above equations (Problems 24-32) which fall in categories (1)-(4). 


Ans, 24, xy =C 28. y = Cxe*” 
2- j 
25. (1+ 2y)° = ¢ oe 29. x sin oy iar 
2+x x 


26. y =x + Cxy 31. Cx - ¥x? + y? = x In(v¥x7+y? - x) 


27. (1+y) = C(1+%) 32. x + 2y + In(x+y) =C 


Solve each of the following equations, 


34. (1+ 2y)dx ~ (4-x)dy = 0 Ans. (x-4)° (1+ 2y) = C 
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35. xy dx + (1+ x” )dy = 0 Ans. y(1+x*) a} 

36. cot 6 dp + pd = 0 Ans. p =C€ cos 8 

37. (x +2y)dx + (2x + 3y)dy = 0 Ans. x + 4xy + By” =C 

38. 2x dy = 2ydx = x24 4y? de Ans. 14+ 4Cy ~ C*x? =0 

39. (8y—Ix+ T)dx + (Ty-3x+3)dy = 0 Ans. (y-x +1) (y+x-1) = 
40. xydy = (y+1)(1-x)dx Ans. y+x = InCx(y+1) 

41. (y? ~ x" dx + xy dy = 0 Ans. ax? y? =x +C 

42. y(1+ 2xy)dx + x(1-xy)dy = 0 Ans. y = oa ale 

43. dx + (1-x”)cot y dy =0 Ans. sin’ y =C = 

44. (+ yydx + 3xy°dy = 0 Ans. x! + 4xy? =C 

45. (3x+ 2y +1)dx - (3x+ 2y-1)dy = 0 Ans. I1n(15x+10y-1) + 2x -y) =C 


In each of the following, find the particular solution indicated, 


46. x dy + 2ydx = 0; when x = 2, y = 1. Ans. x’y =4 

47, (x? + y*)dx + xydy = 0; when x = 1, y = -1. Ans. x* + Qx?y” = 3 

48. cos y dx + (ite *ysiny dy = 0; whenx=0, y = 1/4, Ans. (1+e”)sec y = 2v2 
49. (y? + xy)dx - x’ dy = 0; wWhenx =1, y= 1. Ana. eet Pe 


50. Solve the equation of Problem 30 using the substitution y = vx. 


Ans. xy Inx-y + ae sy = Cx"y 


51. Solve y! = -2(2x+3y)’ using the substitution z = 2x+3y. 
i 
fie er Laas 
1 — V3(2x + 3y) 
52. Solve (x — 2siny + 3)dx + (2x ~ 4siny ~3)cosy dy = 0 using the substitution siny =z. 


Ans. 8siny + 4x + 9 In(4x - 8siny +3) =C 


CHAPTER 5 


Equations of First Order and First Degree 


EXACT EQUATIONS AND REDUCTION TO EXACT EQUATIONS 


THE NECESSARY AND SUFFICIENT CONDITION that 


1) M(x,y)dx + N(x,y)dy = 0 
be exact is 

M 
2) ens: vee F 

Oy Ox 


At times an equation may be seen to be exact after a regrouping of its terms. 
The equation in the regrouped form may then be integrated term by term. 


For example, (x?~y)dx + (y’—x)dy =0 is exact since 


OM 0, 2 3, 2 ON 
— = —(x*-y) = - 1=-— — xX = —~- 
oy ay : i) cs ’ Ox 


This may also be seen after regrouping thus: x’dx + y’ dy — (y dx + xdy) = 0. 

This eqyation may be integrated term by term to obtain the primitive x3 + 

y/3-xy =C. The equation (y?—x)dx + (x?—y)dy = 0, however, is not exact 

F OM ON 

Since — = 2y # 2x = . 
oy 


See also Problem 1. 
Ox 


IF 1) IS THE EXACT DIFFERENTIAL of the equation yu(x,y) = C, 


du = oH ay + Ce axe = M(x, y) dx + N(x, y)dy. 
Ox oy 
Then SE bx = M(x,y)dx and (x,y) = S°M(x,y)dx + O(y), 
x 


where f° indicates that in the integration y is 


to be treated as a constant 
and @(y) is the constant (with respect to x) of 


integration. Now 


ye re) x dp 
pd oa M 7; d + 2% = W 
ay > {f° M(x, y)dx } - (x, y) 
from which ae ¢'(y) and, hence, ¢(y) can be found. See Problems 2-3. 


INTEGRATING FACTORS. If 1) is not exact, an integrating factor is sought. 


a) If aaa a = f(x), a function of x alone, then el fede is an integrat- 


ing factor of 1). 
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rs) re) d 
If a = —gst{y), a function of y alone, then 2180) * is an inte- 
grating factor of 1). See Problems 4-6. 


is an integrating factor. 
See Problems 7-9. 


b) If 1) is homogeneous and Mx+WNy #0, then 


Mx+ Ny 


c) If 1) can be written in the form y f(xy)dx + x g(xy)dy = 0, where f(xy) 
1 = 1 


= SO _ i an inteprating factor. 
xy{ f(xy) — (xy) } Mx — Ny 


# &(xy), then 
See Problems 10-12. 
d) At times an integrating factor may be found by inspection, after regroup- 


ing the terms of the equation, by recognizing a certain group of terms as’ 
being a part of an exact differential. For example: 


GROUP OF TERMS INTEGRATING FACTOR EXACT DIFFERENTIAL 
payee yeh a Bdy= aR ad, 
x2 x2 x 
xdy - ydx + ~ Leen say sis Stites Sy 
y y id 
d 
xdy - ydx = ese d(in %) 
xy y x x 
x dy -ydx 
2 
xdy ~ ydx : 2Oya ye! = es d(arc tan LS 
x24 x2 + y? 1+ (2° od 
x 
zcye ye = d{(——-L_-}, itngi 
1 (xy) (n ~ 1) (xy)"™ 
xdy + ydx " 
(xy) a Kee Tg Yn ifnel 
xy 
1 (x"+ y*) 2(n - 1) (x*+ yy" 
xdx + ydy a a as 
n 
+ 
ey) aces pay = d{s In (x7 + y*)}, if n=1 
x2t y? 


See Problems 13-19. 


e) The equation xy (my dx + nx dy) + x’y® (uy dx +vxdy)=0, where r,s,m,n, 
/,0,4,v are constants and myv-~nu #0, has an integrating factor of the form 


xy? The method of solution usually given consists of determining a and 8 


by means of certain derived formulas. In Problems 20-22, a procedure, essen- 
tially that used in deriving the formulas, is followed. 


26 


EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


SOLVED PROBLEMS 


1. Show first by the use 2) and then by regrouping of terms that each equation is exact, and solve. 


a) 
b) 


c) 


a) 


b) 


c) 


d) 


e) 


ober) 42 2 = 2 2 
(4x y° -— Ixy)dx + (38x y-- x )dy = 0 d) ise Side hE 6 


(3e*y — 2x)dx+ "dy = 0 ; 62,44 
e) (6x°y° + 4x? y° dx + (3x y +5x y )dy = 0 


(cos y + y cos x)dx + (sin x - x sin y)dy = 0 
By 2): ov = 12x? y" - 2x = el and the equation is exact, 
xX 
By inspection: (4x? y° dx + 3x" y dy) — (Qxy dx + x’ dy) = d(x'y’) - d(x’y) = 0. 


The primitive is x y-—x’y = C, 


By 2): ou = 3e* = oN and the equation is exact. 
OY Ox 
By inspection: (Bey dx + e dy) - 2x dx = d(e™” y) ~ d(x”) = 0. 
The primitive is ery ae eek Ot 
fe) i) 
By 2): olf = -Siny + cosx = = and the equation is exact. 
Oy Ox 


By inspection: (cos y dx = x siny dy) + (y cosx dx + sinx dy) 


= d(x cos y) + d(y sin x) = 0. Theprimitive is x cosy+ ysinx = C. 


3 é ON 
By 2): of = Qxe™ = = and the equation is exact, 

Oy Ox 

x? x x 2 
By inspection: (Qxye dx + e dy) — 2x dx = d(ye’)-—d(x) = O. 
Bic he is i x 2 

The primitive is ye -— x = C, 
By 2): le = 18x°y" + 20x°y" = oy and the equation is exact, 

Oy Ox 
By inspection: (6x° y'dx + 3x°y dy) + (4x 9° dx + 5x’ y' dy) = d(x y’) + d(x'y’) = 0. 


The primitive is xy? + xy? = ¢. 


Solve (2x? + By)dx + (8x+y-l1)dy = 0. 


om = 3 = oN 
Oy Ox 


and the equation is exact, 


x 
Solution 1. Set u(x,y) = ip (2x? + 3y)dx = ty" + 3xy + Py). 


3 
Then < = 32+ b'(y) = Ny) = 3xty-l by) =¥-l, by) = by -y, 
y 


and the primitive is bag Bxy +4y"~y =Cy or x’ + 6xy + y’ - 2y = C, 


Solution 2, Grouping the terms thus 2x? dx + ydy - dy + 3(y dx+xdy) = 0 


and recalling that ydx+xdy = d(xy), we obtain, by integration, bx" + by? - y+ 3xy = Cy 
as before. 


EXACT EQUATIONS 


2 2 
xy 


3. Solve (ye + 4x dx + (2xye** - By’) dy = 0, 
2 2 
NV 
le = oye"? + Qxy>e™ = an and the equation is exact. 
oy Ox 
i 2 2 

Set wxy) = J tye"? + ax? yde = 0% 4 xh t dey), 

Ou xy* , nye 2 ; 2 3 
Then 5y = Qkxye + b'(y) = xye - 3y, p(y) = -3y, by) =-y¥', 

x 2 4 
and the primitive is e 4+ %° — y? = C, 


2 2 
The equation may be solved by regrouping thus 4x°dx — 8y dy + (y7e™ dx + 2xye** dy) 
2 


2 2 
and noting that y7e™ dx + Qxye ~~ dy = d(e™™ ). 


4. Solve (ac oy hee + xy dy = 0. 


oM = 2y, oN = y; the equation is not exact, 
oy Ox 
OM ON 


fs) Ox i 
However, pi iii = ay ~¥ 
N xy 


is an integrating factor, Introducing the integrating factor, we have 


be in f(x) and 
x 


(x) + xy? + x” dx + x’y dy = 0 or ade + xd + (xy? dx + x’y dy) = 0. 


Then, noting that xy’ dx + xy dy = d(kx’y*), we have for the primitive 
4 3 
a = + oxy = Cy or Bx' + 4x + 6x’y? = C, 


5. Solve (Qxy"e? + 2xy? + y)dx + (x?y*e? ~ xy? - 3x)dy = 0. 


= = 8xye° + axy"e> + 6xy" +1, = = xy e - oxy? - 3; the equation is not exact, 
y x 
OM oN 
However, ol - a = 8xye” + xy" + 4 and Cy Ok a —e(y). 
y Ox M y 


then ef80)4y _ -4Sdy/y _ ef ny 


e 
ing it, the equation takes the form 
2 


elf (x)de _ ef e/x : ine 
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0 


= /y* is an integrating factor and, upon introduc- 


(2xe” + gn % auiele + (x7 e7 - = - 3=)ay = 0 and is exact. 
y yoy 
i y x 1 2y¥ x? x 
Bet plage oner 4 ee ip ee get en 5+ Hy). 
yy? y sy 
Ou 2y¥ x? x : 2 x? x : 
Then 5 a eee ee ee NY) eS eter aa eek P'(y) = 0, Ply) = constant, 
Y y hg y hf 
2¥ : x 


+ 


and the primitive is xe + % 
y y 
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6. Solve (ax?y2 + 4x2y + Qxy? + xy" + Byyde + Oy? + xy + x)dy = 0. 


WM N 

= = 4x°y + 4x? + 4xy + 4xy? + 2, S = 2(2xy+1); the equation is not exact. 

y x 

OM _ ON 

r) i) 2 

aad = 2x and the integrating factor is ef _ 2% When it is introduced, the 


given equation becomes 
2 


4 2 2 2 4 x? Bie 22 x 
(Quy + 4x" yt Qey + xy + 2yle dx + Wy +x yrxje dy = 0 and is exact. 
2 


x 
Set Mixy) = Y (2x°y" + 4x’y + oxy” + xy’ + 2y)e~ dx 
x 2 x 2 x 2 
= f (2xy" + Ox y*\e* dx + J (2y + 4x*y)e™ dx + fe xy'e™ dx 
2 2 x? x? 4 a 
= x ye + Qxye + zye + f(y). 
3 2 2 2 62 2 
Then a = 2x? ye* + Qxe~ + 2y’e~ + Oly) = acy + xy + x)e, p(y) = 0, 
Y 
2 
and the primitive is (ety? + 4xy + y'ye~ tae OF 


“. Show that q » where Mx+Ny is not identically zero, is an integrating factor of the ho- 
Ix + Ny 
mogeneous equation M(x,y)dx+N(x,y)dy =0 of degree n. Investigate the case Mx+Ny=0 iden- 


tically. 


We are to show that ——~— dx + dy = 0 is an exact equation, that is, that 
Mx + Ny Mx + Ny 
aM) 2 aN 
oy “Mx + Ny Ox Mx + Ny 
OM OM QN 1, OM aN 
(Mx+ Nyy & - M(x + N+ y =) Ny 22 — MN ~ My — 
Bytes. a: Ue ey, 2 ee 
Oy Mx + Ny (Mx + Nyy? (Mx + Ny)* 
au aN aM ON an ow 
Mx+ Nyy 2S - NG tM — Mx = —~MN - Nx — 
ar N e met ae eae ata is * Ox ” 8x 
ox Mx + Ny (Mx + Ny)? (Mx + Nyy* 
oM OM. ON ON : 
Nix AH + y—) - Mx e+ y=) 
Bplay: ee Nes. 2 an? ay oe ay, Minty) - MON) = ig 
dy Mx+Ny = & Mx + Ny (Mae + Ny)? (Mx + Ny) 
(by Euler's Theorem on homogeneous functions). 
If Mx+Ny=0 identically, then F = - and the differential equation reduces to ydx - xdy 
- 0 for which l/xy is an integrating factor. 
8, solve (x'+y')dx - xy dy = 0. 
The equation is homogeneous and cides, = = is an integrating factor. Upon its intro- 


Mx + Ny ¢) 
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3 
duction, the equation becomes < + yy dy - 7 dy = 0 and is exact, 
xX 


x) 
x 4 4 pat 
Set ux,y) = Sf (-+ Lyd = Inx - 5 a + b(y) 
~ x5 4 yf 
3 3 3 
Then CH 2 _¥ + Oy) = - Lae b'(y) = 0, and the primitive is 
day x? x* 
4 
Iinx - i = Cy or y" = 4x Inx+ Cx’. 
x 


Note. The same integrating factor is obtained by using the procedure of a) above, The equa- 
tion may be solved by the method of Chapter 4, 


9. Solve y dx + (x? ~ xyY - y’)dy = 0. 
1 1 : ; : 
— = ~——_-_—— is an integrating factor, 
Mx + Ny 


The equation is homogeneous and ; ; 
y (xe 


Mee x 2 
- sax + —— yry dy 
xray y(x? — y?) 


Upon introducing it the given equation becomes = 0 which is exact, 


22 fae OnE (ier oe ee ee eee. 
Set p(x,y) = f zy du = 5 af Cer ay se ieee ae ply). 
e — xy - 1 1 
Then s - -—7-+ em - P= 2 -—*_, gly =o) ply) = Iny, 
y xy y(x?~ y?) Y xPiy y 


and the primitive is $1n oy + Iny = nC, or (x -y)y’ = C(a+y). 


10. Show that 


on » when Mx~Ny is not identically zero, is an integrating factor for the 
a = IVY 
equation Mdx + Ndy = yfx(xy)dx + xfo(xy)dy = 0. Investigate the case Mx-Ny=0 identically, 


The equation ess AY MY + eames as dy = 0 is exact 
xy{fa(xy) - fo(xy)} xy{ fa (xy) ~ fo(xy)} 
since 
oft Z oft _ ofe Ofs Ofe 
ey fi ne x(fi- fe) By faa (x ay ) ; fo ay + fia - . 
oy x(fi - fe) x? (fy - fo)” x(f1- fo)? 
Ofe _ ofa _ ofe ofe oft 
a a = ¥(fi- fe) oe foy (= ax ) ; fia areas fo az 
oF “y(fa~ fa) FCA f) Hint 
and 
oft oft ofe ofe 
(ey eee ty ee oe! oe ee 
2, fi : ay fs ee fe a ae AO aan 
OY “x (fs - fo) Ox y(f2 - fo) xy(fr - fo) 


This is identically zero since y ofp 


- y OFlzy) | 
y ane Ox 
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If Mx<-Ny=0, then : = z and the equation reduces to xdy + ydx=0 with solution xy=C. 


11. Solve y(x2y? + 2)dx + x(2-2n"y")dy = 0. 


The equation is of the form yf, (xy)dx + xfo(xy)dy = 0 and A = is an inte- 


grating factor. 


22 
- 2 : 
Upon introducing it, the equation becomes te os + See ay = 0 and is exact. 


3x" 3x7y? 
ogy 4D ie 2. 1 
set uny = SA. Aad&k = Set ) de 3 Inx - + ply). 
3x y? a aay? 3x*y 
22 
ve) 2 2 2x 
Then GE + dy) = a pty) =- => diy) =~ iny, 
ay Baty? 2y3 3 
2,2 
and the primitive is : Inx - ee iny = In, or x oF Gye ¥ 
3 3x2 y2 3 
y 
The equation may be solved by the method of Chapter 4, 
12. Solve y(Qxy+l)dx + x(1+2xy-x°y)dy = 0. 
The equation is of the form yf,(xy)dx+ xfe(xy)dy = 0 and — = A is an inte- 
: Mx-Ny = x+y 
grating factor. 
1 
Upon introdueingit, the equation becomes ( + : )dx + ( + 2h -)dy = 0 and 
wy? xty3 xy xtyd 
is exact. 
x 2 1 1 1 
Set u(x,y) = JS ¢ ydx = - - + dy). 
xy? xy? x? y? 3x3 y? 
2 1 1 2 1 1 
Then = = = + bly) = tess b= - 5) Ho == Iny, 
y x y? xy xy x y? y Y 
3.3 
and the primitive is -Iny - La SIT 6 or y = Gee ee 
x? y? 3x3 y? 


13. Obtain an integrating factor by inspection for each of the following equations. 


a) (2ry"e? + oxy? + y)dx + (x?y*e% - x’y? - 3x)dy = 0 (Problem 5) 
by Gy) + 2y)de + (2x - 2x? y*)dy = 0 (Problem 11) 
c) (2xy? + y)dx + (x + xy ~ xy?) dy = 0 (Problem 12) 


a) When the equation is written in the form 
y' (2xe%dx + x7 dy) + Quy dx - xy dy + ydx —- 3xdy = 0 


the term y' (2xe dx +x e'dy) = y-(an exact differential) suggests that 1/y* is a possible 
integrating factor. To show that it is an integrating factor, we verify that its introduction 
produces an exact equation. 


b) When the equation is written in the form 2(ydx+xdy) + xy dx - 2x y*dy = 0, the term 
(y dx + xdy) suggests V (xy)® as a possible integrating factor. An examination of the remaining 
terms shows that each will be an exact differential if k= 3, i.e., Vixyy? is an integrating 
factor. 


14. 


15. 


16. 


Lis 


18. 


19. 
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c) When the equation is written in the form (x dy+ydx) + 2xy(x dy+ydx) - xy dy = 0 the 
first two terms suggest xy)”. The third term will be an exact differential if k = 4; 
thus, V(xy)* is an integrating factor. 


Solve y dx + x(1—-3x’y")dy =0 or xdy+ ydx - 3x y*dy = 0. 


The terms xdy+ydx suggest 1/ (xy) and the last term requires k = 3, 


d 3 
Upon introducing the integrating factor » the equation becomes iad BAN Acie ue -~-dy = 0 
(xy)? xy y 
2,2 
whose primitive is ace 3iny=Cy, 6lny = InC - 1 or y? a Cen V& y ) 


Qn? y? ary? 


Solve x dx + ydy + 4y'(x7+y")dy = 0. 


The last term suggests 1/ (x? + y?) as an integrating factor. 


Introducing it, the equation becomes eae Oy. + 4y° dy = 0 and is exact, 
xe + y? 
y 
2 
The primitive is inte £3") + y' =InC, or mn y")e Bs oC 


Solve x dy - ydx - (1-x”)dx = 0. 


Here 1/x2 is the integrating factor, since all other possibilities suggestedby x dy ~-y dx 
render the last term inexact. 
sO ot ide 


x x 


Upon introducing it, the equation becomes 


0 whose primitive 


Solve (xt x4 2x? y? + y* dx +ydy =0 or xdx + ydy + (+ y') dx = 0, 
1 


An integrating factor suggested by the form of the equation is -—————. Using it, we 

(x2 4 y?y? 
2 
hav ee eL + dx = 0 whose primitiveis —- saps +x =C, or (C4 2x7 + y )=eL 
(x? + y*y2 Q(x? + y?) 

Solve x? 4 + xy + 1-x?y* = 0 or x(x dy+ydx) + 1-x?y? dx = 0. 
d 

The integrating factor toe da reduces the equation tothe form ole ue + & 0 


xv 1-~x*y" 1—x?y? 


whose primitive is arc sin (xy) + Inx = C, 


2. 3 
Solve ie pi A or (x° + xy” ~ y)dx + (y+ x’ y+x)dy = 0. 


xtxty+y3 


When the equation is written thus (x? + y’) (x dx +ydy)+xdy-—ydx=0, the terms x dy-ydx 
Suggest several possible integrating factors. By trial, we determine U/(x? + y?) which reduces 
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x dy -ydx 
2 
x dy~ydx il aed x 
Hea? 1+? 
x 


a 
oO 
. 


the given equation tothe form x dx + ydy + 


2 


se laaeed, : 2 2 
The primitive is 4x +sy + are tan® =C, or x+y + 2arc tan Y . GC. 
x 


Solve x(4y dx + 2xdy) + y’(3ydx + 5xdy) = 0. 


8 
Suppose that the effect of multiplying the given equation by ny is to produce an equation 


atl B+3 


8 8 
ges Ne Ge eee ayy 0 


A) Gr ae 


each of whose two terms isan exact differential, Then thefirst term of A) is proportional to 


8 8 8 
B) Ser oy as = (ee ey ory (B+lyx?y dy, 
that is, 
C) Be tN “Gad. nee =a 


Also, the second term of A) is proportional to 


1 
D) de P= Gane lds + Gree” Pay 
that is, 
E) ea - on = Es and S5a~ 36 = 7%. 


Solving a-28 = 0, 5a-36 = 7 simultaneously, we find a = 2, B=1. 


When these substitutions are made in A), the equation becomes 
(4x? y? dx + oxy dy) + (3x7 y° dx + 5x y' dy) = 0, 


2 
The primitive is ay + xy = C, 


Solve (8y dx + 8xdy) + xy (4y dx + 5xdy) = 0. 


8 : 
Suppose that the effect of multiplying the given equation by ay is to produce an equation 


B+1 1 +2 B+ +3 B+ 
A) (Bey + eu ae F dy) ie eS ar Bat *y dy) oe, 
each of whose two terms is an exact differential, Then the first term is proportional to 
+ “a B+1 1 6 
B) d(x" ee J. (a+1)x y dx + (B+1)x" y dy, 
that is, 
C) eas vee and a-6B=0 


Also, the second term is proportional to 


2 B 8 
D) ae ge = (a+3e" y ay + (Baye? y diye 
that is, 
E) Gig ee and 5a - 46 = 1, 


4 5 


Solving a-§ = 0, 5a-46 = 1 simultaneously, we find a=1, B=1. 
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When these substitutions are made in A), the equation becomes 
(8xy'dx + 8x ydy) + (4x°ydx + 5x*y'dy) = 0, 


The primitive is axy + x'y = 6, 


Note. In this and the previous problem it was not necessary to write statements B) and D) 
since, after a little practice, the relations C) and E) may be obtained directly from A). 


22. Solve x°y'(2y dx+xdy) — (5ydx+7xdy) = 0. 


B 
Multiplying the given equation by xy » We have 


+ 4 4 B+1 +1 
A) (2° aye de + x°* yo ay -— (5x y de + Tx y’dy) = 0. 
If the first term of A) is to be exact, then “ 7 ets and a- 28 = 4, 
If the second term of A) is to be exact, then a = a and Ta- 58 = -2, 


Solving a~26=4, 7a-58 = ~2 Simultaneously, we find a = ~8/3, 8 = -10/3. 


Pe = = we el 
Then, from A), (ahs Aas + gon 5 dy) — (5x 8/5 y US + x 5/5 y Oa = 0, 
each of the two terms is exact, and the primitive is 


=e eae? + 3x 


-5/3 yi =O. gh i ox 3 yi? as 2° y 


or xy + 2 = 


SUPPLEMENTARY PROBLEMS 


23. Select from the following equations those which are exact and solve, 
a) (x? = y)dx - x dy = 0 Ans. xy =%°/34C 
2 
b)  y¥(x—-2y)dx - x°dy = 0 


c) (x7 + y* dx +xydy =0 


d) (x7 + y* dx + Ixy dy = 0 Ans, xy” + x /3 =C 
e) (x +ycosx)dx + sinx dy = 0 Ans, x + ay sinx =C 
fd) a+ Seats + Joe" dé = 0 Ans. o(1 + ur 256 


g) dx ~ Ya" ~ x? dy = 0 


hy) (2x + 3y+ 4)dx + (8x + 4y+5)dy = 0 Ans. x? 4 Bxy + ay” + 4x + By = C 
t) (4x7y? + 2) de + (3x y? - pay =0 Ans, ay? + In(x/y) =C 
J) 2(u7 + uv)du + (u? + v dv = 0 Ans, Qu’ + 3u7v + ys C 


k) (x /xr+ y? - y)dx + (y /x? + y? -x)dy =0 Ans, (x2 + y? p/? —3xy =C 
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Ll) (x+yt1jdx - (x-y-3)dy = 0 

m) (x+y+1)dx - (y—x+3)dy = 0 Ans. x? 4 ayy’ + 2x by=C 
n) esc @ tan@ dr - (r esc 6 + tan? 6)d0 = 0 Ans. resc@ = in secO+C 

0) OY -aay tes Loos + 2y(e+1)]dy = 0 Ans. In 222 + @etty(y?+ 2 = C 


2 2 2 2 2 2 
; / 2 
P) (2xye~ 4 eye” + 1)dx + (x7 e” yy axye” ~2y)dy = 0 Ans. Ore ee y= 


9A. Solve the remaining problems above [b), c), g), 1)] using the appropriate procedure of Chap. 4. 


Ans, 6) x/y = 2 Inx+C g) y=are sinx/a + C 


Cc) x + ax? y? ae OF l) In fx? + y> = 2x4 4y 45 - arc tan 2** 


' 
Q 


25. For each of the following, obtain an integrating factor by inspection and solve. 


,» a) xdx + ydy = (x7 + y* ax Ans. 1/(x + y) : x74 y? = ter 
b) (2y—3x)dx + xdy = 0 Ans, x; xy 2x4 
Cc) (x- y" dx + Ixy dy = 0 Ans, 1/x?; y +x Inx = (Cx 
d) xdy — ydx = Bx? (x + y dx Ans, 1/(x" + y); arc tan y/x = * + 
e) ydx ~xdy + Inx dx =0 Ans. 1/x? ; y+ Inx +1 = Cx 
f) (3x? + y? dx - 2xydy = 0 Ans, 1/x? ; 3x" = y = (x 
&) (xy - 2y" dx - (x? — 3xy)dy = 0 Ans. 1/xy? ; x/y + in(y?/x*) =¢ 
hy) (x+y)dx - (x-y)dy = 0 Ans. 1/(x? + y); xray? LG ah 
1) 2y dx ~ sy’ dx -xdy=0 Ans. x/y?: x’ /y ay tO 
J) yax + x(x y ~1)dy = 0 Ans, y/x? ; 3y° - 2x" y? 0g" 


k) (y tx y + 2x” dx + (xt 4xy! + By dy = 0 Ans. 1/(xy +2); In(xy +2) x4 3y" =C 


26. For each of the following, obtain an integrating factor and solve. 


a) xdy — ydx = x ede Ans. y = Cx + xe 

by (1+ y*)dx 7 (x+x°)dy Ans. are tan y = In x/(x+1) + C 
c) (2y —x° dx +xdy = 0 Ans. xy - x?/5 = C 

d) y dy + ydx ~xdy = 0 Ans, y +x = Cy 

e) (3y? — xy) dx - (x? + exy”)dy = 0 Ans. 3y° +x In(xy) = Cx 

f) 3x” y" dx + 4 (xy -3)dy = 0 Ans. xy" = 4y° =C 

g) y(x+y)dx - xdy = 0 Ans. x/y + Inx = C 

h) (2y + Bxy” dx + (x + 2x? yydy = 0 Ans. x’ y(1+ xy) =C 

1) y(y? ~ 2x" dx + x (2y?— x*)dy = 0 Ans. xy (y? - x") =C 


27. Show that ~ fiy/s) is an integrating factor of x dy ~y dx = 0. 
x 


CHAPTER 6 


Equations of First Order and First Degree 
LINEAR EQUATIONS AND THOSE REDUCIBLE TO THAT FORM 


THE EQUATION 1) A + yP(x) = Q(x), 
xX 


whose left member is linear in both the dependent variable and its derivative, 
is called a linear equation of the first order. For example, 


oy + 3xy = sinx is called linear while dy + 3xy" = Sinx is not. 
dx dx 
P(x) dx JP (x) dx JP ix) dx SP xy dx 
Since seh gat mt )= es y P(xye . Sa (& + ¥ PR) 5 
dx dx bq 
a *) is an integrating factor of 1) and its primitive is 
yetPO de foggy, SPO oy 4 ce, See Problems 1-7. 
BERNOULLI’S EQUATION. An equation of the form 
Bs yrexy = yay or oy Ba vy Pexy = O00) 
dx dx 


is reduced to the form 1), namely, + v{(l—n)P(x)} = (1-~n)Q(x), by the 
[xX 


transformation 
“ntl -n dy _ 1 dv 
y v = = —: 
dx l-n dx 


See Problems 8-12. 


OTHER EQUATIONS may be reduced to the form 1) by means of appropriate transforma- 
tions, AS in previous chapters, no general rule can be stated; in each in- 
stance, the proper transformation is suggested by the form of the equation. 

See Problems 13-18. 


SOLVED PROBLEMS 
LINEAR EQUATIONS. 


1. Solve dy , Qxy = 4x, 
dx 


J Pox) dx = Jon dx = x* and oP) de = e is an integrating factor. 


2 2 2 2 
Then yer = faxe* dx = 2% +C or yu at Cer", 
d 
9. Solve x = ytx + 32° — % or By Se cw + 3x - 2 
dx dx % 
JP) dx = JS = -—~ Inx and go = is an integrating factor. 
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36 
Then y= = J 2¢x?+ 3x-2)dx = J (x+3~ S)de 2 Jy eae e2 Ine. or 
2y = te + 6x? = 4x Inx + Cx, 
3. Solve @-2 2 = y + 2(x-2)° or = = —y = 2(x-2)°, 
J PQ) de = SS = -In(x-2) and an integrating factor is goles) = —- 


~ dx = 2f (x-2)dx = Giaoy a or y = (220) 4 CaO). 


Then (eS = of (v=2)"* 
x-2 


d ‘ Pee Are 
4. Solve 7 + y cotx = Ce ae Find the particular solution, given the initial conditions: 
“= $n, y a 
‘Has 
An integrating factor is Foot x dx 2 ¢ TN 2 sin «x and 
ee cos 
y sinx = 5/6’ * sinx dx & here ( 


—5(1) + C and (= 1, The particular solution is 


When x = 4%, y =-4: (-4)(1) 
cos x 


y sinx + 5e = i. 
d 2 dy 2-3x° 
5. Solve x) %X + (2-327yy = x? or =. 
dx dx x3 
2 
-3 
f lee dx = - a 31nx and an integrating factor is : 5° 
x) x xd elit 
2 
Then y se ae a a + Cy or ay = ae Gee . 
xd ellx x5 el® Qe¥* 
dy 
6. Solve ae 2y cot 2x = 1 - 2x cot 2x ~ 2 csc ax, 
An integrating factor is ol? COE pire = e asa = csc 2x, 


Then y csc 2x = J (ese 2x — 2x cot 2x csc 2 - 2 ese” Q2x)dx = x csc 2x + cot 2x + C 


or y = x + cos 2x + C sin 2x. 


Y. Solve ylny dx + (x - Iny)dy = 0. 


1 1 
The equation, with x taken as dependent variable, may be put in the form hy + a a 
Y ylny : 
Then Jo/o HAN ney) = lny is an integrating factor. 
dy 1_2 ’ ; Dist 6 tes 
Thus, xiIny = Jiny e = ao y+ K and the solution is 2 Iny=Iny;t, 
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BERNOULLI’S EQUATION. 


dy 5 ~5 dy -4 
8. Solve ~-y =x or pane ee = ox. 
ie ¥ y J: a y x 
: A dy 1 dv : 
The transformation Sv; > ee ee reduces the equation to 
? dk 4 de : 
1 dv : dv 7 ; . : 4fdx 4x 
a ie -~v=x or ae + 4u = -4x, An integrating factor is e =e, 
Then ve” = —4 fue’ dx = -xe 4 te” + C, 
one re tga hha ao. or nase ee pe ce *, 
y? 
dy 4 -4 dy 3 
- Solve — + dry + = 0 or — + &x = =X, 
9 = y+ xy aie y x 
The transformation y> =v, ayn dy = id reduces the equation to sie — 6xv = 3x. 
dx dx dx 
2 
Using the integrating factor e SOx dec e * | we have 
2 2 2 2 
ve“ = J3xe"™ dx = - ioe +C or oe ee Ge? 
2 y? 2 
dy 1 1 4 ~u dy 1-3 1 
10. Solve = + -y = =(1-2r): or a = ~(1-2x), 
We 3” 3° vy y oP 37 3! ) 
The transformation y? =u, ~3y~ 2 = ee reduces the equation to -v = ax-1 


for which e~ is an integrating factor. Then, integrating by parts, 


ve” f (Qe -1e “dx a! ater Se aut or = Sa) a Dy ee”, 
y 
11. solve 4 y = y'(cosx - sin x) or eae y= cosx - Sinx. 
dx dx 
The transformation ys v, acts = av reduces the equation to cls -v = sinx -— cos x 
dx dx dx 


for which e is an integrating factor. Then 


ve* = J(sinx - cos x)e dx = -e*sinx+C or ; = -sinx + Ce. 
3 ~-3 dy 1 -2 
12. Solve xdy ~ {y + xy°(1+ Inx)}dx = 0 or a 1+ Inx. 
The transformation y= v, ~2y° 2 = a reduces the equation to - + 2y =~2(1+1n2x) 
for which el? i es = x" is an integrating factor. Then 
2 
vx? = ~2 f(x + x’ Inx)dx = - 47-20 Inx +C or 4-58 G+ nx) +, 
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MISCELLANEOUS SUBSTITUTIONS. 


13. An equation of the form f(y) 2 + f(y) P(x) = Q(x) is a linear equation of the first order 


“ + vP(x) = Q(x) in the new variable v = f(y). (Note that the Bernoulli equation 
Xx 


Ph pox) = QUe) or Cnsby™ 2 +" (n+1yP(x) = (n+1)Q@) is an example.) 


Solve eo = 4e "sin x or e — +e = 4 sinx. 


d 
In the new variable v = f(y) = e”, the equation becomes = +v=4sinx for which e is 


an integrating factor, Then 


ve’ = 4fe sinx dx = 2e°(sinx - cosx)+C or e” = 2(sinx — cosx) + Ce”. 
: dy _ 2 ; dy . 2 
14. Solve siny re cos x (2 cosy - Sin x) or -siny et cos y(2 coSx) = sin x coSx,. 
x 
: : dv .2 
In the new variable v = cos y, the equation becomes ey + 2vcosx = sin x cosx for 
ate ; 
which e feos x dx = saree is an integrating factor, Then 
sin in i si ; 2si 
jer es er® * sin?x cosx dx = ber BO eel ges Le" "* sinx + he ree ih pet 
-251 
or cosy = + ein'y 2 deine & 44 Ce 
; d si 1 
15. Solve siny = = cosy(1- x cosy) or “2 OY eee -%, 
cos y dx FOE 
: 1 j 1 . d 
Since fn = co » we take v = and obtain the equation = -vt-x, 
dy x cos’y cos y 
Using the integrating factor e~’, we obtain 
= = 2 * 1 
ve * = f-xe “dx = xe~ +e +C or voz = secy = x+1+4 Ce, 
cos y 
d 2 
16. Solve xa ys aly - x" = 0 or xdy — ydx + 3x ydx - x dx = 0. 
Here (x dy - ydx) suggest the transformation 2 =u. 
Then x oye + 32° dx - dx = 0 is reduced to = + 3x°v = 1 forwhich ” is an 
x 
xX 
integrating factor. 
” Pe ae e ~ 
Thus ve = fe’ dx+C or y = xe fe dx + Cxe~ . 


The indefinite integral here cannot be evaluated in terms of elementary functions. 


17. Solve 


18. Solve 


LINEAR EQUATIONS 


(4r’ s - 6)dr + as = 0 


The first term suggests the substitution rs=t 


or 


Sar 
r 


(rds + sdr) + 3s dr = 


dt + ghar = 
r 
Then r 
tr’ = rés = 3r°+ C 


The substitution xy = cos 6, 


dy + 2xydx = 


2 
An integrating factor is e 


dy see 


x dx 


xsin@ d6+ (x) — 2x? cos 6 + cos 8)dx = 0 or - 


x sin@ d8 + cos6 dx 


or 


oO Oh: 
2 
r 


which reduces the equation to 


GE jy ep ee ee, 
2 
r 


or — 
dr r 


is an integrating factor and the solution is 


or Ss = 


x sin8 dO + cos®@ dx 


2 
x 


x 


ays 
dx 


and the solution is 


wa 
or 2cos 0 = x + Cxe 


SUPPLEMENTARY PROBLEMS 


and solve, 


a) dy/dx + y = 2+ 2x 

b) dp/dO + 30 = 2 

c) dy/dx ~ y = xy" 

d) xdy—2ydx = (x~2)e°dx 

e) di/dt —- 61 = 10 sin 2t 

f) dy/dx + y = y’e* 

g) ydx+ (xy+x- 3y)dy = 0 

h) (2s — e?" yds = Sis s cos 2t)dt 


t) xdy + ydx = xy dx 


j) dr + (2r cot 8 + sin 26)d0 = 0 
Ans, 

a) We Tice ye pE ate 

b) 0; LP, es 3022+Ce? 
d) y; LF., 1/x°; ye + Cx? 


k) 
l) 
m) 
n) 
0) 
P) 
q) 
r) 
s) 
t) 


e) 
8) 
J) 


y(L+y")de = 2¢1- 2xy")dy 
yy! = xy” +x =0 

xdy-ydx = axVx?- y? dy 
y(t) dx/dt + xdo(t) = 1 
2dx/dy - x/y + x? cos y = 0 


xy' = y(l--x tanx) + x” cos x 


(Q+y dx - (xy + 2y +y°)dy = 0 
(1+ y*)dx = (are tan y - x)dy 
(2xy? — y)dx + 2x dy = 0 


2 


reduces the equation to 
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+ 2cos6 dx = x dx. 


19. From the following equations, select those which are linear, state the dependent variable, 


(1+ sin y)dx = [2y cos y — x(sec y + tan y)]dy 


i: LP., eo 


I.F., ye; xy = 3(y-1) + Ce” 


r; I.F., sin? @; 


2r sin’ @+sin"6 = C 


; t=—4$(3 sin 2t + cos 2t) + ce 
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k) x; I.F., ai+y’): (ayy?x = 2Iny+y +C 


ny xy LBs, ebte(Pateatty, , .Jeattiat/er(t) - f 1 Jeltdtlt) a gC 
Pa (t) 

) yy LF : ; =x’ cosx + Cx cos 

Pp) YY: ip eee Ye eOS OS x 


2+ y? $ OV Rey" 


-arc tany 


u 


eye Tae ANWR & 


arc tany, 


r) x; LF, e x = arc tany -— 1 + Ce 


t) x; I.F., secy+tany; x(secy + tany) = y” +C 


. From the remaining equations in Problem 19, solve those of the Bernoulli type. 
2 


Ans. c) yo =vy I/y = 1l-xt+ Ce™ ly y =U; y’ = 1+ Ce” 
eal x -2 -2 “ 
f) y =vr (C+x)ye +1= 0 0) x =U; X& y=cosy +y siny +C 
1) y> =u} 2/y° iG ae gx? s) y =v; 3x" = (4x? +C)y" 


. Solve the remaining equations, h) and m), of Problem 19. 


Ans, Ah) a - eae + sin 2t =C m) y =x Sin(y+C) 
Solve: 
a Xx ; 20% 
a) xy!’ = 2y + x°e subject to y = 0 when x = 1. Ans. y=2x (e€ -e) 


by) L ce + Ri = E sin 2t, where L,R,E are constants, subject to the condition i=0 when t=0. 


Ans. = = sin 2t - 2L cos 2t + ope PV 45 
R°+4L 
- Solve: 
2 dy ’ F é : 3 

a) x oa es a siny ~1, using siny = z. Ans. 8x siny = Cx’ +1 
b) ax’ yy! 2 3x (3y° +2) + 2(3y° + 2) , using 3y" +222, Ans. 4x” = (C ~3x°)(ay” +2) 
c) (xy) y>— xe” dx + 3xy dy = 0, using y = Ux. Ans, 2ye* = xe + Cx 

3 2 2 x 
d) dy/dx + x(x+y) = x (x+y) - 1. Ans. 1/(x+y) =x +1+Ce 


e) (yt e’—e )dx + (1+ e’)dy = 0. Ans. y+ ev = (x+C)e~ 


CHAPTER 7 


Geometric Applications 


IN CHAPTER 1 it was shown how the differential equation 


1) f(x,y,y') = 0 
of a family of curves 
2) &(x,y,C) = 0 


could be obtained. The differential equation expresses analytically acertain 
property common to every curve of the family. 


Conversely, if a property whose analytic representation involves the de- 
rivative is given, the solution of the resulting differential equation rep- 
resents a one parameter family of curves, all possessing the given property. 
Each curve of the family is called an integral curve of 1) and particular in- 
tegral curves may be singled out by giving additional properties, for example, 
a point through which the curve passes. 


For convenience, the following properties of curves which involve the de- 
rivative, are listed. 


RECTANGULAR COORDINATES. Let (x,y) be a general point of a curve F(x,y) = 0. 


a) 2 is the Slope of the tangent to the curve at (x,y). 


b) + = is the slope of the normal to the curve at (x,y). 
y 
c) Y-y = Qa-x) is the equation of the tangent at (x,y), where (X,Y) are the coordinates 


of any point on it. 


d) Y-y = - Fk) is the equation of the normal at (x,y), where (X,Y) are the coordinates 
y 
of any point on it. 
dx dy . 
e) at ar and me are the x- and y-intercepts of the tangent. 
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d 
f) xtyD and yee are the x- and y-intercepts of the normal, 


gy fir Sy? and x /1 + By are the lengths of the tangent between (x,y) and the x- 
y 


and y-axes, 


hy y fl + 2 and x /1+ Sy are the lengths of the normal between (x,y) and the x- 
y 


and y-axes, 


t) os and ya are the lengths of the subtangent and subnormal. 


J) ds = v (dx)* + (dy) = dx /1+ (Y,? = dy /1t+ ea is an element of length of arc. 
‘y 


dx 


k) ydx or xdy is an element of area, 


POLAR COORDINATES. Let (0,6) be a general point on a curve p = f(@). 


g 
l) tan = e = where Y is the angle between the radius vector and the part of the tan- 
fe) 


gent drawn toward the initial line, 


6 
m) © tanw = po = is the length of the polar subtangent. 
1/0 


dp 


n) P cot p 6 is the length of the polar subnormal, 


4 ‘ 
ae is the length of the perpendicular from the pole to the tangent. 
Ss 


0) p sin = p 


p) ds = Vv (doy + p*(d6)" = do/it+ ey = d@ [Sy + a is an element of length 


of arc, 


q) 5 pd is an element of area, 
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TRAJECTORIES. Any curve which cuts every member of a given family of curves at the 
constant angle w is called an w-trajectory of thefamily. A 90° trajectory of 
the family is commonly called an orthogonal trajectory of the family. For ex- 
ample, in Figure (a) below, the circles through the origin with centers on the 
y-axis are orthogonal trajectories of the family of circles through the origin 
with centers on the x-axis. 


(a) (b) 
In finding such trajectories, we shall use: 
A) The integral curves of the differential equation 


‘_ tanw 
3 f(x, F Ve eVGA = 0 
: ey. ieyiane 


are the w-trajectories of the family of integral curves of 
1) f(x,y,y') = 0. 


To prove this, consider the integral curve C of 1) and anw-trajectory which 
intersect at P(x,y), as shown in Figure (b) above. At each point of C for 
which 1) defines a value of y’, we associate a triad of numbers (x,y;y’), the 
first two being the coordinates of the point and the third being the corres- 
ponding value of y’ given by 1). Similarly, with each point of T for which 
there is a tangent line, we associate a triad (x,y;y'), the first two being 
the coordinates of the point and the third the slope of the tangent. To avoid 
confusion, since we are to consider the triads associated with P as a point 
on C and as a point on T, let us write the latter (associated with P on T) as 
(x,y; y'). Now, from the figure, x =x, y=y at P while y'=tané@ and y’=tan¢ 
are related by 

yi tan6 =tan@=e)0< tan ¢ ~ tanw - y'-tanw ; 
1l+tangd tanw 1+/Y'tanw 


Thus, at P (a general point in the plane) on an w-trajectory, the relation 


ree f 
Haya) = $y: Loe eg 
1+ y’tanw 
ar 
holds, or, dropping the dashes, f(x,y, Pe ae = 0. 
1+ y’tanw 


B) The integral curves of the differential equation 
4) f(x,y,-l/y’) = 0 


are the orthogonal trajectories of the family of integral curves of 1). 
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C) In polar coordinates, the integral curves of the differential equation 


dé 
5) f(p, 8, aioe —) = 0 
dp 


are the orthogonal trajectories of the integral curves of 


6) Fo OEY. 2G, 
dé 


SOLVED PROBLEMS 


1. At each point (x,y) of a curve the intercept of the tangent on the y-axis is equal to Oxy”, 
Find the curve. 


Using e), the differential equation of the curve is 


y - Pao = Qxy? or y dx ~ xdy = Qxdx. 
dx y? 


Integrating, = x4 Cc or x- xy = Cy, 


The differential equation may also be obtained di- 


- 2 
rectly from the adjoining figure as 2 = Ais Sen 
x 


2. At each point (x,y) of a curve the subtangent is proportional to the square of the abscissa. 
Find the curve if it also passes through the point (1,e). 


Using 1), the differential equation is yz = kx? or = = eo » where k is the 
y x 
proportionality factor. 
Integrating, kiny = - : +C, When x=1, y=e: k=-1+C and C=k+1, 


1 
The required curve has equation kiny = ~ ae k+ 1, 


3, Find the family of curves for which the length of the part of the tangent betweenthe point of 
contact (x,y) and the y-axis is equal to the y-intercept of the tangent. 


| dy 2 dy 2 2 dy 
Fr and e), we h 1+ (4 = yee or A) 7 - AXy—. 
om g) and e), we have x CO? y a, x y VE 


The transformation y = vx reduces A) to 


(1+ v*)dx + Qux du = 0 or 


Integrating, Inx + In(1+ v’) = Inc, 


2 


Then x(1l+ *) = C or «x + y= Cx is the equation of the family. 
x 
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4, Through any point (x,y) of a curve which passes through the origin, lines are drawn parallel 
to the coordinate axes. Find the curve given that it divides the rectangle formed by the two 
lines and the axes into two areas, one of which is three times the other, 


y y P(x,y) 


B P(x,y) 


(a) (b) 
There are two cases illustrated in the figures, 
x x x 
a) Here 3(area OAP) = area OPB, Then 3s, ydx = xy - i ydx or al. ydx = xy. 


To obtain the differential equation, we differentiate with respect to x. 


dy dy 3y 
Thus, 4y = + x— or ws . 
Y y x — 


An integration yields the family of curves y = Ce 


b) Here area OAP = 3(area OPB) and as ydx = 3xy. 


The differential equation is “ = oe and the family of curves has equation y = Cx, 
Xx 


Since the differential equation in each case was obtained by a differentiation, extraneous 
solutions may have been introduced, It is necessary therefore to compute the areas as a check, 
In each of the above cases, the curves found satisfy the conditions, However, see Problem 5. 


5. The areas bounded by the x-axis, a fixed ordinate x =a, a variable ordinate, and the partofa 
curve intercepted by the ordinates is revolved about the x-axis, Find the curve if the volume 
generated is proportional to a) the sum of the two ordinates, 6) the difference of the two 
ordinates, 


a) Let A be the length of the fixed ordinate, The differential equation obtained by differen- 
dovigs’s Bao : 2 dy ; 
tiating 1) ny yodx = k(y+A) is ny" = Wien + Integrating, we have 2) y(C-—1"x)= k. 


When the value of y given by 2) is used in computing the left member of 1), we find 


2 2 2 

x Rk dx k k 
Stile see Z 2 Ris Sas, 
Ja (C ~ nx)? C- 1x C— ta ”; ) 


Thus, the solution is extraneous and no curve exists having the property a). 


x 
b) Repeating the above procedure with 1!) mJ y* dx = k(y —A), we obtain the differen- 


tial equation ny? = ae whose solution is 2') y(C-1x) =k. 


It is seen from 3) that this equation satisfies i‘), Thus, the family of curves 2!) has the 
required property, 
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6. Find the curve such that at any point on it the angle between the radius vector and the tan- 


gent is equal to 


one-third the angle of inclination of the tangent. 


Let @ denote the angle of inclination of the radius vector, 7 the angle of inclination of 
the tangent, and W the angle between the radius vector and the tangent. 


Since = 7/3 = (+ 0)/3, then Y= 40 and tanw = tan $0. 
Using l), tanwW = p < = tan 39-  so that dp cot $9 dé, 
Integrating, Ine = 2Insin30+1nC, or p= Cy sin’ $0 = C(1 - cos 9), 


5 The area of the sector formed by an arc of a curve and the radii vectors to the end points is 


one-half the length of the arc, 


Let the radii 


Using q) and p), 


Find the curve, 


vectors be given by 6 = 6, and 0 = 0, 


l 6 2 | 
sf pd@ = 3 
O4 


Differentiating with respect to 0, we obtain the differential equation 


If p’=1, 1) 
of the problem, 


If p’ #1, we write the equation in the form 


sec(C t 6), 
sec(C + @), 


iT] 


reduces to dp = 0. 


+ pvp?-1 dO. 


or 1) dp 


It is easily verified that © = 1 satisfies the condition 


a0? 
pvp? ~1 


Thus, the conditions are satisfied by the circle 9 =1 and the family of curves 
Note that the families p = sec(C + 0) and p = sec(C — @) are the same. 


+ dé 


and obtain the solution 


8. Find the curve for which the portion of the tangent between the point of contact and the foot 
of the perpendicular through the pole to the tangent is one-third the radius vector to the 


point of contact, 


P 
a 
ep M 
O 
(a) (b) 
In Figure (a): P = 3a = 30 cos(n— W) = -32 cos, cosW =-1/3, and tan = -2V72. 
In Figure (b): (= 3a=39 cosW and tanwW = 2yv2, 
Using 1) and combining the two cases, tanw = 9 a6 = +2V72 or ee = + ax, 
dp pP av2 
The required curves are the families eget and p= Gar ar. 


9. 


10. 


li. 


GEOMETRIC APPLICATIONS 47 


Find the orthogonal trajectories of the hyperbolas xy = C. 


The differential equation of the given family is a +y=0, obtained by differenti- 
ating xy = C, The differential equation of the orthogonal trajectories, obtained by replacing 
dy dx 


ae ae is wnt yr or ydy - xdx = 0. 


Integrating, the orthogonal trajectories are the family of curves (hyperbolas) yr- x= C, 


Problem 9 Problem 10 
x? 2 

Show that the family of confocal conics e + 7 x = 1, where C is an arbitrary constant, 
is self-orthogonal, 

Differentiating the equation of the family with respect to x yields + cam = 0, where 

-X 

p= dy | Solving this for C, we find C = Ax so that C-A = SPY. When these replace- 

dx x+ yp x + yp 


ments are made in the equation of the family, the differential equation of the family is found 


to b 
ae (x+yp)(px-y) - \p = 0. 


Since this equation is unchanged when p is replaced by -I/p, it is also the differential 
equation of the orthogonal trajectories of the given family. 


Determine the orthogonal trajectories of the family of cardiods p = C(1+ sin QP). 
1_ dp 
cos 0 d@ 


and substituting for C in the given equation, the differential equation of the given family 
is 


Differentiating with respect to @ to obtain = C cos 9, solving for C = 


dp _ pcos? 


a 1+ sind 


The differential equation of the orthogonal trajectories, obtained by replacing < by 


2d, 
18s 


dp 6 | cos or a (sec 9 + tan @)dO = 0. 
dp p(1 + sin@) p 
‘ C cos @ 2 
Then In 9 + In(sec @ + tan@) - Incos@ = In€ or p = —~——— = C(i-sind). 


sec @ + tan @ 
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12. Determine the 45° trajectories of the family of concentric circles x*+y* = C, 


The differential equation of the family of circles is xtyy'’= 0. 


The differential equation of the 45° trajectories, obtained by replacing y’ in the above 


Pox ° po to 
equation by pin ci - x is is xt yx = 0 or (xt+y)dy + (x-y)dx = 0. 
1+ y/tan 45 l+y’ 1l+y’ 


Using the transformation y =vx, this equation is reduced to 


; +1 
(v* +l)dx + x(vt+l)dv = 0 or oe Pores dv = 0. 
x ve+1 
Integrating, Inx + 4 In(v?+ 1) + arctanv = In ky, In x? (1+ v?) = In kK - 2 arc tanv, 
S t 
ana nee y? ie 2 arctan yx 

j . 2 ~26 6 

In polar coordinates, the equation becomes ( = Ke or pe =(C, 


SUPPLEMENTARY PROBLEMS 


13. Find the equation of the curve for which 


a) the normal at any point (x,y) passes through the origin. Ans. x? sy? =C 
b) the slope of the tangent at any point (x,y) is + the slope of the line from the origin to 
the point. Ans, y? = Cx 


c) the normal at any point (x,y) and the line joining the origin to that point form an isos- 
celes triangle having the x-axis as base. Ans, y? x? =C 


d) the part of the normal drawn at point (x,y) between this point and the x-axis is bisected 
by the y-axis, Ans, y?+2x7=C 


e) the perpendicular from the origin to a tangent line of the curve is equal to the abscissa 
of the point of contact (x,y). Ans. x24 y? = Cx 


f) the arc length from the origin to the variable point (x,y) is equal to twice the square 
root of the abscissa of the point. Ans. y = +(are sinvx + /x-x2 d+C 
g) the polar subnormal is twice the sine of the vectorial angle, Ans. © = C - 2 cos@ 


h) the angle between the radius vector and the tangent is 4 the vectorial angle. 
Ans. p = C(1 —- cos @) 


? @ 
i) the polar subtangent is equal to the polar subnormal. Ans. £— = Ce 


14. Find the orthogonal trajectories of each of the following families of curves, 


a) x+2y =C Ans, y-2x = K f) y = x-1+Ce™”* Ans, x = y-1+ Ke” 
by) xy =C xy? = K g) y? = 2x* (1- Cx) x'+3y” In(Ky) = 0 
c) x7 42y? = C y = Kx? h) 9 = a cos @ p = 6 sind 

d) y = Ce"™* yo =xskK t) p = a(1+sin@) ep = 6(1~sin @) 


e) y? = 2° /(C~x) (x? + y?)? = K(ax? + y*) J) ® = a(sec 6 + tan @) p= peor 


CHAPTER 8 


Physical Applications 


MANY OF THE APPLICATIONS of this and later chapters willbe concerned with the mo- 
tion of a body along a straight line. If the body moves with varying velocity 
v (that is, with accelerated motion) its acceleration, given by dv/dt, is due 
to one or more forces acting in the direction of motion or in the opposite 
direction. The net force on the mass is the (algebraic) sum of the several 
forces. 


EXAMPLE 1. A boat is moving subject to a force of 20 pounds on its sail 
and a resisting force (1b) equal to 1/50 its velocity (ft/sec). If the direc- 
tion of motion is taken as positive, the net force (lb) is 20~—v/50. 


EXAMPLE 2. To the free end of a spring of negligible mass, hanging verti- 
cally, a mass is attached and brought to rest. There are two forces acting on 
the mass - gravity acting downward and a restoring force, called the spring 
force, opposing gravity. The two forces, being opposite in direction, are equal 
in magnitude since the mass is at rest. Thus, the net force is zero. 


Newton’s Second Law of Motion states in part that the product of the mass 
and acceleration is proportional to the net force on the mass. When the sys- 
tem of units described below is used, the factor of proportionality is k=1 
and we have 


mass x acceleration = net force. 


THE U. S. ENGINEERING SYSTEM is based on the fundamental units: the pound of force 
(the pound weight), the foot of length, and the second of time. The derived 
unit of mass is the slug, defined by 


weight in pounds 


mass in slugs = - 
g in ft/sec 


Hence, ; 
mass in slugs x acceleration in ft/sec = net force in pounds. 


The acceleration g of a freely falling body varies but slightly over the 
earth’s surface. For convenience in computing, an approximate value g = 32 
ft/sec* is used in the problems. 


SOLVED PROBLEMS 


1. If the population of a country doubles in 50 years, in how many years will it treble under the 
assumption that the rate of increase is proportional to the number of inhabitants? 


Let y denote the population at time t years and yo the population at time t=0. Then 


dy 


d’ 
1) ay = ky or rs = kdt, where k is the proportionality factor. 


dt 


First Solution, Integrating 1), we have 2) Iny = kt + In € or ye Gen” 


At time t=0, y=yo and, from 2), C = yo. Thus, 3) y = ae 
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At t=50, y=2yo. From 3), 2yo = ger or ger = 2. 


‘ORt 
é & 


OR ¢t t 
(e° 


When y = 3y¥9, 8) gives 3=e . Then 37° = ) 4S So and t = 79 years, 


Second Solution, Integrating 1) between the limits t=0, y=yo and t=50, y= Yo, 
245 d 50 
a ot dt, In 2yo - In yo = 50k and 50k = In 2, 
My Jy 0 


Integrating 1) between the limits t=0, y=yo and t=t, y=3yo, 


3y t 
ya kf dt, and 1n3 = kt. 
Le y 0 


Then 50 1n3 = 50kt = t In2 and ¢t = oS = 9 years. 


ln 2 


2. In a certain culture of bacteria the rate of increase is proportional to the number present, 
(a) If it is found that the number doubles in 4 hours, how many may be expected at the end 
of 12 hours? (6b) If there are 10* at the end of 3 hours and 4-10* at theend of 5 hours, how 
many were there in the beginning? 


Let x denote the number of bacteria at time t hours, Then 


1) = = kx or = = kdt. 
a) First Solution, Integrating 1), we have 2) Inx = kt + 1nC or x= Ce. 
Assuming that x = xo at time t=0, C=x9 and x = xe’, 
At time t = 4, x = 2x. Then 2% = xe” and e'* = 2, 
When t = 12, x = x9e°?" = xo(e'*)) = x9(2?) = 8x, that is, there are 8 times the original 
number, 


Second Solution, Integrating 1) between the limits t=0, x=x9 and t=4, x =2xo, 
y 


2% 
dx 
— = k dt, In 2x9 - In x = 4k and 4k = In 2 
0 


Xo x 
Integrating 1) between the limits t=0, x=xq and t=12, x =x, 


a 12 
i Gx = ef dt, and In = 12k = 3(4k) = 3 In2 = In8, 
x, 0 


x xo 
.e) 


Then x = 8x0, as before, 


3k 


b) First Solution. When t = 3, x = 10°. Hence, from 2), 10° = Ce and C = S . 
4 4 k 4 10° : 
When t = 5, x = 4-10. Hence, 4°10 = Ce and C = ra a 
10° _ 4-10" 2k / k 
Equating the values of C, aT = et Then e = 4 and e = 2, 
e° e° 
- 10° 10° obs 
Thus, the original number is C = — = oe bacteria. 
3k 


a 
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Second Solution. Integrating 1) between the limits t=3, x = 10" and t=5, mead: 


weio* ae 5 
f. — = ef dt, In 4 = 2k and k= 1n 2. 
10h x 3 
Integrating 1) between the limits t=0, x=xo and t=3, x=10", 
u 
0 3 ay 4 
if a = ef dt, ett eke Soe Ss ns and fe 2 es Harore: 
Xp x 0 ae) 8 


According to Newton’s law of cooling, the rate at which a substance cools in moving air is 
proportional to the difference between the temperature of the substance and that of the air. 
If the temperature of the air is 30° and the substance cools from 100° to 70° in 15 minutes, 
find when the temperature will be 40°, 


Let T be the temperature of the substance at time t minutes. 


Then aT = +k(T ~ 30) or aT = —~kdt, 
dt T - 30 
(Note. The use of -k here is optional, It will be found that k is positive, but if +k is 


used it will be found that k is equally negative. ) 


Integrating between the limits t = 0, 7 = 100 and t = 15, T = 70, 


70 


14 
sf a = <-k ths dt, In 40 - In 70 = -15k = ine and 15k = ln i = 0.56. 
roo 7 - 30 0 ss 4 
Integrating between the limits t = 0, T = 100 and t = t, T = 40, 
7) t 
f gE se iee i di,  IntO-Inw=-kt, i5kt=i5in7, ¢- 22! = 52 min, 
woo ~T - 30 0 0.56 


A certain chemical dissolves in water at a rate proportional tothe product of the amount un- 
dissolved and the difference between the concentration in a saturated solution and the con- 
centration in the actual solution. In 100 grams of a saturated solution it is known that 50 
grams of the substance are dissolved. If when 30 grams of the chemical are agitated with 100 
grams of water, 10 grams are dissolved in 2 hours, how much will be dissolved in 5 hours? 


Let x denote the number of grams of the chemical undissolved after ¢ hours, At this time 


the concentration of the actual solution is aot and that of a saturated solution is =. 
Then 

GF en Upon nee ey, ee or ee tne hae, 

dt 100 100 100 x x + 20 

Integrating between t = 0, x = 30 and t = 2, x = 30~10 = 20, 
20 20 2 
eof dhe = oe ie and PS ine -egeak. 
30 x 30 x + 20 5% 2. 66 


Integrating between t = 0, x = 30 and t = 5, x 


a * dx ae 5 3 0.06 
f a 7 af dt, In 2% __. = k = -0.46, Looe 
30 x 30 x +20 5 3(x + 20) x+20 5 


= 0.38, and x = 12. Thus, the amount dissolved after 5 hours is 30~-12 = 18 grams. 


x, 


o2 


5. 
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A 100 gallon tank is filled with brine containing 60 pounds of dissolved salt, Water runs into 
the tank at the rate of 2 gallons per minute and the mixture, kept uniform by stirring, runs 
out at the same rate, How much salt is in the tank after 1 hour? 


Let s be the number of pounds of salt in the tank after t minutes, the concentration then 
being s/100 lb/gal. During the interval dt, 2dt gallons of water flows inta the tank and 


2dt gallons of brine containing = dt = = dt pounds of salt flows out. 


Thus, the change ds in the amount of salt in the tank is ds = - - dt. 

~ Ef 
Integrating, s=Ce °°, At t = 0, s = 60; hence, C = 60 and s = 60e7°/™, 
When t = 60 minutes, s = 60e7°’” - 60(.301) = 18 pounds. 


The air in a certain room 150'xso'x12' tested 0.2% C0 .. Fresh air containing 0.05% CO, was 
then admitted by ventilators at the rate 9000 ft?/min, Find the percentage CO, after 20 minutes, 


Let x denote the number of cubic feet of CO. in the room at time t, the concentration of 
CO. then being x/90,000. During the interval dt, the amount of CO, entering the room is 


9,000(.0005)dt ft? and the amount leaving is 9,000 * dt ft. 
Hence, the change dx in the interval is dx = 9,000(.0005 - \dt = - alt dt. 
90,000 10 

: ~t/10 

Integrating, 10 In(x ~ 45) =-t + InC, and «x = 45 + Ce ‘ 
~t/l 
At t = 0, x = .002(90,000) = 180. Then C = 180-45 = 185 and x = 45+ 135e us a 
When t = 20, x = 45 + 135e7” = 63. The percentage CO. is then = = .0007 = 0.07%. 
,000 


Under certain conditions the constant quantity 
Q calories/second of heat flowing through a wall ae cm—> 
is given by 
dT 
Q = ~-kA—,s 
dx 


where k is the conductivity of the material, 
A(cm?) isthe area of a face of the wall perpen- 
dicular to the direction of flow, and T is the 
temperature x(cm) fromthat face such that T de- 


100 cm 


LO 
creases as x increases, Find the number of cal- to 
ories of heat per hour flowing through 1 square u 
meter of the wall of a refrigerator room 125 cm 


thick for which k = 0.0025, if the temperature 
of the inner face is ~-5°C and that of the outer 
face is 75°C. 


direction of flow 


Let x denote the distance of a point within 
the wall from the outer face. 


Integrating dT = - a dx fromx = 0, T= 75 to x = 125, T = -5, 


5 125 2 
Pape Ol at, a Daeg: “ada = Ee Bocoaaninn sig A, 
15 kA +o kA 125 125 sec 


Thus, the flow of heat per hour = 3600Q = 57,600 cal. 
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8. A steam pipe 20 cm in diameter is protected with a 
covering 6 cm thick for which k = 0.0003. (a) Find 
the heat loss per hour through a meter length of 
the pipe if the surface of the pipe is 200°C and 
that of the outer surface of the covering is 30°C. 
(b) Find the temperature at a distance x > 10 cm from 
the center of the pipe. 


At a distance x>10 cm from the center of the 
pipe, heat is flowing across a cylindrical shell of 
surface area 2nx cm? per cm of length of pipe. From 
Problem 7, 


Q = -kA dT 7 _onkx 2 or ank dT = -Q ae, 
dx dx x 


a) Integrating between the limits T = 30, x = 16 
and T = 200, x = 10, 


3407R 


200 
2nk i, dT = -Q f de , 340tk = O(In16-1n10) = Qinl.6 and Q= cal/sec. 
30 1 * 


inl, 


Thus, the heat loss per hour through a meter length of pipe is 100(60)"Q = 245,000 cal. 


b) Integrating 2ukdT = - a et between the limits T = 30, x = 16 and T=T, x =x, 
n16 x 
: 170 ~ dx 170 x 170 16.6 
dT = - f —, T-30 = - In — and TJ = (30 + in—)C, 
30 Inl.6 vy % In 1.6 16 In 1.6 x 
170 


Check. When x =10, T= 30+ in1.6 = 200°C. When x=16, T = 30+ 0 = 30°C, 


nil, 


9, Find the time required for a cylindrical tank of radius 8 ft and height 10ft to empty through 
a round hole of radius 1 inch in the bottom of the tank, given that water will issue from such 
a hole with velocity approximately v = 4.8/h ft/sec, h being the depth of the water in the 
tank. 


The volume of water which runs out per second may be thought of as that of a cylinder 1 inch 
in radius and of height v. Hence, the volume which runs out in time dt sec is 


n(+)? (4.8Vh)dt = ——(4.8Vh)dt. 
12 144 


Denoting by dh the corresponding drop in the water level in the tank, the volume of water 
which runs out is also given by 64ndh. Hence, 


st 4.gVh)dt = -64ndh Ge ae 2 SS cae 
144 4.8 YR Vh 
Integrating between t = 0, h= 10 and t=t, h=0, 
t 0 oh 5 
i dt = -1920 aoe and t --seiovn |’ = 3840/10 sec =3 hr 22min. 
0 10 VA 


10. A ship weighing 48,000 tons starts from rest under the force of a constant propeller thrust of 
200,000 1b. a) Find its velocity as a function of time t, given that the resistance in pounds 
is 10,000v, with v = velocity measured in ft/sec. 6) Find the terminal velocity (i.e., v when 
t+@) in miles per hour. (Take g = 32 ft/sec?.) 


dale, 


12, 
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Since mass (Slugs) x acceleration (ft/sec’) = whet force (lb) 
= impetus of propeller — resistance, 


then. 28200012000) as boo. o00 -10s000e: or ay we Le 
32 dt dt 300 300 
a 
favcereink: ye t/ 300 = ah niet Ni a 2006/3 4G 
300 
a) When t = 0, v= 0; © =-20 and v = 20 - 2967/3? = ag¢1 — 67 2/3), 


b) As t+, v = 20; the terminal velocity is 20 ft/sec = 13.6 mi/hr. This may also be ob- 


: : eter d 
tained from 1) since, as v approaches a limiting value, 7 + Q. Then v = 20, as before, 
t 


A boat is being towed at the rate 12 miles per hour. At the instant (t = 0) that the towing 
line is cast off, a man in the boat begins to row in the direction of motion, exerting aforce 
of 20 1b, If the combined weight of the man and boat is 480 lb and the resistance (1b), is 
equal to 1,75v, where v is measured in ft/sec, find the speed of the boat after 5 minute. 


Since mass (slugs) x acceleration (ft/sec*) 


it 


net force (1b) 
= forward force ~ resistance, 


then — ~— = 20-1.75v or Oe oe eta et 
32 dt ae 60 3 
Integrating, vel t/60 ae dt = ae" C. 
When t = 0, v = pec5 280)" 2 38 : Ce 216 and yp - 82 , 216 7 Hh 
(oy 35 7 35 


When t = 30, v= =o + oie ne? 


= 11.6 ft/sec, 
vi 35 


A mass is being pulled across the ice on a sled, the total weight including the sled being 
80 1b. Under the assumption that the resistance offered by the ice to the runners is negli- 
gible and that the air offers a resistance in pounds equal to 5 times the velocity (v ft/sec) 
of the sled, find 

a) the constant force (pounds) exerted on the sled which will giveit a terminal velocity of 
10 miles per hour, and 

b) the velocity and distance traveled at the end of 48 seconds, 


Since mass (slugs) x acceleration (ft/sec”) = net force (1b) 
forward force — resistance, 


then ae a F-5v or aq + 2u = 2 fi where F (1b) is the forward force. 
32 dt dt 5 
Integrating, v = 5 + Ce", When t = 0, v=0; then C= - - and A) v = ae - ey, 
5 
a) AS t+o, PF =vus 10(5280) = 44 ® 220 


; The required force is F = — lb, 
(60) ¢ 


b) Substituting from a) in A), v = ~e Se 


9 


4 ¥e -2t 
When ¢ =48: v = Sune 6 - = tt/sec, and s = J vat = = f (l-e ; jdt = 697ft. 
0 
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13. A spring of negligible weight hangs vertically, A mass of m slugs is attached to the other 
end. If the mass is moving with velocity vo ft/sec when the spring is unstretched, find the 
velocity v as a function of the stretch x ft. 


According to Hooke’s law, the spring force (force opposing the stretch) is proportional to 
the stretch, 


Net force on body = weight of body - spring force. 


Then m—— = mg — kx or m—— = mv dy = mg- kx, since — =v, 
dt dx dt dx 
F 2 2 
Integrating, mv = 2mex -— kx + C, 
When x = 0, v = vg. Then C = mug and mv? = Qmgx ~ kx? + mue. 


14. A parachutist is falling with speed 176 ft/sec when his parachute opens. If the air resis- 
tance is Wv?/256 lb, where W is the total weight of the man and parachute, find his speed as 
a function of the time t after the parachute opened. : 


Net force on system = weight of system - air resistance, 
2 
Then W dv = = Wy" or _ a dt ° 
g dt 256 v2 — 256 8 
Integrating between the limits t = 0, v = 176 and t=t, v=v, 
v t v t 
-1 
f ni eee f dt, i in & 6 Bake ‘ 
176 v* — 256 8 Jo 32 vu + 16 |a76 8 jo 
v 16 5 v-16 _ 5 -ut ease” 
In — - In= = -4t, me a Zee", and v 16 ener a 
v +16 6 v +16 6 6-5e~ 
Note that the parachutist quickly attains an approximately constant speed, that is, the 
terminal speed of 16 ft/sec. 

15. A body of mass m slugs falls from rest in a medium for which the resistance (1b) is propor- 
tional to the square of the velocity (ft/sec). If the terminal velocity is 150 ft/sec, find 
a) the velocity at the end of 2 seconds, and 
b) the time required for the velocity to become 100 ft/sec. 

Let v denote the velocity of the body at time t seconds. 
Net force on body = weight of body - resistance, and the equation of motion is 
dv 2 
1 m— = - kv‘, 
) dt mg 


Taking g = 32 ft/sec*, it 


2 
is seen that some simplification ispossible by choosing K=2mk. 


Then 1) reduces to au = 2(16 - k*y”) or a = -2dt. 

dt ku — 16 

= - ~16 
Integrating, In st = ~16kt + inC or bie = Ce : oe 

kvu+4 kv +4 
When t = 0, v= 0. Then C=-1 and 2) vod. ie gee, 
kv+4 

When to, v = 150. Then eels 0, k=-—» and 2) becomes Vee 2 Sgt 


uv +150 


16. 
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A body of mass m falls from rest in a medium for which the resistance (1b) is proportional to 
the velocity (ft/sec). If the specific gravity of the medium is one-fourth that of the body 
and if the terminal velocity is 24 ft/sec, find (a) the velocity at the end of 3 sec and (b) 
the distance traveled in 3 sec, 


Let v denote the velocity of the body at time t sec. In addition to the two forces acting 
as in Problem 15, there is a third force which results from the difference in specific grav- 
ities. This force is equal in magnitude to the weight of the medium which the body displaces 
and opposes gravity. 


Net force on body = weight of body - buoyant force ~ resistance, and the equation of 
motion is F a. 1 f a 3 ” he 
dt a 4 , 
' 2 : : Iv du 
Taking g = 32 ft/sec” and K = 3mk, the equation becomes — = 3(8-kv) or ages 3dt. 
-—kRv 
Integrating from t =0, v=0 to t=t, v=uv, 
1 v t ~3kt 
— Z n(B- kv) 7 3t}, ‘ -In(8~kv) + In8 = 3kt, and kv = 8(l-e ). 


When too, v = 24, Then k = 1/3 and 1) v = dt te "yy 


3 


a) When t = 3, v = 24(1-e”’) = 22,8 ft/sec. 


b) Integrating v = — = 24(1 ras between t = 0, x = 0 and t = 3, x = x, 


x -t 3 3 
x ae 24(t +e ) ‘ and x = 24(2+e ~) = 49,2 ft. 


The gravitational pull on a mass m at a distance s feet from the center of the earth is pro- 
portional to m and inversely proportional to s’, a) Find the velocity attained by the mass 
in falling from rest at a distance 5R from the center to the earth’s surface, where R = 4000 
miles is taken as the radius of the earth. 6) What velocity would correspond to a fall from 
an infinite distance, that is, with what velocity must the mass be propelled vertically up- 
ward to escape the gravitational pull? (All other forces, including friction, are to be neg- 
lected. ) 


The gravitational force at a distance s from the earth’s center is km/s*. To determine k, 
note that the force is mg when s = R; thus mg = km/R? and k = gR?, The equation of motion is 


1) BU. ein ae a eo one or pds, wan? 2S, 
dt dt ds ds s? s 


the sign being negative since v increases as s decreases, 


a) Integrating 1) fromv = 0, s=5R to v=uv, s =R, 


v R 
f vdv = —gpR® ie ay dy? eph (2229S seh 02s =(32) (4000)(5280) 
s 


and v = 2560V165 ft/sec or approximately 6 mi/sec. 


18. 
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b) Integrating 1) fromv = 0, s+m to v=uv, s=R, 


v R 
a vdv = -gR of — v= 2gR, ov = 6400/33 ft/sec or approximately 7 mi/sec. 


One of the basic equations in electric 
circuits is 


1) L— + Ri = E(t), L 


where L(henries) is called the induc- Eo ™ E(t) 

tance, R(ohms) the resistance, i(am- 

peres) the current, and E(volts) the 

electromotive force or emf. (In this R R 
book, R and L will be constants. ) 


a) Solve 1) when E(t)=Ko and the ini- 
tia] current is lg, 


b) Solve 1) when L = 3 henries, R = 15 (a) (b) 


ohms, E(t) is the 60 cycle sine wave of 
amplitude 110 volts, andi=0 when t=0. 


L . Rt/L R to RF ; ~Rt/L 
a) Integrating bo pes Re te oe Bos ore Eo, th or 2 = #046 Ps 
dt L R R 
beg . : E, ~Rt/L . = RE/L 
When t=0, t=1 9. Then C= 1-2 and % = Ba ~ ey + 19e oe 
Note that as to, 12 = E,/R, a constant, 
b) Integrating 3 - + 151 = Eo sinwt = 110 sin 2n(60)t = 110 sin 120nt, 
: Si t- rc t 
ie?’ _ a aiiconkue << 110 et 5 sin 120" 120 = 1207" C 
3 25 + 14400 7 
‘ 22 sin 120mt -— 24m cos 1207t ~ht 
or C= et Ce, 
3 1+ 576"? 
When t=0, i=0. Then C = —22°240 
3(1 + 5767) 
22 sin 120nt - 24m cos 120nt + 24ne7” 
and gE ce a 


3 1+ 5767? 


A more useful form is obtained by noting that the sum of the squares of the coefficients 
of the sine and cosine terms is the denominator of the fraction above. Hence, we may define 


T 
singd = — and cos ® = : 7 
(1+ 576m?) (1+ 57672) 
-5t 
so that Ww os an (cos sin 120nt ~ sind cos 120nt) + sere. . 
3(1 + 57677) 1+ 576% 
22 176me 


= ~~  sin(l20nt - od) ee 
3(1 + 576n7)” 1+ 576% 
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19. If an electric circuit contains a resistance R(ohms) and a con- 


denser of capacitance C(farads) in series, and an emf E(volts), ‘A 
the charge q(coulombs) on the condenser is given by 
d 
Rect. alae og bgt 
dt C E(t) 
If R = 10 ohms, C = 107° farad and E(t) = 100 sin 120n¢t volts, 
a) find g, assuming that q = 0 when ¢ = 0. 
b) use 1 =dq/dt tofindi, assuming that 1 =5 amperes when t =0. 
Cc 
Integrating 10 7 + 10°¢ = 100 sin 120mt, we have 
i - 12 
qe’ x fo hee sin 120tt dt = 19600? 100 sin 120nt 120m cos 120nt a 
10,000 + 14,400"? 
loot 10 sin120nt — 12% cos 120Nt 
= 6 See A, 
100 + 144n? 
and 1) gq = ——--, sin(120nt - $) + Ae 
(100 + 1447?) 
where sin@® = ze See) % and cos@ = ees. aor 
(100 + 14477) (100 + 1447?) 
-loot 
qt Tt 
a) When t =0, g=0. Then A = a and q = : sin(i2ont ~ @) + are 
25 + 367 2(25+ 36n7) 25 + 367 


b) Differentiating 1) with respect to t, we obtain 


dq “607 


dt (25 + 3602)” 


When t=0, i= 5. Then 100A = a Oe ee oS = 


(25 + 36n2)” 


and 1 80% cosciz0tt - $) - ( 


(25 + sen?) 25 + 367 


20. A boy, standing in corner A of a rectangular y 
pool, has a boat in the adjacent corner B on 
the end of a string 20 feet long. He walks 
along the side of the pool toward C keeping 
the string taut. Locate the boy and boat when 
the latter is 12 feet fromAC, 


Choose the coordinate system so that AC is 
along the x-axis and AB is along the y-axis. 


3007 


3007 
See ie 


~100¢ 


= — ~~ cos(12aont - ¢) - 100Ae ‘ 


25+ 36n7 


Let (x,y) be the position of the boat when 
the boy has reached E, and let 9 denote the 
angle of inclination of the string. 


Then tan@ = 2 a ae ae or dx = 
dx 
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/ 2 
Integrating, x = = ¥400-y* + 20 In Be C, 


y 
When the boat is at b, x = 0 and y = 20. 
/ 2 
Then C = 0 and x = - 400 - y* + 20 In ee es a ae isthe equation of the boat’s path. 
y 
/ 2 
Now Ak = x + VY400 ay" = 20 In ad sind a Hence, when the boat is 12 feet from 


oA 
AC (i.e., y = 12), x +16 = 20 In 3 = 22, 


The boy is 22 feet from A and the boat is 6 feet from AB, 


21. A substance y is being formed by the reaction of two substances @ and f& in which a grams of @ 
and 6 grams of @ form (a+b) grams of y. If initially there are xo grams of a, Yo grams of R, 
and none of Y present and if the rate of formation of Y is proportional to the product of the 
quantities of d@ and @ uncombined, express the amount (z grams) of y formed as a function of 


time t. 

The z grams of y formed at time t consists of grams of @ and bz grams of R, 
a+b a+b 

Hence, at time t there remain uncombined (xo - eran of @ and (yo - “2 grams of R. 
art at 

: b b 
ibd 2: 2 Sheek oe NE | a LA get Pee naan 
dt a+b +b (a+b)? 2% b 
= k(A~z)(B-z), where pee, A _ (a+ b)xo and p= {2+ yo , 
(a+b) a b 


There are two cases to be considered: 1) A 4B, say A>B, and 2) A=B,. 


1) Here i OF = _ dz Pe 1 dz 2 bedi: 


(A-z)(B-2z) Boe Mae. Hee Bog 


Integrating from t = 0, z=0 to t = t, z = z, we obtain 


1 A-2z 1 A-z A-2z A (4—S5)kt 
In = kt}, —— (In - In-) = kt, = = , 
A-B B-zlo ! A-~B Boz Bok ° 2B 
(4-Bykt 
and z = geet 2 
A Be 47 Bet 
2) Here ange = kdt. Integrating from t = 0, z= 0 to t = t, z = z, we obtain 
(A ~z)? 
i 1 A’ kt 


= kt, and z 2 
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27. 


28. 


29. 


3l. 


32. 


33. 


34. 


35. 


36. 
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SUPPLEMENTARY PROBLEMS 


A body moves in a straight line so that its velocity exceeds by 2 its distance from a fixed 
point of the line. If v=5 when t=0, find the equation of motion, Ans, x 7 Se’ 2 


Find the time required for a sum of money to double itself at 5% per annum compounded con- 
tinuously. Hint: dx/dt = 0.05x, where x is the amount after t¢ years. Ans. 13.9 years 


Radium decomposes at a rate proportional to the amount present. If half the original amount 
disappears in 1600 years, find the percentage lost in 100 years, Ans. 4.2% 


In a culture of yeast the amount of active ferment grows at a rate proportional to the amount 
present. If the amount doubles in 1 hour, how many times the original amount may be antici- 
pated at the end of 2% hours? Ans. 6.73 times the original amount 


If, when the temperature of the air is 20°C, a certain substance cools from 100°C to 60°C 
in 10 minutes, find the temperature after 40 minutes. Ans. 25°C 


A tank contains 100 gal of brine made by dissolving 60 lb of salt in water. Salt water con- 
taining 1 lb of salt per gal runs in at the rate 2 gal/min and the mixture, kept uniform by 
stirring, runs out at the rate 3 gal/min, Find the amount of salt in the tank at the end of 
1 hr. Hint: dx/dt = 2 - 3x/(100~t). Ans. 37.4 1b 


Find the time required for a square tank of side 6 ft and depth 9 ft to empty through a one 
inch circular hole in the bottom, (Assume, as in Prob.9, v = 4.8Vh ft/sec.) Ans. 137 min 


A brick wall (k = 6.0012) is 30 cm thick. If the inner surface is 20°C andthe outer is 0°C, 
find the temperature in the wall as a function of the distance from the outer surface and 
the heat loss per day through a square meter, Ans, T = 2x/3; 691,000 cal 


A man and his boat weigh 320 lb. If the force exerted by the oars in the direction of motion 
is 16 Ib and if the resistance (in 1b) to the motion is equal to twice the speed (ft/sec), 
find the speed 15 sec after the boat starts from rest. Ans. 17.6 ft/sec 


A tank contains 100 gal of brine made by dissolving 80 lb of salt in water. Pure water runs 
into the tank at the rate 4 gal/min and the mixture, kept uniform by stirring, runs out at 
the same rate, The outflow runs into a second tank which contains 100 gal of pure water ini- 
tially and the mixture, kept uniform by stirring, runs out atthe same rate, Find the amount 
of salt in the second tank after 1 hr. 


Hint: oe Hee ~4—~— for the second tank. Ans. 17.4 Ib 
dt i) 100 


A funnel 10 in. in diameter at the top and 1 in, in diameter at the bottom is 24 in, deep, 
If initially full of water, find the time required to empty. Ans, 13.7 sec 


Water is flowing into a vertical cylindrical tank of radius 6ft and height 9 ft at the rate 
6n ft°/min and is escaping through a hole 1 in. in diameter in the bottom. Find the time re- 


Tu 


quired to fill the tank, Hint: on ~ 4.8Vh)dt = 36m dh, Ans, 65 min 


(24)° 


A mass of 4 slugs slides on a table. The friction is equal to four times the velocity, and 
the mass is subjected to a force 12 sin 2t lb. Find the velocity as a function of t if v = 0 


h t = 0. - 
ies 2 Ans, v= =(sin 2t — 2 cos 2t + 2e J 


A steam pipe of diameter 1 ft has a jacket of insulating material (k = 0.00022) 4 ft thick. 
The pipe is kept at 475°F and the outside of the jacket at 75°F. Find the temperature in the 
jacket at a distance x ft from the center of the pipe and the heat loss per day per foot of 
pipe. Ans. T = 75 - 400(1n x)/(1n 2); 69,000 B.T.U, 


The differential equation of a circuit containing a resistance R, capacitance C, and emf e = 
E sinwt is Rdti/dt + i/C = de/dt, Assuming R,C,E,w to be constants, find the current i 


t ti t. . } - 
cc Ans, 1 = SOBs, saree wt + RCwsinwt) + Cye Hee 


1+ R°C%" 


CHAPTER 9 


Equations of First Order and Higher Degree 


A DIFFERENTIAL EQUATION of the first order has the form f(x,y,y’)=0 or f(x,y,p)=0, 
where for convenience y’ = yy is replaced by p. If the degree of p is greater 
».¢ 


than one, as in p’—3px+2y = 0, the equation is of first order and higher 
(here, second) degree. 


The general first order equation of degree n may be written in the form 
1) p” + Py (x,y)p"™> STP ypeias secsee eer + Prii(x,y¥) Pp + Py{x,y) = 0. 


It may be possible, at times, to solve such equations by one or more of 
the procedures outlined below. In each case the problem is reduced to that 
of solving one or more equations of the first order and first degree. 


EQUATIONS SOLVABLE FOR p. Here the left member of 1), considered as a polynomial 
in p, can be resolved into n linear real factors, that is, 1) can be put in 


th 
oun (p—Fy)(p—Fo)ereee (p-Fy) = 0, 
where the F’s are functions of x and y. 


Set each factor equal to zero and solve the resulting n differential equa- 
tions of first order and first degree 


dy dy dy 
— =F ’ , — =F , , eae — =F ’ 
dx 1 (x,y) He 2 (X,Y) ae n (X,Y) 
to obtain 
2) f,(x,y,C)=0, f,(x,y,C)=0, ewe ’ f, (x,y, C) =0. 


The primitive of 1) is the product 
3) f(x, y,C)* f(x, y,C) Fee rege ng f(x, y,C) = 0 
of the n solutions 2). 


Note. Each individual solution of 2) may be written inany one of its sev- 
eral possible forms before being combined into the product 3). See Prob. 1-3. 


EQUATIONS SOLVABLE FOR y, i.e., y = f(x,p). 
Differentiate with respect to x to obtain 
dy af , af dp 


deo Be dp dx 


dp 
= F(x,P, —)> 
dx 


an equation of the first order and first degree. 
dp 3 
Solve p = F(x,p, Re, to obtain $(x,p,C) = 0. 


Obtain the primitive by eliminating p between y = f(x,p) and ¢(x,p,C)=0, 
when possible, or express x and y separately as functions of the parameter p. 
See Problems 4-7. 
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EQUATIONS SOLVABLE FOR x, i.e., x = Fly,p). 


Differentiate with respect to y to obtain 


dk _ 1 
dy Pp oy op dy 


an equation of the first order and first degree. 


2 ie! ‘je OE ae 


d, 
= Fly,p, oe, 


Solve t = Fig. <P) to obtain #(y,p,C) = 0. 
y 


Obtain the primitive by eliminating p between x = f(y,p) and ¢(y,p,C)=0, 
when possible, or express x and y separately as functions of the parameter p. 
See Problems 8-10. 
CLAIRAUT’S EQUATION. The differential equation of the form 
y = px + f(p) 
is called Clairaut’s equation. Its primitive is 
y = Cx + F(C) 
and is obtained simply by replacing p by C in the given equation. 


See Problems 11-16. 


SOLVED PROBLEMS 


1. Solve p - (x + 2y + 1)p? + (x + 2y + Qxy)p? -~ 2yp=0 or = p(p-1)(p-%x)(p-2y) = 0. 


The solutions of the component equations of first order and first degree 


are respectively yee 20; weds ty, oy -x7—C = 0, yates HG 


The primitive of the given equation is (y -C)(y —2-C)(2y -x?~ C)(y ~Ce™”) = 0. 
2. Solve xyp* + (x? + xy + y?)p +x? xy = 0 or (xpt+xt+y)(yp+x) = 0. 
: ‘ dy dy 
The solutions of the component equations x ra +x+y=O0 and y ir +x =0 


are respectively axy + x?7-C=0 and x74 y? -C=0 


The primitive of the given equation is (Quy +x? —C)(x?+ y?-C) = 0, 


3. Solve (x7+x)p? + (x7+x—-2ey-y)p+y?-xy=0 or [(x+1p-y] [zp+x-y] = 0. 


The solutions of the component equations (x +1) 2 -~ y= 0. and 2 +x—-y=0 


are respectively y —-Cixt+ 1) 


I 
oO 
2 
=) 
[=% 

“ 
+ 
R 
~ 
i] 
& 

" 

oO 


The primitive of the given equation is [y - C(x+1)][y + x In Cx] = 0. 
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2 
4, Solve 16x” + 2p*y - px = 0 or 2y = px ~ 16 cae 
p? 
ae dp 32x 32x" dp 
Differentiating the latter form with respect to x, 2p = p+x a oe + ; - a 


Clearing of fractions and combining, p(p + 32x) - x(p° + 2x) = 0 


5 dp 
r 1 + 32x - —) = 0. 
co) > (© )(p oe 


This equation is satisfied when re 32x=0 or p- 2 = 0. From the latter, “i = a and 


p > kx, When this replacement for p is made in the given equation, we have 
16x? + Kx? y ~ Kx) = 0 or 2+ C?y - Cx? = 0, 
after replacing K by 2C. 


The factor p+ 32x of 1) will not be considered here since it does not contain the de- 
rivative dp/dx. Its significance will be noted in Chapter 10. 


5. Solve y = 2px + px’, 


Differentiating with respect tox, p = 2x 2 + 2p + 2p" x + 4p>x? 2 
ce, Ge. Beye Sp ey he 
dx 
The factor 1+ 2px is discarded as in Problem 4, From p+ 2x ob = 0, xp” = Cy 


In parametric form, we have x = C/p?, y = 2C/p + oma the second relation being obtained 
by substituting x = C/p? in the differential equation. 


Here p may be eliminated without difficulty between the relation xp* = C or p* = C/x and 


the given equation. The latter may be put in the form y — p'x* = 2px and squared to give 


(y - pay = 4p?x?, Then, substituting for p*, we have (y — ey = 4Cx, 


f. Solve x = yp t+ p? or y = aT 


: Sage : qj 
Differentiating with respect tox, p =--——- — or po - pt (xt pe = 0. 


Then (-pye +x + p = 0 or = fe Se tes he 
dp a ped 
Lo V p2 - 
The latter is a linear equation for which Jal ce Aa ee is an integrating fac- 


tor. Using it, 


{2 
avy ed = ey (pee are = — In(p + Vpesiy * 


In(p+ Vp*-1) + ee, yu-p- : In (p +Vp*-1) + ee 


pe-1 /p? -1 pred pe-1 
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7. Solve y = (2+p)x + p’. 


Differentiating with respect to x, p=2+ pt (x+ 2p) or — + 5X = =p. 
asap _ 2h 


This is a linear equation having e as an integrating factor. 


L 4 L 
Then xe?’ = af per” dp = ~2pe2? + se"? + C 
-3P 2 -2P 
and x = 2(2-p) + Ce ‘ y=8-p’ + (2+p)Ce z 
& Solve y = 3px + 6p7y*. 
Solving for x, 3x = 6py*. Then, differentiating with respect to y, 


ce ee ee ae ee and (1+ 6p?y) (2p + y B) = 0. 
dy dy 


The second factor equated to zero yields py? = C. Solving for p and substituting in the 
original differential equation yields the primitive y = 3Cx + 6C% 


2 
9. Solve p? — 2xyp + 4y* = 0 or a aera a 
Y P 


Differentiating with respect to y, 


2 
Pe Reh aay, ser cp ~ 2y By¢ay? ~ p= 0. 
Y 


Integrating ~2 ap = 0 and eliminating p between the solution p* = Ky and the original 
Pp v7 P 


differential equation, we have I6y = K(K - 2x)". This may be put in the form 2y = CC =x)" 
by letting K = 2C, 


10. Solve 4x = py(p? - 3). 


Differentiating with respect to y, 


4 d d 3p(p* = 1)d, 
4. pip? 3) + ayp?- 2 or 0 + SPP HOP. g, 
P dy y (p2 = 4)(p* + 1) 


Integrating, by partial fractions, Iny + Rss In(p+ 2) + 7 In (p - 2) + = in(p? + 1) = In, 
10 0 


Then y = po Ty “x = = Cp(p? - 3) ‘ 
(p24 Psy”? A pany Gey 


CLAIRAUT’S EQUATION, 


11. Solve y = pxrt+V4+p*, The primitive is y = Cx+V4+ Cy; 


12. Solve (y - px)? = 1+ p’. 


Here y = px + 1+ p*. 


The primitive is (y —- Cx - V1+ Cy (y - Cx + Vit Cy = 0 or (y - Cx)? = 1+ Cr 


EQUATIONS OF FIRST ORDER AND HIGHER DEGREE 


y = 3px + 6y’p”. (See Problem 8.) 


This may be reduced to the form of a Clairaut equation. 


13. Solve 


Multiply the equation by y? to obtain y? = By" px + 6y'p’. 


Using the transformation y= uv, By" p= ld , this becomes v = x eg oats 
dx dx 3 dx 
The primitive is v = Kx + sk or y = Kx + sk" or y? = 3Cx + 6C7, 
14. Solve cos*y p* + sinx cosx cosy p -— siny cos*x = 0. 
The transformation siny = u, Sinx = v, eae a 2 reduces the equation to 
cos x dv 
u v gu (dt)? Then u=Cv+ Cor sin y = C sinx + Cc, 
dv dv 
15. Solve (px -— y)(py + x) = 2p. 
2 2 vt du 
The transformation y° =u, x =v, p= % a reduces the equation to 
Uv 
u 
v du %  % du % v du du du du 
a ye + yy = 2 or (u— -uy(— +1) 2 2—. 
ar du m du ue dv dv a dv 
9 du 
Then ee ee on and Pan ae or y? = Cx? - ae 
dv du 1+C 1+C€ 
1+ — 
dv 
16. Solve p°x(x -2) + p(2y-Qry-x+2) ty? + y = 0. 


The equation may be written as (y — px + 2p)(y - px + 1) = 0. 


Each of y = px-2p and y = px-1 is a Clairaut equation, 


Thus the primitive is (y — Cx + 2C)(y - Cx + 1) = 0. 


SUPPLEMENTARY PROBLEMS 


Find the primitive of each of the following. 


17. xp? + xyp — ey” = 0 Ans. (y~ Cx?) (y- Cx) = 0 
18. xp? + (y -1-x")p -x(y-1) =0 Ans, (ay x7 4. C) (xy -x+C) = 0 
19. xp° - 2yp + 4x = 0 Ans. Cy = x? 4 C0? 
20. 3x'p* - xp-~y=0 Ans, xy = C(3Cx-1) 
2 2 2 
21. 8yp" — 2xp+y=0 Ans, y -—Cx+2C =0 
22. yp? + 3px -—y = 0 Ans, y’- 3Cx -C? =0 
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23. 


24. 


20. 


26. 


27. 


28. 


29. 


30. 


31. 


2 
P 


EQUATIONS OF FIRST ORDER AND HIGHER DEGREE 


2(1-p) + ce, ys2-p + Citpye 


y 


y 
y 


= Cx -C? 


= C(x -C) 


ty - Cx - 0°) (C2x~ Cy +1) 


x = C(p tye’, y= Cpe 


2 
y 


800%. ub? 


p 


2 Inp + In(p+V1+ p*) +C, yor ap + W1+ p* 


5/4 


/4 


2 2 - 
' y = Cp” (p +2) 


—-xp+y=0 Ans. 
16y>p- —4xp+y=0 Ans, 
xp? - yp’ + (a> +1)p> ~ 2xyp” + (x+y")p - y = 0 Ans. 
xp’ - yp ~y = 0 Ans, 
y = 2px + yp? (Use ye =z.) Ans. 
p’ -xp-y=0 Ans, 3x = 2p + C/vp, 3y = p’ ~ C/vp 
y= (l+p)x + p Ans, x = 
y = apt Vi+pe Ans, x = 
yp” -~ xp + By = 0 Ans, x = Gp ins 3) (p° +2)? 


p 


0 


CHAPTER 10 


Singular Solutions—Extraneous Loci 


THE DIFFERENTIAL EQUATION 
1) y = px + 2p" 
has as primitive the family of straight lines of equation 
2) y = Cx + 2C7, 


With each point (x,y) in the region of points for which x? + 8y>0, equation 
1) associates a pair of distinct real directions and equation 2) associates 
a pair of distinct real lines having the directions determined by 1). For ex- 
ample, when the coordinates (~2,4) are substituted in 1), we have 4 =~2p + 2p? 
or p*?—p-—2 =0 and then p = 2,-1. Similarly, when 2) is used, we obtain C = 
2,-1. Thus, through the point (-2,4) pass the lines y = 2x+8 and y =~-x+2 
of the family 2) whose slopes are given by 1). Points for which x? + 8y < 0 
yield distinct imaginary p- and C-roots. 


lines of family 
y = Cx +2C? 


envelope 
x? + By = 0 


(a) (b) 


Through each point of the parabola x?+8y =0 there passes but one line 
of the family, that is, the coordinates of any point on the parabola are so 
related that for them the two C-roots of 2) and the two p-roots of 1) are e- 
qual. For example, through the point (-8,-8) there passes but one line, y = 
2x +8, and through the point (4,~-2) but one line, y =-x +2. (See Fig. a.) 

It is easily verified that the line of 2) through a point of x? + 8y =0 
is tangent to the parabola there, that is, the direction of the parabola at 
any one of its points is given by 1). Thus, x?+8y =0 is a solution of 1). 
It is called a singular solution since it cannot be obtained from 2) by a 
choice of the arbitrary constant, that is, since it is not a particular solu- 
tion. The corresponding curve, the parabola, is called an envelope of the fam- 
ily of lines 2). (See Fig. b above.) 
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Summary and Extension: 


A singular solution of a differential equation satisfies the differential 
equation but is not a particular solution of the equation. 


At each point of its locus (envelope) the number of distinct directions 
given by the differential equation and the number of distinct curves given 
by the corresponding primitive are fewer than at points off the locus. 


THE SINGULAR SOLUTIONS of a differential equation are to be found by expressing 


the conditions 
a) that the differential equation (p-equation) have multiple roots, and 
b) that the primitive (C-equation) have multiple roots. 


In general, an equation of the first order does not have singular solu- 
tions; if it is of the first degree it cannot have singular solutions. More- 
over, an equation f(x,y,p) = 0 cannot have singular solutions if f(x,y,p) can 
be resolved into factors which are linear in p and rational in x and y. 


The simplest expression, called the discriminant, involving the coeffi- 
cients of an equation F(X) = 0 whose vanishing is the condition that the equa- 
tion have multiple roots is obtained by eliminating X between F(X) = 0 and 
F'(X) = 0. The discriminant of 


aX? +bX +c =0 is b* — 4ac, 


of aX) + bX? +cX +d = 0 is b?c? + 18abcd — 4ac? — 4b°d — 27a? d". 


tl 


See Problem 1. 


For the example above, the discriminants of the p- and C-equations are iden- 
tical, being x* + 8y. 


If E(x,y) = 0 is a singular solution of the differential equation f(x,y, p) 
= 0, whose primitive is g(x,y,C) = 0, then E(x,y) is a factor of both discrim- 
inants. Each discriminant, however, may have other factors which give rise to 
other loci associated with the primitive. Since the equations of these loci 
generally do not satisfy the differential equation, they are called extraneous. 


EXTRANEOUS LOCI. (Differential equation, f(x,y,p) = 0; primitive, g(x,y,C) = 0.) 


a) Tac Locus. 


Let P be a point for which two or more of the n distinct curves of the fam- 
ily g(x,y,C) = 0 through it have a common tangent at P. Now the number of dis- 
tinct directions at P is less than n so that the p-discriminant must vanish 
there. The locus, if there is one, of all such points is called a tac locus. 
If T(x,y) = 0 is the equation of the tac locus, then T(x,y) is a factor of the 
p-discriminant. In general, T(x,y) is not a factor of the C-discriminant and 
T(x,y) = 0 does not satisfy the differential equation. 


| \ 
1 ! 
] | 
f | 


y=0 is a tac locus, 
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b) Nodal Locus. 


Let one of the curves of the family through P have a node (a double point 
with distinct tangents) there. Since two of the n values of p are thus ac- 
counted for, there can be no more than n—1 distinct curves through P; hence, 
the C-discriminant must vanish at P. The locus, if there is one, of all such 
points is called a nodal locus. If N(x,y) = 0 is the equation of the nodal 
locus, then N(x,y) is a factor of the C-discriminant. In general, N(x,y) is 
not a factor of the p-discriminant and N(x,y) = 0 does not satisfy the dif- 
ferential equation. 


c) Cusp Locus. 


Let one of the curves of the family through P have a cusp (a double point 
with coincident tangents) there. Since one of the p-roots is of multiplicity 
two, the p-discriminant must vanish at P. Moreover, as in the case of a node, 
there can be no more than n—1 curves through P and the C-discriminant must 
vanish at P. The locus, if there is one, of all such points is a cusp locus. 
If C(x,y) = 0 is the equation of the cusp locus, then C(x,y) is a factor of 
both the p- and C-discriminants. In general, C(x,y) = 0 does not satisfy the 
differential equation. 


| 
Ke 
y=0 is a nodal locus. y=0 is a cusp locus. 


If the curves of the family g(x,y,C) = 0 are straight lines, there are no 
extraneous loci. 

If the curves of the family are conics, there can be neither a nodal nor 
cusp locus. 


THE p-DISCRIMINANT RELATION. The discriminant of the differential equation f(x,y,p) 
= 0, the p-discriminant, equated to zero includes as a factor 


1) the equation of the envelope (singular solution) once. See Problems 2-4. 
(The singular solution satisfies the differential equation. ) 


2) the equation of the cuspidal locus once. See Problem 7. ‘ 
(The equation of the cuspidal locus does not satisfy the differential equa- 
tion unless it is also a singular solution or particular solution. ) 


3) the equation of the tac locus twice. See Problem 5. 
(The equation of the tac locus does not satisfy the differential equation 
unless it is also a singular solution or particular solution. ) 


THE C-DISCRIMINANT RELATION. The discriminant of the primitive g(x,y,C) = 0, the 
C-discriminant, equated to zero includes as a factor 


1) the equation of the envelope or singular solution once. 


2) the equation of the cuspidal locus three times. 
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3) the equation of the nodal locus twice. See Problem 6. 
(The equation of the nodal locus does not satisfy the differential equa- 
tion unless it is also a singular solution or particular solution.) 


When any locus falls in two of the categories, the multiplicity of its e- 
quation in a discriminant relation is the sum of the multiplicities for each 
category; thus, a cuspidal locus which is also an envelope is included twice 
in the p-discriminant and four times in the C-discriminant relation. 


The identification of extraneous loci is, however, more than a mere count- 
ing of miltiplicities of factors. 


SOLVED PROBLEMS 


1. Find the discriminant relation for each of the following: 
2 2 2 
a) p> +px—y =0, b) px -2p y-16x = 0, c) y =C(x-C)., 


Note. These discriminant relations may be written readily using the formula given above. 
We give here a procedure which may be preferred. 


a) We are to eliminate p between f(x,y,p) = p+ px-y = 0 and ef = Bp? +x = Q. This is best 
P 
done by eliminating p between 


3f +p a = 3p° + 3px — 3y ~ 3p? — px = Qpx-3y = 0 and sf = 3p" +x = 0. Solving the first 
P Pp 
3 2 atv 2 
for p = oa and substituting in the second, we find 3p +x = = +x =O or 4x + 27y = 0, 
4x 


Note. If f(x,y,p)=0 is of degreen in p, we eliminate p between nf ~ pat = 0 and a = 0. 
‘P ip 


b) We are to eliminate p between af ~ pa 7 3px ~ 6p*y — 48x" — 3px + 4p*y = ~2p"y oad 48x" = 0 
iP 


i) 

and <t = Bp°x — 4py = 0. From the latter we obtain gp*x = 16p°y" or gp’ x? ~16p'y" = 0 
‘ 2 x? 2 2 4 

and from the former p” = ~24 % . Substituting for p’, we obtain x (2y? +2%x ) = 0. 


c) Here g(x,y,C) = Cs 20 ay Ore y = 0 and we are to eliminate C between 


i SeeiC se 230 = 60 Hate” 2 BY 8O 4 4C ee” = <OCe HOG A826 and 


2) 86 = 30° - 4x + x” = 0, 
oc 
Multiplying 1) by 3 and 2) by 2x, and adding, we have -2Cx” + 2x> — gy = 0. 
By 
9x7 


if 
oO 


Substituting C = in 2) and simplifying, we obtain y(4x° ~ 27y) 


2 
2. Solve y = 2xp-—yp and examine for singular solutions. 


Solving for 2x = : + yp and differentiating with respect to y, we have 
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- = ae Be eye or @ Des yD = 0 


Integrating + ap = 0 to obtain = C and substituting for = 
Pp ay Py Pp 


2 
ferential equation, we obtain the primitive y = 2Cx + C*. 


in the given dif- 


The p- and C-discriminant relations are xy? = 0. Since both y = x and y = -x satisfy 
the given differential equation, they are singular solutions. 


If p is eliminated between the differential equation and the relation p’-1 = 0, discarded 
in this solution, the equation of the envelope x?-y? = 0 is again obtained. The presence 
of such a factor implies the existence of a singular solution but not conversely. Hence, this 
procedure is not to be used in finding singular solutions. 


The primitive represents a family of parabolas with principal axis along the x-axis. Each 


parabola is tangent to the line y = x at the point (C,C) and to the line y = -x at the point 
(C,-C). See Figure (a) below. 


x 
Fig. (a) Prob, 2 Fig. (b) Prob, 3 
Family of parabolas y* = 2Cx-C’, Family of straight lines y = Cx + C? 
envelope y = tx. envelope 4x3 + 27y* = 0. 


3. Examine p° +px-y = 0 for singular solutions. 


This is a Clairaut equation, the primitive being y = Cx + (ene 


The p- and C-discriminant relation 4x? + ay? = 0 is a singular solution since it satis- 
fies the differential equation. 


The primitive represents a family of straight lines tangent to the semi-cubical parabola 
4x3 + 279" = 0, the envelope. See Figure (b) above. 


4. Examine 6p?y? + 3px-y = 0 for singular solutions. 


From Problem 13, Chapter 9, the primitive is y = 3Cx+ 6c’, 


Both the p- and C-discriminant relations are 3x" + By? = 0. Since this satisfies the dif- 
ferential equation, it is a singular solution. 


5. Solve (x? - 4)p°- Qxyp —x° = Q and examine for singular solutions and extraneous loci. 


Solving for 2y = xp - tp - : and differentiating with respect to x, we have 
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2p sir dy ee ED eA OR ae BEE or er saree meee) = 0. 
dx 42% dx =P op? dx dx 
dp : POE or : 2,2 P : 
From p eer = 0, p=Cx and the primitive is C (x -4) - 2Cy-1 = 0, The p-discrim- 


inant relation is x? x? pyre 4) = 0, and the C-discriminant relation is roe a 4=0. 


Now aay? = 4 occurs once in the p- and C-discriminant relations and satisfies the dif- 
ferential equation; it is a singular solution, Also x = 0 occurs twice in the p-discriminant 
relation, does not occur in the C-discriminant relation, and does not satisfy the differen- 
tial equation; it is a tac locus, 


me : ; 2 
The primitive represents a family of parabolas having the circle or y = 4 as envelope, 
See Figure (c) below. 


Note 1. The two parabolas through a point P of the tac locus x=0 have at P a common tan- 


gent. 
BCS. 3 
Note 2, A curve of the family meets the envelope in the points ane le - oO ; hence, 


2 
only those parabolas given by C 2 4 touch the circle, 


y 


Family of parabolas Family of cubic curves 
C2(x2- 4)-2Cy-1=0. (y+Cy® = x(x-1)% 
Fig. (c) Prob. 5 Fig. (d) Prob. 6 


2 2 
Solve 4xp ~(3x-1) = 0 and examine for singular solutions and extraneous loci. 


1/2 -1/2 /2 


: 1/2 
Solving for p = +6 x - 5 # ), we obtain by integration y = +(x? - «x / y+ Cy, or 


(y+Cy = Eye ee ae The p-discriminant relation is x(3x-1) = 0, and the C-discriminant 
relation is x(x -1)* = 0. 


Here x=0 is common to the two relations and satisfies the differential equation, that is, 


d 
x = 0, “ = 0 satisfies the equation when written in the form 4x - (ax =1) (Fy = 0. It 
y y 


is a singular solution. 


3x-1-=0 is a tac locus since it occurs twice in the p-discriminant relation, does not 
occur in the C-discriminant relation, and does not satisfy the differential equation. 


x-1=0 is a nodal locus since it occurs twice in the C-discriminant relation, does not 
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occur in the p+discriminant relation, and does not satisfy the differential equation, 


The primitive represents a family of cubics obtained by moving y? = x(x aaj? along the 
y-axis, These curves are tangent to the y-axis and have a double point at x =- 1. Moreover, 
through each point on x = 1/3 pass two curves of the family having a common tangent there, 
See Figure (d) above. 


(»« Solve Qyp? +4 = Q and examine for singular solutions and extraneous loci, 


Solving for 9Qy = ~4/p" and differentiating with respect to x, we have 


2 dp and x+C = - ee 


a 27p3 


de 32 


Eliminating p between this latter relation and the differential equation, the primitive 
is y? + es = 0. 
The p-discriminant relation is y = 0, and the C-discriminant relation is y> = 0. Since 


y = 0 occurs once in the p-discriminant relation, three times in the C-discriminant relation, 
and does not satisfy the differential equation, it is a cusp locus, 


aut . : : : , 2 
The primitive represents the family of semi-cubical parabolas obtained by moving ee =0 
along the x-axis. Each curve has a cusp at its intersection with the x-axis, and y =0 is the 
locus of these cusps. See the figure below. 


O| cusp locus x 


Family of semicubical parabolas 
y+ (x+C)* = 0 


2 : : , ; 
8. Solve xp +x" yp +1 = 0 and examine for singular solutions and extraneous loci, 


‘ 1 ecipcd : 
Solving for y = - ar rae and differentiating with respect to x, we have 
xP 


3 2 dp 
1-x 2pt+x—) =0. 
( P )(2p ae 
From ap +4 =0, px’ = C and, eliminating p between this and the differential equation, 
the primitive is C?+ Cxy+x = 0, 


The p-discriminant relation is x? (xy? ~ 4) = 0, and the C-discriminant relation is x (xy — 4) 
= 0. 


xy? 4 = 0 satisfies the differential equation and is a singular solution. 


x = 0 is a particular solution (C = 0). Note that it occurs three times in the p-dis- 
criminant relation and once in the C-discriminant relation, 
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Examine px ~2p’y - 16x = 0 for singular solutions and extraneous loci. 
re : 3 2 2 
From Problem 4, Chapter 9, the primitive is Cx -Cy~-2=0. 


The p-discriminant relation is x? (2y> + 27x") = 0, and the C-discriminant relation is 
aye +27xt = 0. 


Since ay? +27 = 0 is common to the discriminant relations and satisfies the differen- 
tial equation, it is a singular solution, At each point of the line x = 0, two parabolas of 
the family are tangent there (for y<0, the parabolas are real). Thus, x = 0 is a tac locus, 
Also, x = 0 is a particular solution, Since it is obtained by letting C +, it is sometimes 
called an infinite solution. Note however that when the primitive is written as x? — Ky — 2K? 
= 0, this solution is obtained when K = 0. 


SUPPLEMENTARY PROBLEMS 


Investigate for singular solutions and extraneous loci. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


y= px — 2p”, Ans, primitive, y = Cx ~2C7; singular solution, x? = 8y. 
yp + 3xp-y = 0. Ans, prim, yo +3Cx~C? = 0; 5S.S., Ox" + ay? = 0. 
xp” — 2yp + 4x = 0. Ans. prim, C= Cy41 = 0; 58.S., y 4x" = 0. 
2 ’ 2 2 2 2 
xp —2yp+xt+2y = 0. Ans, prim, 2x°+2C(x-y)+C = 0; S.8., x +2xy-y = 0. 
22 : ic 2 
(3y~1) p = 4y. Ans. prim, (x+C)” = y(y-1); S.8., y2=0; tele, y = 1/3; 
nl., y=. 
4 2 : 2 2 
yu-xp+xp. Ans. prim, xy =C+C x; s.s., 1+4x y=0, t.1l., x = 0. 
2 ‘ 3 2 2 3 
2y = p + 4xp. Ans. prim, (4x° + 3xy+C) = 2(2x +y); no S.S.; 
c.l., x? +y = 0. 
2 2 : 2 5: 
y(3-4y) p = 4(1-y). Ans. prim, (x-C) = y (l-y); 8.8, y=; cls y = 0; 
t.l., y = 3/4. 
p-4x'p +8xy = 0. Ans. prim, y = Cx? C'; S.S., ax° —27y” =Q; t.l., x = 0. 


(p? +1) (x-y) (x +yp). Ans. prim, Get) z (y-c)? = Cc: s.S., xy=0; t.1l., y=x. 
Hint: Use x = 0 cos 6, 
y =p sin 6, 


W 


CHAPTER 11 


Applications of First Order and Higher Degree Equations 


IN FINDING THE EQUATION of a curve having a given property, (for example, that its 
slope at any point is twice the abscissa of the point), we obtained in Chap- 
ter 7 a family of curves (y = x?+C) having the property. In this chapter 
the family of curves will frequently be a family of straight lines. In such 
cases, thecurve inwhich weare most interested is the envelope of the family. 


SOLVED PROBLEMS 


|. Find the curve for which: 


a) the sum of the intercepts of the tangent line on 
the coordinate axes is equal to k. 


b) the product of the intercepts of the tangent line 
on the coordinate axes is equal tok. 


c) the portion of the tangent line intercepted by 
the coordinate axes is of constant length k. 


Let the equation of the tangent line be 
y = px + f(p), 
the x- and y-intercepts being -f(p)/p and f(p) re- 
spectively. 


y=pxtf(p) 


0 ~f(p)/p 


a) Since f(p)~f(p)/p =k, f(p) =-kp/(1-p), and 


k 
the equation of the tangent line is y = px - ere a 


1l-p 
This is a Clairaut equation, the primitive being 
k 
the family of lines y = Cx - oy or x0 ote +y-k)C + y = 0. The required curve, the en- 
a % % 


velope of the family, has equation (x+y—k)? = 4xy or x? ty“ = k*, Note that this curve is 

an envelope (singular solution) since it satisfies the differential equation andcannot be ob- 

tained from the primitive by assigning a value to C. 

b) Since f(p)[-f(p)/p] =k, ftp) = tv¥-kp, and the equation of the tangent line is y = 

px t¥—-—kp. This is a Clairaut equation, the primitive being 
y-Cx =4+V-Ck oor C? + (k-2xy)0 + y® = 0. 


The required curve, the envelope of the family, has equation 4xy =k, 


c) Since [{fcpy + {-F(p)/p¥°)” =k, f(p)=t kp/V 1+p*, and the equation of the tangent 
line is y = px + kp//1+p®. The primitive of this equation is y = Cx + rch/1+ C?, 


Differentiating with respect to C, we have 0 = x + BIRO, 
Then x = ¥ Rae, y = Cx + R/O = eeepc? and the equation of 
the envelope is Pak + yr = 4 14.€7) + bP 2/1407) = pl, 


~J 
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2. Find the curve for which: 
a) the sum of the distances of the points (a,0) and (-a,0) from the tangent line is equal to k. 
6) the sumof the distances of the points (a,0) and (0,a) from the tangent line is equal to k. 


Take px ~y + (p) 


V1i+p? 


= 0 as the normal form of the equation of a tangent line. 


~ap + f(p) 
eee TN 


V1+ p? 


(-a,0) 


(a) (b) 


ap + f(p) and zap + f(p) re- 
V1+ p* V1 +p? 
2 f(p) 


spectively. Thus, =k, ftp) = ak /1+p*, and the equation of the tangent line is y = 


V1 +p? 
px + tk V+ p?. The primitive of this Clairaut equation is 
y= Cx + bkV1+C? or (4x7 — k?)C? — 8xyC + ay? -k? = 0, 


The required curve, the envelope of this family of lines, has as equation x? + y? = ik. 


a) The distances of the points (a,0) and (-a,0) from the line are 


ap+f(P) ng ratfie) 
V1+ p* V1+p? 


=k, f(p)= s[kVW1+p? -ap+a], and the equation of the 


b) The distances of the points (a,0) and (0,a) from the line are re- 


~a+ap+ 2f(p) 
V1+ p? 


tangent line is y = px + 2[kV1+p* -ap+a], The primitive is y = Cx+ d[kV1+C? -aC+a]. 


spectively. Thus, 


Differentiating with respect to C, we have 0 = x + 3 [kC//1+ C* ~ aj, 


Then x = ~4(kCA/A+C? -a], y = $[k/A+C2+ a], andthe envelope of the family of lines 


3 
has equation x«%+y?~ax-—ay = 4(k?- 2a”), 


3, Find the curve such that the tangent line at any of 
its points P bisects the angle between the ordinate 
at P and the line joining P and the origin, 


Let 6 be the angle of inclination of a tangent 
line and ¢ be the angle of inclination of OP. Then, 
if M is the foot of the ordinate through P, 

angle OPM = 90°- ® = 2(90°-0) = 180° - 28, 


Now tan(90°- $) = cot $= tan(180°- 26) = —tan 20 


and tan@d tan 26 = ~1, 


Since tan@=y/x and tan @=y’= p, we obtain the 
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differential equation of the curve 


meds 
x l-p 


SSE Or ey eae = x/p. Differentiating with 


d, 

respect tox, 2p =p - 2 + (x + 2 \ap , p(p? +1) = x(p° #4je4 and xdp-pdx = 0. 
Pp p? dx dx 

Integrating, In p = Inx + InC or p=Cx. Substituting for p in the differential equa- 


tion, we obtain the family of parabolas C2x? = 2Cy -1 = 0. 


Find the shape of a reflector such that light y 
coming from a fixed source is reflected in 
parallel rays. 


Let the fixed point be at the origin of 
coordinates and the reflected rays be parallel 
to the x-axis. The reflector is then a sur- 
face of revolution generated by revolving a 
curve f(x,y) = 0 about the x-axis. 


Confining ourselves to the xOy plane, let 
P(x,y) be a point on the curve f(x,y) = 0, 
TPT' be the tangent line at P, and PQ be the 
reflected ray. Since the angle of incidence 
is equal to the angle of reflection, it fol- 
lows that ZOPT = @ = ZQPT'. 


Now p = dy tan ZOTP = tand and tan ZTOP = tan(m-—2) = -tan 26 = =? tan = -2; 
= 1-tan*¢ 
hence, ae P or 2x = ae yp. 
x 1 ilp* P 
Differentiating with respect to y, q = : ee ap —-p- oe and dp = dy - Then, p = ¢ . 
P Pp? dy dy Pp J: 7 


Eliminating p between this relation and the original differential equation, we have the family 
of curves y* = 2Cx+C*, Thus, the reflector is a member of the family of paraboloids of 
revolution y? + z? = 2Cx + C% 


SUPPLEMENTARY PROBLEMS 


Find the curve for which each of its tangent lines forms with the coordinate axes a triangle 


of constant area a’, Ans, 2xy = a? 


Find the curve for which the product of the distances of the points (a,0) and (-a,0) from the 
tangent lines is equal tok. Ans, kx? = (k+a7)(k-y*) 


Find the curve for which the projection upon the y-axis of the perpendicular from the origin 
upon any tangent is equal tok. Ans, x% = 4k(k~y) 


Find the curve such that the origin bisects the portion of the y-axis intercepted by the tan- 
gent and normal at each of its points. Ans, x2 + 2Cy = Cc? 


Find the curves for which the distance of the tangent from the origin varies as the distance 


of the origin from the point of contact. “ 3 
1 
p 


Hint: —~—-——-———- = kp. Ans. p= Gee k 


Ve? + (do/d@y 


CHAPTER 12 


Linear Equations of Order n 


A LINEAR DIFFERENTIAL EQUATION of order n has the form 


1) P. P, + P, bs itera ote +: Pyoy dy + Py = Q, 
dx” dx” dx"? dx 
where Py #40, Py, Po, sree: ,P,, Q are functions of x or constants. 
If Q=0, 1) has the form 
n n—~1 N~2 
2) poy a! pe z g pd a ig pigtaeataly + Pe ee Apts = 0 
dx" dx" dx"? cx 


and is called homogeneous to indicate that all of the terms are of the same 
(first) degree in y and its derivatives. 


d° da? d 
Examples. A) gee a oy Ss coe eae xy = Sinx, of order 3. 
dx? dx? dx 
a? d 
B) delat wp 2y = 0, of order 2. 
dx? dx 


Equation B) is an example of a homogeneous linear equation, 


SOLUTIONS. If y = y,(x) is a solution of 2), then y = C,y,(x), where C, is an ar- 


bitrary constant, is also a solution. If Y=¥a(X), V=Vo(X), V=Val(X), cree 


are solutions of 2), then y = Cyy,(x) + Cyyo(x) + Ca Vg (xX) + reeeee is also a 
solution. 
A set of solutions y =y, (x), y=yo(x), e+e, Y=yn(x) of 2) is said to be 
linearly independent if the equality 
Ci1V1 + CoVn + CaVg tetereees + Cnyn = O, 
where the c’s are constants, holds only when Cy = Cg = Cg = tes = cy = 0, 


Example 1. The functions e~ and e~* are linearly independent. To show this, 
form c,e” + c,e~ = 0, where c, and cy are constants, and differentiate to 
obtain c,e~ - c,e™* = 0. When the two relations are solved simultaneously for 
Cc, and cy, we find c. = cy = 0. 


x 


Example 2, The functions e”, 2e*%, and e"* are linearly dependent, since. 


x om 
cye” + 2cye~ + cge™~ = 0 when Cy = 2, Co =-1, cg = 0. 


A necessary and sufficient condition that the set of n solutions be lin- 
early independent is that: 
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V1 Yo Ys Yn 
yy Yo Yo Yn 
W = y! y! y. 7 y," ~# 0 
(m1) (n-1) (n=1) (n~1) 
vy 2 Vs ; Yn 


If y=yi(x), V=Vo(X), s+++++*, Y=yn (x) are n linearly independent solu- 
tions of 2), then 


3) VY = Cyya(x) + Coye(x) + ceeee + Crh Yn (x) 
is the primitive of 2). 
If y = R(x) is a particular solution, also called particular integral, of 
1), then 
4) y = Cry, (x) + Coya(x) t vere + Cry, (x) + R(x) 
is the primitive of 1). Note that 4) contains all of 3). This part of 4) is 


called the complementary function. Thus the primitive of 1) consists of the 
sum of the complementary function and a particular integral. 


Attention has been called to the fact that the primitive of a differential 
equation is not necessarily the complete solution of the equation. However, 
when the equation is linear, the primitive is its complete solution. Thus 3) 
and 4) may be called complete solutions of 2) and 1) respectively. 


LINEAR DIFFERENTIAL EQUATIONS with constant coefficients (equation B) above) will 
be treated in Chapters 13-16. Those with variable coefficients (equation A) 
above) will be considered in Chapters 17-19. 


SOLVED PROBLEMS 


2 
1. Show that the equation ey ~&Y _ y= 0 has two distinct solutions of the fors yze, 


If y = eo, for some value of a, is a solution then the given equation is satisfied when the 


2 
replacements y = eo ay = ae™, ae = a*e™* are made in it. 
dx dx? 
a d 2 
We obtain <2 2 im - 2y = e “(a -a~2) = 0 which is satisfied when a = -1,2. 
dx 


pe 2 
Thus y = e * and y=ze * are solutions, 


2. Show that y = Gye" + Ge is the primitive of the equation of Problem 1, 


Substituting for y and its derivatives in the differential equation, it is readily checked 


that y = Cie? + Ge? is a solution. To show that it is the primitive, we note first that 
the number (2) of arbitrary constants and the order (2) of the equation agree and second that 
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“Xx 2x 
. £ x WX 2x a 
since W = = 8e #0, y =e andy =e are linearly independent. 
-e oe” 
3 dy dy 
Show that the differential equation x rae 6x oe + 12y = 0 has three linearly inde- 
dx 
pendent solutions of the form y = x, 
After making the replacements 
2 3 
2 = d a 
y= x, dy = rx : ay = rr 1x" a oy = r(r—1)(r —2)x" . 
dx dx? 3 


in the left member of the given equation, we have x (r+ ar? - 4r+12)=0 which is satisfied 


~2 ; 
when r = 2,3,~2, The corresponding solutions y = ae y = x, yun are linearly independent 


ee x? a 
F , 2 3 err . 2 3 ~2 
since W = | 2 3x -2x = 20 4 0. The primitive is y = Cyx” + Cox + Cox. 
2 6x 6x" 
d*y d 
Verify that y = -sinx isa particular integral of <2 - = - 2y = cosx+ 3sinx and 
dx 


write the primitive. 


Substituting for y and its derivatives in the differential equation, it is found that the 
equation is satisfied. From Problem 2, the complementary function is y = Cye* + Ge, 


ere ‘ -% 2x ; 
Hence, the primitive is y = Cye + Cpe - sinx. 


3 dy 
3 


Verify that y = Inx isaparticular integral of x -=— - 6x e + 12y = 12Inx -4 = and 
dx 


write the primitive, 


Substituting for y and its derivatives in the given equation, it is found that the equation 
‘ ee : , ~2 
is satisfied. From Problem 3, the complementary function is y = Cx? + Ona? + Cgx 


Hence, the primitive is y = Ca 4 Cex Cox? + In x. 


4 3 
Show that dy - d’y - 3—=— +5 dy ~ day = 0 has only two linearly independent solu- 
dx" 3 dx? dx : 
tions of the form y = re 
Substituting for y and itsderivatives in the given equation, we have eo" (a -a'- 30+ 5a~2) = 0 
which is satisfied when a = 1,1,1,-2. 


x x x 3 2X 
e e e e 
x ww 2X x x x ~2x 
e e e e e —2e 
Since 7 0, but = 0, the linearly independent 
% 2% x x x 2x 
e —2e € e e de 
XG x x ~~ 2% 
e e e ~8e 


; ~2% 
solutions are y = e* and y =e”, 
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7. Verify that yz a y= xe’, y= eer and y = e°* are four linearly independent solutions 
of the equation of Problem 6 and write the primitive. 


By Problem 6, y = e* and y= e-* are solutions. By direct substitution inthe given equa- 
tion it is found that the others are solutions, 


x x 2% ~ 2K 
e xe xe é€ 
= 100 1 
e~ nev + e* xe” + Qxe™ Bs Pa x{110 -2 Ps 
Since W = =e = -~54e #0, 
x x 2 x 2x 4 x 2 x 2% 122 4 
e xe + 2e xe + 4xe + 2e 4e 136-8 
ae werd. 30" gk 6xe™ + 6e~ ~Be7 2% 
these solutions are linearly independent and the primitive is 
y = Cre” + Coxe” + ara + Cie 
“2x ~2% dy dy 
8. Verify that y=e “cos 3x and y = e sin3x are solutions of = + 4 ea + 13y = 0 and 


write the primitive. de 


Substituting for y and its derivatives, it is found that the equation is satisfied, 


4 


Since W = 3e” # 0, the solutions are linearly independent. 


Hence, the primitive is y = are, cos 3x + Cy sin 3x). 


SUPPLEMENTARY PROBLEMS 


9. Show that each of the following sets of functions are linearly independent. 


2 


. 2 
a) Sin ax, cos ax c) 1, x, x e) Inx, xInx, x” Inx 


by) e?* sin bx, e™ cos bx dy, 9%, .e™ a8* eg #b #c) 


Form the differential equation having the given primitive. 


10. y = Gye? + Ce" Ans. y" + y! — 6y =0 
ll. y = C,e7* + Cyxe?* + Cyx7e?* y” — Gy” + 12y’ - By = 0 
12. y = Cye” + Cye** + e ™/12 y" = By! 4 2y =e” 
13. y = C,cos 3x + Cysin 3x + (4x cosx + sin x)/32 y" + 9y = x cos x 
14 =C 2 2 2 uN t - 
» y = Cyx” + Cox” Inx xy" — 3xy’ + 4y = 0 
15. y = Cyx + Cox] Cox In? Py 4 xy! = 3x" 
» ¥ = Cyx + Cox Inx + Cgx Inx + x /9 xy + xy! ~ y = 3x 
2 2 2 " 3 
16. y = C, sinx” + C, cosx xy" — y! + 4x°y = 0 
17. y = In sin(x-C,) + C, y" + wy +1=0 
18. y? = Cyx + Cy + 2x” yy" + (y' = 2 


19. x = Cy + Cay + y Iny yy" + (y'P = 0 


CHAPTER 13 


Homogeneous Linear Equations with Constant Coefficients 


THE HOMOGENEOUS LINEAR EQUATION with constant coefficients has the form 


n nel n=2 
1) BO pop Lge Bead Yea gen nse Pe Ol ep eg 
dx” a”) dx"? dx 
in which P, #0, Py, Po,+r+:: , P, are constants. 
2 
By a convenient change of notation, writing dy = Dy, gy 7 SPAS = D-Dy 
5 dx hy ? dx dx 
= Dy, etc., 1) becomes 
Oy. CPD PED ee PEDO Me wine bss + PD + Py = 0. 


Now D= a is an operator which acts on y, and 


3) P,D” Fa P,D 4 PD" fier eeeevee + Prey D + P,, 


is simply a much more complex operator. However, we shall find it very con- 
venient to consider 3) at times as a polynomial in the variable D and to de- 
note it by F(D). Thus, 1) may be written briefly as 

4) F(D)y = 0. 


It can be shown in general and will be indicated by an example that when 3) 
is treated as a polynomial and factored as 


5) F(D) = Py (D-m,)(D—m,)(D-mg)tttr rts (D- mn_4)(D-m), 
then 
6) F(D)y = Po(D—m,)(D—mg)(D—mg)tt steer (D-mn..)(D-m)y = 0 
remains valid, i.e., is equivalent to 1) when D is treated as an operator. 
d’y d? d 3 2 
EXAMPLE. In the D notation al ia oie 4 SY + 4y = 0 becomes (D -~D -4D+4)y = 0 
dx? dx* dx 


and, in factored form, (D-1)(D-2)(D+2)y = 0. Now 


(D=1)(D-2)(D+2y_ = D-1)O-2 (4 + dy : D-1) 0-22 + ay) 
d_dy dy d’y 
= (D-1{2(%+ ay) - Xie = (D-1)(o2% - 
( ae y= 2a 2y)} ( 1 4y) 
2 2 
_ di dy dy 
= ane AY) = aa - 4y) 
3 2 z 2 
= dy - 4 dy ore ay + 4y = ay a dy - 4 dy + 4y = Q, 
dx? dx dy? dx? dx? dx 


In Problem 1 below, it will be indicated that the order of the factors here is immaterial. 
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THE EQUATION F(D) = (D~m,)(D—=mz)(D—mg)sr eres (D—im_1)(D~m,) = 0 
is sometimes called the characteristic equation of 1) and the roots My, Mg, 
Mg, *+++, m, are called the characteristic roots. Note that it ig never nec- 


essary to write the characteristic equation since its roots can be read di- 
rectly from 6). 


TO OBTAIN THE PRIMITIVE of 1) we first write the equation in the form 6). 


a) Suppose m, # mg Zo mg fo verre eees ~ Mn. # My. Then 


ye Ce a C,e"2* 4+ Cae + beeen nas + Cre™*, 


involving n linearly independent solutions of 1) with n arbitrary constants, 
is the primitive. 


4 2 
Thus in the example above, where oy _ ay - 4 ay + dy = Q or 
3 2 dx 

dx dx : 
(D-1)(D-2)(D+2)y = 0, the characteristic roots are 1,2,-2 and the primi- 
tive is y = Cy,e* + Cie?” + Cye"?”, See also Problems 5-7. 
b) Suppose my = my # mg #orcrrrreees # Mme, F# Mp. Then 

yale!) Cee 4 Cee a wea ins + Cyre™n™ 


is the primitive. 
In general, to a root m occurring r times there corresponds 


rel ome 
C,e"” + Coxe™ 4+ Cyxre™ f reeeee gt C,x' " e™ 


in the primitive. 


3 2 
Thus to solve ay - 2 ay - 4 oy + 8y = 0, write the equations as 
dx dx? dx 


(DO) 24D +8)y = (D2)? (Da d)p = 0, The: Chavanteristie eoote: aes 2,2,-2 


2x = 2% 


and the primitive is y = C,e** + C,xe™” + Cye See also Problems 8-10. 


c) If the coefficients of 1) are real and if atbi is a complex root of 6), so 
also is a-bi. The corresponding terms in the primitive are 


Ae! 2* bt) x + Belt~ ot )x a (4e?* rs Be ?**5 
= e°* (C,cos bx + C,sin bx) 
= Pe®™ sin(bx + Q) = Pe” cos(bx + R), 


where A,B,C,,Cs,P,0,R are arbitrary constants. 


2 
Thus the characteristic roots of ay - 4 x + 5y =0 or (D-= 4D+5)y=0 
dx 


are 2ti. Here a=2, b=1 and the primitive is y= e”* (C, cos x + Cysin x). 


See also Problems 11-15. 
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SOLVED PROBLEMS 


1. Show that (D-a)(D-b)(D-c)y = (D-b)(D-c)(D-a)y. 


2 
dy dy 
EON - (b+e)s + bey) 


Ik 
It 


d 
(D ~a) (Db) (D -c)y (D-a) (Db) (2 - cy) 


3 2 
= dy - nteet2 + (eben - abcy, 
3 dx? dx 


dx 


d d? d 
(D-b)(D =) (2 - ay) = D -by (EX ~ (at + acy) 


ii} 


(D-6)(D ~c)(D-a)y 


3 2 
= gy - (eebxoves + Ghiecetae - abcy. 
dx? dx? dx 


2. Verify that y = Cie + Ge satisfies the differential equation (D-~a)(D~6b)(D-c)y= 0. 
We are to show that (D -a)(D-b)(D-c)(Cye + Geet) = 0. 


(D-a)(D-b)(D—c)\Cye” = (D~b)(D-c)(D-a)Cye™ = (D-b)(D-c)0 = 0, and similarly for 
the other two terms, 


3. Verify that y = Ce” + Coxe” + Cgx’e"” satisfies the differential equation (D-m)’y = 0. 
This follows since: a) (D =m)’ C,e™ = (D-m)* (D ~m)C,e"” = (D-m)"0 = 0, 
MX 


b) (D -m)° Coxe™” = (D -m)* Coe = (D-m)0 = 0, and 


c) (D-m)Caxre™ = 20D—m)*Caxe™™ = 2(D-m)0 = 0. 


4. Find the primitive of (D-m)y = 0 (a) by assuming a solution of the form y = sae and (6) 
by solving the equivalent pair of equations (D-m)y =v, (D-m)v = 0. 


Tl mx fet, Mx 


a) (D =m)’ y = (D —m)(D—m)x' e”” = (D-m)rx “e = r(r-1)x = 0 whenr = 0,1. 


Thus the equation has two linearly independent solutions y = e”* and y = xe”, 


The primitive is y = Cye"™ + Coxe”, 


b) If we write (D~m)y = v, then (D-m)’y = (D-m)(D-m)y = (D-m)v = 0, 


d F e2) 
Solving (D-m)v = 0, we obtain v = Guert Since (D-m)y = : — my = Ge is linear of 
the first order, its solution by the method of Chapter 6 is 
ye = fe” Coe” dx = Cy + Cox or oy = Cie + Coxe”. 


DISTINCT REAL ROOTS. 

2 

d d 

cet ae Aa rer 


5. Solve 
dx? dx 


We write the equation as (D? +D-6)y = (D-2)(D+3)y = 0. 


: 2 - 
The characteristic roots are 2,~3, and the primitive is y = Cye Mog Coe . 


HOMOGENEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 85 


3 2 
Ge aire et Gee ap 
dx — dx? dx 


We write the equation as (D> -D? -12D)y =0 or DW-~4)(+3)y = 0. 


The characteristic roots are 0,4,-3, and the primitive is y = C, + Ge + Cie? 7 


3 2 
dy ,o¢y¥ 5% 


a Solve 
dx) dx? dx 


~ 6y = 0. 


Xx 


We write the equation as (D> + op’ -5D-6)y or (D -2)(D +1) (D+ 3)y = 0. 


2x ‘< in 
The characteristic roots are 2,-1,-3, and the primitive is y = C,e + Cye see Cae 4 . 


REPEATED ROOTS, 


8. Solve (?-30°+3D-Dy=0 or (W-l)y=0. 


x 


2 
The characteristic roots are 1,1,1, and the primitive is y = Cee + Coxe™ + Cgx ae 


9. Solve (D+ 6D)+ 5D°-24D-36)y = 0 or (D-2)(D+2)(D+3)’y = 0. 


ETE ee ee ~29 Lo - 
The characteristic roots are 2,-2,-3,-3. The primitive is y = Cye ae Coe my Cye ey Caxe. 


10. Solve w'-p>-9p?-11D-4)y = 0 or (D+1)' (D=4)y = 0. 


3x 


: a : 2 4 
The characteristic roots are -1,-1,-1,4. The primitive is y = e © ge Coxt Cgx) + Cye ok 


COMPLEX ROOTS. 


11. solve (D’-2D+10)y = 0. 


The characteristic roots are 1+31, and the primitive is 


y= e* (C008 3x + Cosin 3x) or Cae sin(3x+C,) or Cae cos (3x + Ce). 


12. Solve (D+ 4D)y = 0 or DD? + 4)y = 0. 


The characteristic roots are 0,+2t, and the primitive is y = Cy + C,cos 2x + Cgsin 2x. 


19. Solve (o eD? + 2p*-D+3)yy =0 or (D? + 2D +3)(D?-D+1y = 0. 


The characteristic roots are -1+iv2, $+4iV3, and the primitive is 


y = e (C,cos V2 x + Cosin VB x) + e° (Cacos $V3 x + Cysin$V3 x). 


14. Solve (D'+ 5D* - 36)y =0Q or (D’ — 4) (D° + 9)y = 0. 


The characteristic roots are +2, +31, and the primitive is 


y = Ag @ Be 7s Cacos 3x + Cysin 3x 


= Cycosh 2x + Cysinh 2x + C,cos 3x + Cysin 3x 


‘ i, 2x -2x Fi 2x 2x 
since cosh 2x = (e+ e  ) and sinh 2x = 3(e -e). 


15. Solve @s 2+5)°y = 0. The characteristic roots are 1+2t, 
y = e*(Cycos 2x + Cosin 2x) + xe’(Cgcos 2x + Cysin 2x) 


‘\ 


e° { (C1 + Cgx) Cos 2x + (Co +C,x)sin 2x}. 


and the primitive is 
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Solve. 

16. (D° 
igs ge 
18. (D? 
19. (D" 
20. éDe 
21. «Dp? 
D. 4D? 
93. (p' 
Mer fe 
20. (p° 


+ 


SUPPLEMENTARY PROBLEMS 


2D ~ 15)y = 0 
2 

D* ~2D)y = 0 
6D + 9)y¥ = 0 


6D + 12D* ~ 8D)y = 0 
4D + 13)y = 0 
25)y = 0 
2 
DY +9D-9)y = 0 
4D’ )y = 0 
3 2 
6D? + 13D" ~ 12D + 4)y = 0 


op’ + 24D? + 16)y = 0 


Ans, 


u 


Ce ae 


x - 2x 
Cy + Cee + Cge 


Gee i age 


Cy + Ger" + Cane?” + Gate 
BG. cos 3x + Cy, sin 3x) 

Cy cos 5x + Cy sin 5x 

Cye” + Cy cos 3x + Cy sin 3x 

Cy, + Cox + Cy cos 2x + Cy sin 2x 


(Cy + Coxye~ + (Cg + Cxyee™ 


Cy cos x + Cy sin x + (Cg+ Cx) cos 2x 
+ (Cg+Cgx)sin 2x 


CHAPTER 14 


Linear Equations with Constant Coefficients 


THE PRIMITIVE OF 
1) F(D)y = (PyD” + PyD 7 + sreseenes + PyyD + Pn)y = Q(x), 


where Py #0, Py, Po, «sees , P, are constants and Q = Q(x) 40, is the sum of 
the complementary function (primitive of F(D)y = 0 obtained in the preceding 
chapter) and any particular integral of 1). (See Chapter 12. ) 


At times a particular integral may be found by inspection. For example, 
y = 2x is a particular integral of (D’- 3D? + 2)y =x, since D’y =D?y =0. Such 
equations occur infrequently, however, and we proceed to consider inthis chap- 
ter two general procedures for obtaining a particular integral. Other pro- 
cedures will be given in the next two chapters. 


In each of the procedures below, use will be made of an operator de- 


(D) 
fined by the relation py Py = y. When the operator is applied to 1) we 
obtain 

ray = y= 19 
F(D) F(D) 
or 
2) y = 1 ‘ 1 ok ae Carer er er a re a at er 1 : 
D-m, Dm, D-mg, D-—m, 


FIRST METHOD. This consists of solving a succession of linear differential equa- 
tions of order one, as follows: 


SET SOLVE TO OBTAIN 

uz _l_o du -— Mu = Q aus e™* f oe m* dx 
D—m, dx 

“= : u ans MmoyV = Uu y sc eee” fae ™ni* chy 
D—m- oe 

y= 1 w dy - my = w y= et [we Ms Xx dx 
D—m, dx 


As is indicated inProblem 3 below, the following formula may be established: 


A) y = em™* ff elterme foetre-nem f ean a geves etm tna {9 6% (ctey” 
See Problems 1-6. 
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as the sumof n partial fractions: 


SECOND METHOD. This consists of expressing a 


N N. 
toy 2 oo AS, oe aodendhee + Nn Then 
D-—m, D—ms, D-—m, 
B) y =A, arte { Oe" dx + Ny ene f Oe "2% dx tenet N, e™™™ f oem ax, 


See Problems 4-5. 


In evaluating both A) and B), it is customary to discard the constants of 
integration as they appear; otherwise, one obtains the primitive rather than 
a particular integral of the differential equation. The complementary func- 
tion is then obtained by inspection and added to the particular solution to 
form the primitive. 


THE FOLLOWING FORMULAS will be found useful. 


ih =f » 
e”* = cos bx + i sin bx e** = cos bx ~- isin bx 
tox ~tbx tbx ~4b%x 
‘ e - e e +e 
Sin bx = ———————— cOS bx = 
Qi 2 
bx : -bx 2 
e = cosh bx + sinh bx e = cosh bx — sinh bx 
sinh bx = $(e°% — e*) cosh bx = $(e°% + e™) 
SOLVED PROBLEMS 
1. Solve (D? ~ 3D +2) =e or (D-1)(D-2)y =e’. 
Pik s x 2x : ‘ F 1 1 x 
The complementary functionis y = Cye +C,e™, and aparticular integralis y = neg i e”. 
-1 -2 


Let u = : e.. Then (D~2)u = e” or “ — Qu = ev, ue = fem on™ ax = fede =-e', 
and u = -e”, 


di: as s 
s u, (D~1l)y =u or Yee and y=e fee &* dx = xe", 


Now = 
‘ D-1 dx 


go ise a naan 2x x 
The primitive is y = Cye + Coe - xe. 


2. Solve (D°+3D’-4)y =xe"* or (D-1)(D+2)"y = xe”, 


: ; ~2 -2 . ; é 
The complementary function is y = Cre~ + Coe a Cyxe an and a particular integral is 


1 1 1 2x 
yu. . xe . 
D-1 D+2 D+2 
Let u = Gr. whet Peace ae” ane Mele fue? .e?* dx = oer ae 
+2 ax 2 
Let v = : u. Then ay + Qu = & xe * and v = aan xe se dx = Z wen, 
+2 dx 2 2 6 
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A - 1 - - 1 = 
Now y = ae v, Then &% y= ae a and y = e fs we Oh ae = se fixe ae dx 
D-1 dx 6 6 6 
= Bags tig eae ie os 
18 3 9 
The primitive is y = Coe + Oe as + Cone” ~ aie Pan) ieee the remaining terms of the 


particular integral being absorbed by the complementary function. 


3. Find a particular integral of (D-a)(D- b)y = Q, 


. : 1 1 
A particular integral is given by y= -—— Q 


D-a D-b 


Let 0: u. Then m — bu = Q and: a2 -e * Oe de, 
Xx 


dy 


b a 
Now y = u. Then ie eae e {Qe O oe and 


D~a 


Ae% ot Tee ero foes dx = e% fers on (dis? 


4, Selves (3+ Bye or May @=2\y 22” 


. 


The complementary function is y = Cye™+ em. and aparticular integralis y = — . 3 : ; en 
Furst Method. = y = eee ens a ns dP eer aia (dx) 
D-~1 D-2 
d f % 1 
Pa end ee wae . ae 5° ieee : i ee iy i 5x 
Second Method. y = pe ev = (- : pees ye” 
(D ~1) WD - 2) D-1 D-2 


lox ux 1 2x 3x 1 5x 
=-+€ e + =e = —e 
4 3 12 
1 
The primitive is y = Ce" + Ce + iD e”, 


5. Solve (D'+5D+4)y=3-2% or (D#1)(D+4)y = 3-2. 


~ “4 : : , 
The complementary function is y = Cye Py Coe ~ and a particular integral is 


1 


ed Oe 
(D +1)(D +4) 
First Method. y 3 — wats Guay eo felt Fs ose tas)? 
D+1 D+4 
=e" ere. Se aes Ses = PLS ees ee = NU xev + =e ) eee ty 
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Second Method. y = Eagle (3-2) = cS = SUA Se. 255) 
D+1 D+4 D+i1 D+4 
s I pees 
= 5" Sia Be dx - ge SB tre ax 
= fe "(Se = ke + 2e") = A pee 2 Ls + aes oe ate 
3 2 8 2 
The primitive is y - Ce + Cerne Ce + 5 : 


2x 


6. solve ()-SD°+aD=4)y2e” or (-1)(D-2) y= e 


; : . 2 2 : . ’ 
The complementary function is y = Cie" + Coe ae Caxe ae and a particular integral is 


1 2x 
: Sg reer ceRe ie 
(D -1)(D ~2) 


1 2x 
e 


- 1 
oS eae aa Dee 


. pea are lee ent (dx)? 
ew Je* fF (dey? = e fe fx(dxy’ = fer Lie dx 


Jee he dx = Let ae ee ~ Qxe” + Qe") = bee* (x? — 2x +2). 


erat ee BI pe FORE a8 ERK 22x hee : 
The primitive is y = C,e + Cge + Coxe” + gx e, the remaining terms of the particular 


integral being absorbed in the complementary function, 


52 
7. Solve (D+ 9)y = x COs x, 


The complementary function is y = Cycos 3x + Cgsin 3x, and a particular integral is 


dl 3% i io 34 2 
yor ; —~ x COSxX = BPE | JSR Tooke eo thy. 
Do +9 
It will be simpler here to use COS x = hte # e*), so that: 
iv cr b4x w2ix -4hix 2 
8 we ee hae be ey Cas 
<i =24 1 ‘ wht ~- 
wee ie (= ixe Big DAO anes, ae ERY aly 
2 ¥ 2 4 16 
1 -3 ix 1 4ir 2 1 2ix 
=e (= ixe + =e + =1ixe —e dx 
3 J ese «3 
1-342 wie 1 vix 1. six 1 2ix 1. 2t« 1. 2ix 
Se (=xe —1e - le + —xe + —tle - mle 
2 32 16 16 32 
gee . ete 1 Pi pny 
“ «= tx - 
=~ -ixfe’ +e )-~-—Ue -e = =x( y+ = ( ) 
6 64 } 2 32 2u 


é 1 1. 
st cos x ~ win x, The primitive is y = C,cos 3x + Cgsin 3x + 5% cosx + g5Sinx. 
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8. Solve (D+ 4)y = 2 cosx cos3x = cos 2x + cos 4x. 


The complementary function is y = C,cos 2x + Cgsin 2x, and a particular integral is 


1. 1 
= cos 2x + cos 4 = = - ———) (cos 2x + cos 4 
y ia x x) a Deo: reas x) 
# 42 le | (dos oe 4 Gos dxje"” de < 6° [ecos Se ¢ cos dzye 8 dx} 
= hi ae je ae + ety i beeh™ i es ae 
= en'™ Lone aa Par ig die ‘s grrr yy dx i 

_ : fe ce +4 oot in eee a 22 fede eo Fe ent i: Pa ee } 

1, -2ix 1 ui . 1 6% 1e- ix. - i -64 
s Bee 4 int Ze ix 5° ax, 7 2ix i,t 4 400 se ge} 
a Liaini(e A zim, ” be dea rete = aie ma 

4 3 

: bjiee eee ie ee ie ave = 

4 21 16 2 12 2 


1 : 1 1 
= gree + Tg C08 % — Fo 008 4x. 


The primitive is y = C,cos 2x + Cysin 2x + 3 sin 2x - = cos 4x. 


3% 


9. solve (D?-9D+18)y =e° . 


The complementary function is y = Cer + Ge and a particular integral is 


1 er 6 en 2 
y=—~_—— e = er fer fe we” (dx) 
(D - 6) (D -3) 
3% -3x ~3% 
ee fer ae (- xe \dx = ze pe (oe) dx = xe Mer . 


3x 
1 
The complete solution is y = Ge + (Cy + 5°. je. 


4x 
vb 2 
Note. When the factors are reversed, a particular integral is y = en fet fe" re * (dx) 
Using the substitution e” = v, we obtain 
1 -l v 2 1 v1 1 1 ov 
= —jJ—Jje v (dv = —fe(_-—)dv = —~e 
: ou gee ee eae G wi gu? 
3x 


or y = ze Me as before, 
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SUPPLEMENTARY PROBLEMS 


10. Evaluate, omitting the arbitrary constant. 


a) Ans. xe d) ete +1) Ans. 7 5 ERS 
by i e~ Ans. xe~ e) i sin 3x Ans. tie sin 3x - 3 cos 3x) 
D-1 D+2 13 
c) d (x +1) Ans, x f) Lo? einige Kage Sor ope ae 
+1 D+2 3 
Solve. 
2 3x. 
ll. (Do -4D+ 3)y =1 Ans. y =Cye + Cye” + 1/3 
j2. (D" -4D)y =5 y= Cy + Coe” — 5x/4 
13. (D - 4D")y =5 y = Cy + Cox + Gee” = 5x°/8 


14. (D> - 4D°)y He Oe aa eld 4 Cee ata 2d 


i 
o 
<< 


15. (D> -4D)y = x y = C, + Coe + Ge a2 fs 

16. (D?-6D+9)y =e” y = Cye™ + Coxe” + an 

17%. (D2? +D-2)y=a1tx- x”) y= Cye + Ce +x? 

18. (D?~1)y = 4xe” y = Cyey + Coe” + ev (x? — x) 

19. (D°~1)y = sin’x = $(1- cos 2x) ye Cee tee ; + ao 2x 

20. (D*-1)y = (1+ e7")? y = Ce” + Coe” - 1+ e7* In(ite’) 


21. (D7 41)¥ 


ul 
ie) 
a 
le) 
R 
Se 


= C,cosx + C, sinx + sinx In sinx - x cosx 


2% 


22. (D* ~3D + 2)y = sine” y = Cye” + Coe” - em” sin e~ 


CHAPTER 15 


Linear Equations with Constant Coefficients 
VARIATION OF PARAMETERS, UNDETERMINED COEFFICIENTS 


TWO OTHER METHODS for determining a particular integral of a linear differential 
equation with constant coefficients 


1) F(D)y = (D” + Pip + PSDr Fieve eees + PyiyD + Pa)y = Q 


will be exhibited by means of examples. 


VARIATION OF PARAMETERS. From the complementary function of 1), 
Yo = Cry, (%) + Coven (x) + ceeeeees + Chyn (x), 
we obtain a basic relation 


2) y = L(x) ¥i(x) + La(x) Vo(X) t+ veevees ot Ly(x) Yn (xX) 


by replacing the C’s by unknown functions of x, the L’s. The method consists 
of a procedure for determining the L’s so that 2) satisfies 1). 
See Problems 1-4. 


UNDETERMINED COEFFICIENTS. The basic relation here is 


3) y = An (x) + Brlx) + Cwy(x) trreeeeee + Gryi(x), 
where the functions r,(x),++++: , r(x) are the terms of Q and those arising 
from these terms by differentiation, and A,B,C,--+,G are constants. 


For example, if the equation is F(D)y = x, we take for 3) 
y = Ax’? + Bx? + Cx + D; 
if the equation is f(D)y = e~+e™”, we take for 3) 
y = Ae™ + Be, 


since no new terms are obtained by differentiating e” and e”; 


if the equation is F(D)y = sin ax, we take for 3) 

y = Asinax + Bcosax; 
if the equation is F(D)y = sec x, the method fails since the number of new 
terms obtained by differentiating Q = sec x is infinite. 


Substituting 3) in 1), the coefficients A,B,C,-.-+- are found from the re- 
sulting identity. See Problems 5-6. 


The procedure must be modified in case: 


a) A term of Q is also a term of the complementary function. If aterm of Q, 
say u, is also a term of the complementary function corresponding to an s-fold 
root m, then in 3) we introduce a term xSu plus terms arising fromit by dif- 
ferentiation. 


For example, in finding a particular integral of (D ~2)? (D +3)y = en + x”, 
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the basic relation is y = Ax’e?” + Bxe?%+Ce™ + Dx? + Ex +F, the first three 
terms arising from the fact that the term e?* of @ is also a term of the com- 
plementary function corresponding to a double root m=2; hence, use is made 
of x2e2* and all terms arising by differentiation. See Problems 7-8. 


b) A term of Q is x7u and u is a term of the complementary function. If u 
corresponds to an s-fold root m, 3) must contain the term x7’+5u plus terms 
arising from it by differentiation. 


For example, in finding a particular integral of (D 29)? (D+3)y = xe + x ; 
the basic relation is 


4 2) 2 
y= Av et 4 Bee & cx e™ + Dx*e?” + Exe™ + Fe™* + Gx’ + Hx + J, 


the first six terms arising from the fact that e?© is a part of the comple- 
mentary function corresponding to the triple root m=2. See Problem 9. 


SOLVED PROBLEMS 


VARIATION OF PARAMETERS, 


1. Show that if y = Cyy. + Coyo +-Cgyg is the complementary function of 


F(D)y = (D> + PyD? + PD + Ps)y = Q 


then 


1) 


y = Lyy, + Leye + Lays, 


where Ly, Lo, Lys satisfy the conditions 


A) 


Lys £ Leys + Eas = 0 
0 


] 


Liyi + Lays + Lays 
Liys + Loye + Lays = Q, 


is a particular solution of the differential equation. 


B) 


We obtain, in view of A), by successively differentiating y = Liy: + Leye + Lays: 
Dy = Layl + Loy! + Loyd + (hiya + Laye + Layo) = Layi + Love + Lays 
D’y = Lyyt + Loyf + Lays + Wiys + Lays + Lays) = Lays + Leys + Love 
Dy = Lays + Lays + Leys + (Liys + Laya + Laya) = Lay1 + Laye + Loya + Q. 
Then F(D)y = Lyfy: + Pays + Poyt + Pays} + Lotye + Paye + Poya + Payoh 
+ Lo{ys + Puys: t Poys + Psya} + Q 
= Ly FW)y, + Le FW)yo + La F(D)ys + Q = 040+0+Q = Q, 


since y4, Yo, Ya are solutions of F(D)y = 0. 


a) 


b) 


c) 


d) 
e) 


In using this method: 

Write the complementary function. 

Form the L function 1), which is to be a particular integral, by replacing the C’s of the 
complementary function with L’s. 


Obtain equations B) by differentiating 1) as many times as the degree of the differential 
equation, After each differentiation, set the sum of all terms containing derivatives of-the 
L’s equal to zero, except in the case of the last differentiation when the sumis set equal 
to Q. The equations obtained by setting the sums equal to zero and Q are the equations A). 


Solve these equations for Li, Lg, «sree. 


Obtain Ly, Lo, seeee+s+ by integration. 


Zz 


VARIATION OF PARAMETERS, UNDETERMINED COEFFICIENTS 


Solve (D? ~ 2D)y =e sinx, 


2 
The complementary function is y = Cy, + Coe ise 


We form the relation y = Ly + es 
obtain, by differentiation Dy = Qe + (Ll + Lhe”), 
and set 1) Li + eer = 0. 
Since now Dy = 2Loe™, D*y = 4Le-* + gi hee? and we set 2b e** = Qs e* sinx. 
Thus, Ls = se" sinx and Ly = —de “(sin x + cos x), 
From 1), Ly =-Lge’* = -4e* sinx and Ly = ~ te%(sin x - cos x). 


A particular integral of the given equation is 
2x Mgt Ze Kip ccs ome cee 
y = Ly + Loe = ~ ge (sinx - cosx) - ye (Sinx + cosx) = - ge Sinx, 


eeceag hs i 2x DOr ad 
and the primitive is y = C, + Coe” - $e sinx, 


Solve (D> + D)yy = csc x, 


The complementary function is y = C, + Cycosx + Cgsinz, 


From the relation y = L, + Lecosx + Lgsin x 
we obtain Dy = (-Losinxz + Lgcosx) + (Ly + Locos x + Lysin x) 
and set 1) Li + Ljcosx + Lgsinx = 0. 
Then Dy = -Lgsinx + Lgcos x, 
D’y = (-Lecos x -— Lgsin x) + (-Losin x + L3cos x), 
and we set 2) -Lisinx + Lacosx = 0. 
Then p’y = -Lecos x - Lgsinx, 
Dy = (Losinx -— Lgcos x) + (-L4cos x= Lgsin x), 
and we set 3) -Ljcos x - Lasinx = Q = csex. 
Adding 1) and 3), i =escx and L, = - In(escx + cotx). 
Solving 2) and 3), L4 = ~1 and Ly = — cotx, so that Lg =-x and Ly = - In sinx, 


Thus, a particular integral of the differential equation is 
y = L,+Lacosx +Llgsinx = - In(cscx + cot x) - cosx In sinx — xsinx, 
and the primitive is 


y = Cy, + Cocos x + Cgsinx - In(csc x + cot x) - cos x In sinx - x sinx. 


Solve (D°-@D+9)y = e*/x?, 


The complementary function is y = On as + Cre”. 
From the relation yor ie" + Loxe™ 
we obtain Dy = (3L, + bye + 3Loxe™ + ie + Laxe*”) 


and set 1) De + be = 0. 
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t f 
Then Dy = (9L4 + 6lsve” + QLoxe™ + (3L, + ise + 3Loxe’, 
and we set 2) (ai, + Le + 3Laxe>" 7 ex? , 
Solving 1) and 2), ea =~ I/x and i = I/x*, so that L,= —Inx and Lg= -1/x. 
Thus, a particular integral of the differential equation is 
y = bia + Luxe ee ete a gre 
and the primitive is y = Cee + Coxe” 2 8 Ina 
UNDETERMINED COEFFICIENTS, 
5. Solve (D? -2D)y = e sinx. 
The complementary function is y = Cy + Coe” . As a particular integral, we take 
yoo Ae™ sinx + Be” cosx. 
Then Dy = (A-B)e” sinx + (A+ Bye” cosx, 
D’y = ~2Be” sinx + 2de” cosx, 
2 x : x x . 
and (D’~2D)y = ~24e Sinx - 2Be cosx = e sinx = Q 


Equating coefficients of like terms, -2A4 = 1 and -2B = 0, so that A = -5 and B= 0, 
Hence, a particular integral of the differential equation is 
y = Ae sinx + Be’ cosx = - $e sinx, 
and the primitive is y = Cy, + Ge - be* sinx, 
This was solved above as Problem 2. 


6. Solve (D’ — 2D + 3)y = x + sin. 


The complementary function is y = e* (Cy cos V2x + Cosinv2x). As a particular integral, 


oe y= Ax? + Bx? + Cx + E+ F sin x + G cos x 
Then Dy = 3Ax° + 2Bx + C —Gsinx + F cosx, 
D’y = 6Ax + 2B - F sin x - G cos x, 


and (D?-2D+3)y = 3Ax°+3(B-2A)x" + (3C-4B+ 6A)x + (3E~2C+ 2B) + 2(F + G)sinx + 2(G-F)cosx 


3 : 
x + Sin x. 


Ht 


Equating coefficients of like terms, 34 = 1 and A = 1/3; B-2A=0 and B= 2/3; 
3C ~4B+64=0 and C=2/9; 3E-2C+2B=-0 and E =-8/27; 2(F+G)=1, G-F=0 and F-G* 4. 


Thus, a particular integral of the differential equation is 


2 + + (sin x + cos’x), 


2 2 
i Sn OR) aR a ae 
3 9 27 4 


and the primitive is 


yo e* (CxC08 V2 x + Cosin V2 x) + = (9%) + 19x" + 6x ~ 8) + =(sinx + cos x). 
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Solve (D+ 2p’ -D -2)y = e+ x’, 

The complementary function is y = Cye” + Cye~ + C,e°*. Since e* occurs in Q and also in 
the complementary function corresponding to a root of multiplicity one, we take as a particu- 
1 int 1 

Br aneeere 1) ys Ax? + Bx + C + Exe™ + Fe” 
Then Dy = 2Ax + B+ Exe” + (E+Fye’, 
py = 2A + Exe™ + (QE +F)e”, 
Dy = Exe* + (3E +Fye", 
and (D> 42D? D~2)y = = 2Ax* ~ 2(B+A)x + (44-B-2C) + 6Ee~ = e+ Pe 


Equating coefficients of like terms, -2A = 1, B+A=0, 44-B-2C = 0, 6E = 1; _ hence, 
A= -4, Bz-4, C= -2, BE = +, and F is arbitrary. Now F should be arbitrary here, since 
C,e* is a term of the complementary function, Thus, in writing 1), the inclusion of Fe* was 
unnecessary, 


Hence, a particular integral is y = —- es x + Z x o- 5 + ere 
2 2 4 6 
and the primitive is y = C,e* + Cye + Gem 3 + 3 Zz ; + ate 


Solve (D°-4D+4)y = 2°e” + xe, 


The complementary function is y = Ge + Coxe” Now ec” isa part of Q and also occurs 
in the complementary function corresponding to a root of multiplicity two, As aparticular in- 
tegral, we take 


5 2x 


y = Axe” + Bie 


2x 2 2x 
+ Cx’e + Exe. 


Note that terms involving xe°* and es are not included, since they appear inthe complementary 
function with arbitrary coefficients, Then 

Dy = QAxe™™ + (5A + 2B)x" e? + (4B + 2C)x°e?* + (3C + 2E)x7e” + 2Exe°™, 

Dy 4Ax° ed (20A+ 4B)x" Pega (20A + 16B + 4C)x°e** + (12B+12C+ 4Byxe + (6C+ 8E)xe"” + 2ke**, 


and (D? -4D+4)y = 20Ax>e?* + 12Bx e?* + 6Cxe*™ + 2Ee* 7 ve + gee 


x x 


v 


Equating coefficients of like terms, 204 = 1, 12B = 0, 6C = 1, 2E = 0; hence, A = 1/2, 
B=0, C= 1/6, E=0. 


§ 2x 


Thus, a particular integral is y = e + 


1 
— x 
20 


and the primitive is y = Ga + Coxe” + = e+ 


Solve wD? +4)y = x’ sin 2x. 


The complementary function is y = C,cos 2x + Cgsin 2x. 


Since x? sin2x occurs in Q and sin 2x is a part of the complementary function correspond- 
ing to a root of multiplicity one, we take as a particular integral 


y= Ax’ cos 2x + Bx sin 2x + Cx* cos & + Ex? sin 2x + Fx cos 2x + Gx sin 2x. 


Note that Hcos2x+ Ksin2x is not included, since these terms are in the complementary func- 
tion. Then 5 . 
Dy = 2Bx° cos 2x — 2Ax? sin 2x + (34 +2E)x° cos 2x + (3B ~2C)x” sin 2x 


+ (20 +2G)x cos 2x + (2E-2F)x sin 2x + F cos 2x + G sin 2x, 
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D’y = —44x° cos 2x — 4Bx? sin 2x + (12B-4C)x” cos 2x + (-124-4E)x° sin 2x 


+ (6A+8E-4F)x cos 2x + (6B-8C-4G)x sin2x + (2C+4G)cos 2x + (2E~4F)sin 2x, 
and 


(D’ + 4)yy = 12Bx” cos 2x - 12Ax” sin 2x + (6A+8E)x cos2x + (6B-8C)x sin 2x 


+ (2C+4G)cos 2x + (2E-4F)sin 2x = x sin 2x. 
Equating coefficients of like terms, -12A=+1, 12B=0, 6A + 8E = 0, 6B - 8C = 0, 
2C + 4G=0, 2E -4F = 0; hence, A =-1/12, =0, C=0, E= Yi6, F = 1/32, G=0. 
; ; ; 12.3 1 ae, aaa 1 
A particular integral is y = - — x  cos2x + —x sind + — x cos 2x, 
12 16 32 
Pee ar F : 1 3 1 2... 1 
and the primitive is y = C,cos 2x + Cygsin 2x - 13" cos 2x + Te? Sin 2x + aoe 


SUPPLEMENTARY PROBLEMS 


Solve, using the method of variation of parameters. 


10. 
11. 
12. 
13. 


14. 


(D? + 1)y = ese x Ans. y =Cycosx+C,sinx+sinx Insinx - x cosx 
2 2 
(D" + 4)y = 4 sec 2x Ans. y = C,cos 2x + Cysin 2x -14+ sin 2x In(sec 2x + tan 2x) 
2 “X= = 
(Do ~4D+ 3)y = (1+e eas Ans. y = Cye~ + C,e* + be?” + b(e*— e°”) In(l+e-”) 
(D’ - 1yy = e* sin e”” + cos eT” Ansys oy = Cre” 4 Ge” = e* sine ~ 
2 - WX. 2 x =X “x x 
(D = l)by = (1+e ') Ans. y =Cye +Coge -1l+e  In(l+e") 


Solve, using the method of undetermined coefficients. 


15. 


16. 


17. 


18. 


19. 


20. 


al. 


(D? + 2)y =e +2 Ans. y = Cycos Y2x + C,sin Y2x + e°/3 +1 
(Dp? — 1)y = e” sin 2x Ans. y = Cye~ + Cae ~ — e (sin 2x + cos 2x)/8 
2 2 ; “x ‘ 1 ae ee 
(DY + 2D + 2)y = x 4+ sinx Ans. y=e  (Cycosx+ Cy,sinx) + peek) + 5 (Sin x - 2 cos x) 
(D? - 9)¥ = x+e°*_ sin 2x Ans. y = Cer + Cie? ~ x/9 - ee /5 + os sin 2x 
(D° + 3D" 4+ 2D)y = a? 4 4x48 (Use Ax? + Bx? + Cx.) 
- ~2x 13 12 11 
Ans. =C, + Ge” + Cae pax? tae +e 
y 1 2 3 6 ri a 
(D*+1)y = —2sinx + 4x cosx Ans. y = C,cosx + C,sinx + 2x cosxz + x? sin x 


(DD -~D?~4D + 4)y = 2x? - 4x - 1+ 2x20 + 5xe™ 4 


Ans. ¥ BGs Use a Cae + 3 + = e 


CHAPTER 16 


Linear Equations with Constant Coefficients 
SHORT METHODS 


A PARTICULAR INTEGRAL of a linear differential equation F(D)y =@ with constant 
coefficients is given by y = mm? For certain forms of Q the labor in- 
volved in evaluating this symbol may be considerably shortened, as follows: 


a) If 0 is of the form e”, 


1 ax 1 ax 

= = F ‘ 

y FD) e Fin es (a) #0 
See Problems 2-3 when F(a) # 0, and Problems 4-5 when F(a) = 0. 


b) If Q is of the form sin(ax+b) or cos(ax +b), 
1 


y = sin(ax+b) = sin(ax +b), F(-a?) # 0, 
F(D?) F(-a?) 
= cos(ax+b) = ——-—cos(axt+b),  F(-a®) #0. 
F(D’) F(-a’) 
See Problems 7-11 when F(-a’) # 0, and Problem 12 when F(-a’) = 0. 
c) If Q is of the form x”, 
1 m 2 m m 
= x = (a + aD + agD” trerees + a,D°)x , a #0, 
F(D) ( (8) 1 2 m™ ) ie} 


in ascending powers of D and suppressing all terms 


obtained by expanding 1 
F(D) 


beyond D", since D"x” = 0 when n>m. See Problems 13-15. 


d) If Q is of the form e**V(x), yu—_—e”~V = e” Ab ry 
F(D) F(D +a) 


See Problems 17-20. 


1 ee Gee eee Oe 
F(D) F(D) {F(D) ¥? 


tt 
* 
—) 
[ 
“ 


e) If @ is of the form xV(x), y 


See Problems 21-23. 


SOLVED PROBLEMS 


1. Establish the rule in a) above. 


Since when y = ae Dy = ae, Dy =a e, se eeeeceneees , De” = ees 
FD)e* = =P,D' e™ = Shae = Faye”. Hence, ev = er 
i i ) F(a) 
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2. Solve 


The complementary function is y = ye Cie" + Cges 


A particular integral is y = 


LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


(D)-2D°-5D+6)y =e” or (D-1)W-3)(+2y =e" 


2% 


1 4x 


ee EC 
(D -1)(D-3)(D + 2) 


1 Woe 1 Wx 1 ux 
Sy pete = eo Sie 
(4-1) (4-3) (4+ 2) 3°1-6 18 
eres f 8 3x, -2x 1 4x 
Hence, the primitive is y = Cye + Cge” + Cge + qa . 
3. Solve (D’-2D?-5D+6)y = (e +3). 
: . % 3x ~2x" 
The complementary function is, from Problem 2, y = Cye + Coe + Cge. 
A particular integral is y = ents A erent (eo 3) 
(D ~1)(D -—3) (D + 2) 
= 1 Sa 6 ot 4 9 20% 
(D-1)(D ~3) (D+ 2) (D ~1)(D~-3) (D+ 2) (D -1)(D-3) (D + 2) 
1 ux 6 2x 9 ee 3e°* 3 
=) pee + e eS ee = eee sae AS 2G 
3(1)6 1(-1)4 (~1) (-3) 2 18 2 2 
% 2 2 3e°* 3 
The primitive is y = Cye + Cue Base: Aes oe toe 
18 2 2 
4. Solve (D’-2D’-5D+6)y = a 
The complementary function is y = Ce + Cie" + Gen 
A particular integral is y = Seen eer eo. Now F(a) = F(3) = 0, and the short 
(D - 1) (D -3) (D + 2) 
method does not apply. However, we may write 
1 3x 1 1 3% 1,1 3x 1 1 3x 
y= 2 yt) = Te) = = 
(D -1)(D-3) (D+ 2) D-3 (D-1)(D+ 2) D-3 2°5 10 D-3 
1 3x 6 3x <3x 1 3x 1 3x 
= —~—e ee dx = —~e dx = —xe’. 
10 i 10 J 10 
The primitive is y = Cye + Ges Ge + xe /10. 
h. Solve (D'-5D°+8D-4)y = e *+2e%4+3e”. 


: i 2 2 : : F 
The complementary function is y = Ce" + Cge a Caxe ae and a particular integral is 


1 2x 2 x” 3 -x 
2 ae he See i =a & 
(D-1)(D - 2) (D - 1) (D = 2) (D ~1)(D- 2) 
= pokes a ge + 2) ae + Sm ge 
(D-+2) D-1 D-1 (D-2) (D -1)(D - 2) 
1 2% 2 x 3 =% 
= ae Oe + —eé + Troe © 
(D ~ 2)? D~1 (-2) (-3) 
= e”™ ff (dxy® + Qe* fdx ~ ae 7 seen + Qxe* = ze 
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The primitive is y = Gye + Cre” + Cae + see + Dice ‘as se 
6. Establish the rule in 6) above for cos(ax+b). 
: 2 2 4 2.2 
Since, when y = cos(ax+b6), Dy = -a° cos(ax+b), Dy = (-a°) cos(ax+b), sereres eenee, 


pty 7 (-a7)" cos(ax +b), then 


Fp’) cos(ax +b) = = P,D*" cos(ax + b) = > P, (~a7)" cos(ax +b) = F(-a") cos(ax +). 
Lg de 


cos(ax +b) = : cos(ax +b). 


Hence, ; 
FD) F(-a ) 


[. Solve (D’+4)y = sin 3x. 


The complementary function is y = C,cos 2x +(C,sin 2x, and a particular solution is 


y = 7 sin 3r = —~— sin = ~ = sin 3x. 
Do+4 -(3) +4 


1 
The primitive is y = C,cos 2x + Cysin x - =e Sint 


& Solve (D*+10D°+9)y = cos(2x +3). 


The complementary function is y = C,cosx + Cjsinx + Cycos 3x + Cysin 3x, and a particu- 
lar integral is 


yor See cos(2x +3) = ie cae cos(2x +3) = x Ld aston bays 
(D? + 1) (D* + 9) (3) (3) 15 


The primitive is y = C,cosx + Cosinx + Cgcos 3x + Cysin 3x - = cos(2x + 3). 
3 


9. Solve (D?+3D-4)y = sin 2x. 


The complementary function is y = Ge + Ge"; and a particular integral is 
1 
y= —+— sin x = ———_-—_— . sin 2x, 
D+3D~4 (D -1) (D+ 4) 


» and the short method does not apply. However, 


The operator here is not of the form 


F(D*) 
we may use either of the following procedures to shorten the work. 
ay ye ee ek —— sin 2x = — (D*-3D—4) sin 2x 
(D ~1)(D+4) (D ~ 1)(D ~ 16) ve 
= — (24 sin & — 6 cos 2x - 4 sin 2x) = ~ 2 (4 sin 2x + 3 cos 2x), 
100 50 
Bigs Ss ee eine oy Rie aa oy = sin 2x g, oe ein Be 
p’+3D~4 (-4) +3D -4 3D -8 9D’ - 64 
1 ; 1 . 1 : 
= ~ —(3D+8) sindx = ~ —(6 cos 2x + 8 sin 2x) = -— (4 sin 2x + 3 cos 2x). 
100 100 50 
Pare “ x <4 1 : 
The primitive is y = Cye + Cge - ease Sin 2x + 3 cos 2x). 
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10. Solve ‘D eD° 4D % l)y = sin 2x + cos 3x. 


The complementary function is y = C,cosx + Cygsinax + Gers and a particular integral is 


yo main = a ein ee ead 3x) = —+—— sin + ——— 0s 3x 
(D? +1) (D +1) (D? +1)(D +1) (D? + 1)(D +1) 
a: Swe sin 2x - Z cos 8x. = eee! Sip Oe swe ted cos 3x 
3 D+1 8 D+1 3 p?_4 8 pj?_4 


th 
it 


a (D —1)sin 2x + ay (D -1)cos 3x sie cos 2x - sin 2x) - Boys Sin 3x + cos 3x). 
15 80 15 80 


The primitive is 


y = Cycosx + Cysinx + Ca + a0 cos 2x ~ sin 2x) - mae) sin 3x + cos 3x). 


11. Solve (D? -~D+1)y = sin 2x, 


Lx 
The complementary function is y = e* (Cycos¢¥3 x + Cysin $Y3x), and a particular inte- 


gral is 
ee ees sin Dy B, scien epg: oot? 8 1_sin ae = - 273 sin x 
Pi Ded (-4)-D+1 D+3 D?-9 
1 2 1 ; 
= —(D-—3)sin 2x = —(2 cos 2 - 3 sin 2r), 
13 13 


+ 
The primitive is y = e* (C,cos $V3 x + CosingV¥3 x) + ae cos 2x - 3 sin 2x). 


12. solve (D7+ 4)y = cos 2x + cos 4x. 


The complementary function is y = C,cos 2x + Cysin 2x, and a particular integral is 


y = ; (cos 2x + cos 4x) = = cos 2x + ; cos 4x. 
Do +4 D +4 Do +4 
2. 
The method of this chapter cannot be used to evaluate 3 cos 2x since, when D isre- 
D* +4 
placed by =4, D?+4 = 0, However, the following procedure may be used. 
Consider : cos(2+h)x = — cos(2+h)x = - : ; cos(2+h)x 
D'+4 ~(2+h) +4 4h+h 
1 ’ \ 2 
= = ———(cos 2x — hx sin2x — 2(hx) cos Qe + steers a 
h(4t+h) 


by Taylor’s theorem, The first term, cos 2x, is part of the complementary function and need 
not be considered here, Hence, a particular integral is 


cos(2t+th)x = sicko (hx sin 2x + 5 (hx)* cos Qx = ce eeeeceee ) 
Desa h(4+h) 
= 1 (x Sin 2x + Shx?cos 2x ee er 
4th 
Letting h-0, we obtain COS 2x = ay sin 2x. Since cos 4x = - £ cos 4x, 
Do +4 4 D*+4 12 
the primitive is y = C,cos 2x + Cgsin 2x + z#sin ax =,008 4x. (Compare this solution 


with that given in Problem 8, Chapter 14.) 
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13. Solve (2D7+2D+3)y = x2+2x-1, 


is 
o-1x 3 
The complementary function is y = e * (Cycos4v5 x + CgsindY5x), and a particular in- 


tegral is 
y = Se ta a) & Ac 2p 2p ye ear) 
2D" + 2D +3 3 9 27 
1 2 5 
sate? eRe) Sse dey a eyes Ee oe Be 
3 9 27 3 9 27 
Note: nee = ie - a - ay + seeeeeeees ) by direct division. 
2D* + 2D +3 3 9 27 
wt = 
The primitive is y = e 2(Cycos $V5 x + Cosins/5 x) + 5 + Pe ~- = ‘ 


14. Solve (D?-2D+4)y = x°4+3x?-5x+2, 


ee + 72 : ; 4 
The complementary function is y = Cye a e” (Cocos x + Cgsinx), and a particular in- 


tegral is 
ire i a ey Se tp ne Lips 2p eel wa wena 5s 
Dp’ -~2D+4 4 8 16 32 64 
14 13 2 vi 
= ix + =e + Sx = Sx - 
4 2 8 


The primitive is y = Cye” + e“(Cocosx + Cgsinx) + a ° + se a a ~ ; : 


15. Solve (D’-4D°+3D)y = x”. 


The complementary function is y = Cy + oer + Ore, and a particular integral is 


yo ——_—_— x? = eee ee = st + 4p + £3 nya? 
DW” ~4D +3) D p*-4D+3 D3 9 a 
1,12 8 26 1 3 4 2 26 F 1 
= (=e + =x tS) FE He + He + x, since —{f(x)} = (x) dx. 
D 3 9 27 9 9 27 D ney, Sf 
The primitive is y = C,+ Coe” + Cae + ay : oe =" . 


16. Solve (D*+2D°>-3D*)y = x?+3e7%+4 sin x. 


The complementary function is y = C, + Cox + Cse~ + Cee and a particular integral is 


y= pee (x0 $e 24 sin x) 


Db? (D? + 2D -3) 


oho pes ge og Be eam nN ee a eee A 


D*(D? + 2D -3) D’ (D’ + 2D -3) D°(D’ + 2D -3) 


1 1 2 3 2x 4 A 
Sa x + + 0 SIN 
D*? -p?+2D-3 4(4+4-3) Ely See ie) 
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= oe eR ee + Seg ts sin x 
Db? 3 «9 27 20 D~2 
= a hoy" 2 iby tay + gee - De sin x 
27 p? 20 p24 
de eb Se cae 4 gee Bae Oras + 2 sinx). 
7 4 20 5 
The primitive is 
2 
3 2x 2 
= Ck Coe aye + Ces Eee 3 Be 98) 4+ —e + +~(cosx + 2 Sinx), 
vi se i * 108 20 5 


17%. Establish the rule in d) above by first showing that F(D)e"U = eo F(D+ a)U, 


Since when y = eu, Dy = ae*U + e*DU = &* (D+a)U, 
p’y = ae” (D+ a)U + oe” D(D + a)U = eo (D* + 20D + a7 )U 7 Peay Ul, see eesecens oe, 
D'y 7 e* (D+a)' U, and 


1) FDye“U = ZPD (eu) = EPe Deal = ee” ZP,Drayl = e F(D +a)U. 


Let V = F(D+a)U so that U = se V. Then, from 1), 
F(D+a) 
Pie ey Er aP Fy end A ie eh ee 
F(D +a) F(D) F(D) F(D +a) F(D +a) 


2 3x 


18. Solve (D’-4)y = xe, 


2 ‘ 2 -2 : . ; 
The complementary function is y = Cye er Cee ae and a particular integral is 


- 1 2 3x 3% 1 2 3% 1 2 
y = 5 xe = e 5 x = e x 
DD -4 (D+3)° - 4 D°+6D+5 
1 1 1 
ers 2 oy + Be = ets = See + oe 
5 25 125 5 25 125 
The primitive is y = Cie” + Cae + ae (25x" - 60x + 62). 


19. solve (p?+ 2D+4)y = e° sin 2x, 


The complementary function is y = e “(Cycos Yo x + Cpsin/Y3x), andaparticular integral 


is 
y = ~~ 6% sin 2x = e* —_+ sin x = gt sin 2 
D’ + 2D+4 (D+1) + 2020 +1) +4 D +4D+7 
x x 
gy es oe EE ei oy ns ee apy ain oy a Oe ens Oe Sein Bey 
4D +3 16D° —9 as 73 


x 
The primitive is y = e* (Cycos ¥3 x + Cosin V3 x) - 78 cos 2x —- 3 sin 2x), 
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20. Solve (D? ~4D +3)y = 2xe” + 3e* cos 2x. 


The complementary function is y = Cye~ + Ca and a particular integral is 


ros — (2xe°” + 3e* cos 2x) = 2 xe + 3 — e” cos 2x 
D”~4D+3 D -~4D+3 D’-4D+3 
= 2e* 5 : x + 3e” cos 2x = 2% 1 : x + 3e* cos 2x 
p?+ 2D D’ ~2D D D+2 =a 
= 2°” pe tne - 2 e D-2 cos 2x = os gr dois + 2 e* (D —2)cos 2x 
D2 4 Be Pig 2 OD 16 
1 3 
= 3 ga are oe e* (cos 2x + Sin 2x). 


1 
The primitive is y = Cye” + Coe™ + se (x =x) 7 =e*(cos 2x + sin 2x), 


91. Establish the rule in e) above by first showing that F(D)xU = xF(D)U + F'(D)U. 


Since when y = x«U, Dy = xDU + U, D’y = xD°U + 2DU, seer eee eeeveee, 
D'y = xD'U + rDU = xD'U + G D’)U, then 


iG 


1) FO)xU = SPD aU) = EP. + EPS D')U = xF(D)U + F'(D)U. 


Let V = F(D)U so that U = ——V. _ Then, substituting in 1), 
F(D) 
FD<e HV =<Fo) LV + Foy LV, xv = FO)x Vx RO Ze 
F(D F(D) Fi) ’ F(D) FD)’ 
ind: ea ny d Oy = x bay ED) V. 
F(D) F(D) F(D) F(D) F(D) {F(D)} 


2 
22. Solve (D°+3D+2)y = x Sin 2x. 
The complementary function is y = Cie + Gye, and a particular integral is 


1 1 2D +3 


yoo ao sin = x = sindx - ———} sin & 
D+3D+2 D°+3D+2 (D" + 3D + 2) 

= x sin 2x - a sin 2x 
3D -2 D'+6D>+13D°+12D+4 

= x sin 2 - Panapenewanee al Seance mere sin 2x, replacing p? by -4, 
3D -2 (-4)* + 6(-4)D + 13(-4) +12D+4 

= Xx Ae sin 2x + Poe S sin 2x 
9D’ 4 aS gh ed 


—x(3 cos 2x + sin 2x) : 24 sin 2x + 7 CoS 2x 
20 200 


* -2 30x -7 5x -12 
The primitive is y = Cie ae Coe By x eae cos 2x . 
200 100 
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23. Solve (D’ ~ yy = x’ sin 3x. 


The complementary function is y = Cie" + Coe, and a particular integral is 


i Rint : 2D ‘ 
y = ; x sin 3x = «x - x Sin 3x - weer’ x sin 3x 
Do ~1 dD’ -1 (D" =-1) 
3 
= x? : sin 3x - x 20 sin 3x - 2D{x ~—*_ sin 3x - et sina} 
pe ei (Dr SA) D'saDe at (D'-2D* +1) 
2 
=< = sin3x -— x —2P — sin 3x - 2D{x + sin3x} + — SP sin sx 
prod (D? -1) (D’ ~ 1) uy 


= = ch Pa sin3x - = x Ccos3x — ae D(x sin3x) + 2 sin 3x 
50 50 125 


= it area a ae ae 3. sin a. 
10 25 250 
25x" - 13 3 
The primitive is y = Cye~+ Cpe - “*—— sin3x - —x cos 3x. 
250 25 


24. Solve (D’ ~ 3D° — 6D +8)y = xe, 


: mM -2 : : . 
The complementary function is y = Ce” + Coe aa Cye on and a particular integral is 


1 3x 
liar meron omens a 
D°-3D° -6D+8 
a 2 1 
By a): y = 6% — ne es 
(D -3)' -3(D-3) - 6(D-3) +8 D> -12D? + 39D - 28 
= gue ee i aA 39 J = Bees Zs = 39 
28 «(784 28 784 
1 3D° -6D-6 3x 
ae ed — So Ue uae oe ge 
D> ~3D° -6D +8 (D> -~3D* - 6D + 8) 
jx 3D -6D-6 ~3x —" 39 3x 
= —-—xe - oe eg = ~ 3a *° - 734° 
28 (28) 
4 2 pao’ 
The primitive is y = Cye’ + Cpe” + Ge - (28x + 39). 


784 


27. Denote the real and imaginary parts of a complex number z by Re [z] and In[z] respectively. An 
alternate short method for Problems 9-11 makes use of sinbx = Im[e*®*] and cos bx = Rele?*], 


Consider, for example, F(ID)z = (D2? + D%+D+1)z = @@iX 4 et% for which 
; e2tx P eri% mane etx _ eotx 
F(2t) F(31) 3+ 61 8+ 241 
= 24-1 (cos 2x+isin2dx) + 3221 (cos 3x+ isin 3x) = 4+ y 
15 80 


is a particular integral. Then 


Relz,] + Re [z,] = - 202 sin2x + cos 2x) - iG sin3x + cos3x) 


Find 


SHORT METHODS 


is a particular integral of 


F(D)y cos 2x + cos 3x, 


a 1 7 
Im[z, | + In[z,] = is cos 2x — sin 2x) 


is a particular integral of F(D)y = sin2x + sin3x, 
Re [z, | + Im[z, | 
is a particular integral of F(D)y = cos2x + sin3x, 
Im[z,] + Relz,] 


is the particular integral in Problem 10. 
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J F 
+ 30° cos 3x — sin3x) 


and 


SUPPLEMENTARY PROBLEMS 


a particular integral. 
(D? + D+ l)y = e'% + 6e% - 3e72% + 5 Ans. y = e2%/13 + 2e% — e~?% + 5 
(D? - 1)y = e” y = xe*/2 
2 
(D — 2)°y 2 e* 4 xe y=er+ xe" /6 
ee 
(D* - 1)y = sin 2x YS ge Sit 2K 
3 : ae - sin x) 
(D’ + 1)y = cos x y 5 (COs x sin x 
2 2. aa -i 2 
(D© + 4)y = sin 2x y= rig cos 2x 
(D? + 5)y = cos 5x y= Ox sin 5x 
= - 1 : : 
(D+ D?+D+t)y se +e + sinx y = Z(e% + 2xe *) - ge (sins + cos x) 
2 = 2 4. 2 
(D -1)y =% yr-x -2 
1 
p(w? ~1)y = x” y= ge(e + 302) 
1 2 1 -2 1 
(DP 4 ayer tx te ~ 4 cos 3x yrg(e tx —3x-l)+- " — eos 3x 
2 7 eee ee: 
(DY - 2D - 1)y = e” cos x yes cos x 
2 
(D = 2)°y = 6 /x? ys-e Inx 
(D? — 1)y = xe™* y= Je” ae = 3) 
32 
(D? + 5D + 6)y = eo ** (sec?x) (1 + 2tan x) y = e~** tan x 


CHAPTER 17 


Linear Equations with Variable Coefficients 
THE CAUCHY AND LEGENDRE LINEAR EQUATIONS 


THE CAUCHY LINEAR EQUATION 


d"y dy dy 
1) px" —— + pers + ee eoe + Pay at + PLY = Q(x), 
dx” dx™71 dx 
in which Py» Pyittt**,P, are constants, and the Legendre linear equation 
d™ Pe 
2) PC (ax + by LY + p (ax + byt} Liat oer se ees + p (ax + by t+ py = Q(x), 
‘ dx” * dxt=t n-4 n 


of which 1) is the special case (a=1, b=0), may be reduced to linear equa- 
tions with constant coefficients by properly chosen transformations of the 
independent variable. 


THE CAUCHY LINEAR EQUATION. Let x = e®; then if 9 is defined by = S , 
F4 


Dy = VeVi Se.2f and xDy = = Ny, 


dx x dz 2° dz? dz 
2 
Dy = - 29% % 4 1a _ ay 
x? dz? dz x? dz} dz? 


§(9-1) (9 -2)y, 


© 
i] 
mu 
~ 
J 
i~] 
[So] 
< 
Ul 


Ce 


x D'y = NCD -1) (ND -2)eeee (O-r+1)y. 
After making these replacements, 1) becomes 


{p, 8(8 -1)(8-2)-+++ Mn +1) + p,O(9-1) (8-2). ++ (Bandy to reeeeee ‘ 
+ p,,9 + ply = Oe*), 


a linear equation with constant coefficients. See Brobleme 429, 


THE LEGENDRE LINEAR EQUATION. Let ax+b=e*; then 


dy dz aay dy 
DY ee a ens a and x +b)Dy = a= = aby, 
= dz dx ax+b dz “ yey "de sf 


2 2 
D’y = 2 es zs *) and (ax +b)’ D’y = a B(N-1)y, 
(ax+b) dz 


J08 
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Ci 2D 


CY 


(ax +b) Dy = a’ O(M-1)ee ee (Q-r+1)y. 


After making these replacements, 2) becomes 


{p, a" 9(0 -1) (2 ~2)++-- (8 -n +1) + py a * OCD 1) (2-2) 21 Mn FQ) t veer eee 


+p, ,ait phy = oc om 


€ 


i i itt ste ffici ‘ 
a linear equation with constant coefficients Gia Prob sis 228: 


SOLVED PROBLEMS 


1. Solve (xD? + 3x°D = 2D 2)y = 0. 


The transformation x = e° reduces the equation to 


{00~1)(G-2) + 3-1) ~ We aby = (0 - 30 + Dy = 0 
whose solution is y = Cye” + Cyze” + Cae”, 


Since z=Inx, the complete solution of the given equation is y = Cyx + Cox Inx + Ca/x?. 


2. Solve (x°D? + 2x) -~2)y = x? Inx + 3x. 


The transformation x = e° reduces the equation to 
{O0-1)(0-2) + 2 - aty = H-1)(0?-20+2)y = ze? + 30”, 


The complementary function is y= Cye® + e (CoC08 z + Cgsinz), anda particular integral is 


1 22 2 22 1 1 Z 
y= Se ee +3e ) = e ; ; z+ ares ERE e 
§ -30°+40-2 (H+ 2)° -3(0+2)° +4(0 +2) 2 (9-1) (0 - 29 + 2) 
7 ee = Pare 1 = 
0+ 30° +4042 (0-1) (1) 
= e* (4 - Dz + ge [eee dz = e (be - 1) + B3ze. 
Thus, the solution is y = Cre” + e” (Cocos z+ Cysinz)t+ be (2 -2) + 3ze” 
= Cyx + x(Cocos Inx + Cesin Inx) + $x’ (Inx ~2) + 3x Inx. 
3. Solve (x°D? — xD +4)y = cos Inx + x sin Inx, 


The transformation x = e” reduces the equation to 


{0-1 -H+4}y = (0? - 20 + 4)y = cosz + e° sinz. 


The complementary function is y = e” (Cycos V32 + Cysin V3 2), and a particular solution 
is 1 t __ 
yr ga Coss © a sin z 
O° -~20+4 Q°-2h+4 


coS z + e* 2 
3-20 +3 


1 1 
sinz = —-(3 cosz - 2 sinz)+ =e sinz, 
13 2 


110 LINEAR EQUATIONS WITH VARIABLE COEFFICIENTS 


Thus, the solution is 


2 = 1 ; 1 
y = e (Cicos V3z + Cosin Y32) + ree cosz - 2 sinz) + 5c sin z 


1 1 
= x(Cycos V3:Inx + CyosinY¥3+Inx) + a cos Inx ~ 2sin Inx) + 3* sin Inx. 


2 
4. Solve rey ca ae (eho 2 y = 38x + 4, 
dx? dx 


Put x2+-2= Cae then the given equation becomes 


{OW-1) - D+ 1}y = W-1)*y = 3e7-2, 


The complementary function is y = Che” + Coze’, and a particular integral is 


1 2 1 3 2 
y = ——(8e"-2) = Be" JS (dz) - 2——— ee 5t e -% 
(Q-1) ()=1) 
; . Z Z 38.2 2 , 2 
The solution is y = Cye” + Coze” + gz e 2 or, since z = In(x +2), 


Se 
u 


(x +2) [Cy + Co In(x + 2) + : In’ (x + 2)] - 2, 


2 2 
R. Solve {(3x+2)°D" + 3(3x+2)D - 36}y = 3x7 + 4x + 1, 
The transformation 3x +2 =e” reduces the equation to 


{90(N-1)+ 90-36} y = 9(N ~ 4)y = 5(Ox7 + 128+ 3) = 3(e -~1) or (0? — 4)y = ale" -1), 


2 ee 1 1 2 1 
The complete solution is y = Cye ae Coe eS ee e*) 
a7 Pg ir-4 
22 1 2 
Bigger eae ks ee 
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2 32 1 2 

or fp OB AD A CSTSES BY SS Tog [3x + 2) In(3x +2) + 1). 


SUPPLEMENTARY PROBLEMS 


Solve, 


2 
6. (x D* ~ 3xD+4)y =x 4x Inx Ans. y= C,x° + Ct Inx +x + : x” In’x 


2 1 


2 
7. (xD ~—2xD+2)y = In’x ~ In x Ans. y = Cyx + Cs + dein? x +Inx) +a 


8. (GD? + 2x7" yy = x + Sin(1n x) Ans. y=, + Cox + Cglnx + x Inx 
+ 3 (COS In x + sin In x) 
9, xy” + xy’ -y = 3x" Ans. y = Cyx + Cox Inx + Cgx 1n?x + x'/9 


10° (Gay Do 2G 2p oly = Wwe fay se ee F 
Ans. y = Cy(x+1) + Co(x41)7> — In(w41)° + B(x +1)+In(x+1)+2 


11. (2x +1)? y" — 2(2x +1)y’ — 12y = 6x Ans. y = Cy (ae 41)" + Cp (2x +1)? - 3x/8 + 1/16 


CHAPTER 18 


Linear Equations with Variable Coefficients 
EQUATIONS OF THE SECOND ORDER 


A LINEAR DIFFERENTIAL EQUATION of the second order has the form 


2 
1) FY + Roe % + say = a(x). 
dx dx 


If the coefficients R and S are constants, the equation can be solved by 
the methods of the preceding chapter; otherwise, no general method is known. 
In this chapter certain procedures are given which at times will yield a so- 
lution. 


CHANGE OF DEPENDENT VARIABLE. Under the transformation 


y = uv, u= u(x) and v = v(x), 
2 2 2 
dy = ae + y du | dy = ud’ + 9d du + ya, 
dx dx dx dx? dx? dx dx dx? 
1) becomes 
d? d 
2) <2 + R(x) 2 + Sue)v = A(x) 
dx dx 
‘ _ 2 du _ 1 d?u du — Q(x) 
with R,(x) = a a + R(x), Sy(x) = aoa + R(x) cs + S(x)u}, Qy(x) = aa 


2 
4) Ifuis a particular integral of fy + R(x) x + S(x)y = 0, then S,; = 0 
dx 


and 2) becomes 


d? d 
3) —> + ROS = Geo. 
2 
The further substitution gy = p, ov = ep reduces 3) to 
dx dx? dx 
d 
4) = + Rlx)p = Q(x), 
a linear equation of the first order. See Problems 1-6. 
“i 7 2 du du t 
b) If u is chosen so that R,(x) = = rs + R(x) =0 or ~— = -3R(x) dx, then 
u u 
e Ps R(x) ax 


1] 
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du d*u du _ oR 
— = 793 — = "BR — — 3u— so that 
Now =a 2UR(x) and - BR(x) mn 2 re 
2 
Si(x) = 5i + 2 da, ,idu _ S(x) + trac cle eee eg = SagR é pe 
u- dx sou dx2 us dx dx dx 
and 0, = O/u. 
2 dR ay 
If Sy(x) = S —4R ae aep = A, a constant, 2) becomes ott Av = Q/u, 
x be 
a linear equation with constant coefficients. 
2 
If S,(x) = A/x? , 2) becomes x? gy + Av = 0x?/u, a Cauchy equation, 
and the substitution x = e* will reduce it to one with constant coefficients. 


See Problems 7-10. 


CHANGE OF INDEPENDENT VARIABLE. Let the transformation be z = 6(x). Then 


dy _ dy de d’y _ d’y;dzz , dy d's 
dx dz dx’ de? dz? dx dz dy? * 
and 1) becomes 
2 
dy ,dz,2 d°z dz, dy 
—(— + + R—)—=~ + Sy = 
d 2 C2 dx’ dz " e 
or 
; a2 R dz 
5) dy , a dk dy , Sy _ _Q 
de? (ye er gee” dane 
dx dx dx 
dz tS : : : 
Let z = 6(x) be chosen so that me = ae the sign being that which makes 


a 


“2 real and a’ being any positive constant. (One may consistently take a’ = 1.) 
d?z dz 
dx? a d* d 
If now = A, a constant, then 5) becomes 2¥ 44% 4 a’y = eh sam 
dz,2 dz? dz dx? 
(==) (=) 
dx dx 


a linear equation with constant coefficients. 


OPERATIONAL FACTORING. 


See Problems 11-14. 


It may be possible to separate the left member of 
{P(x)D” + R(x)D + S(x)}y = Q(x) 


into two linear operators F,(D) and F.(D) so that 


6) 


Then, setting F,(D)y = v, 


order one. 


{F,(D)+F,(D)}y = F,(D){F,(D)y} 


{P(x)D° + R(x)D + S(x)}y = Q(x). 


6) becomes F,(D)v = Q(x), a linear equation of 
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The factorization in this section differs from that of Chapter 13. With 
possible exceptions, the factors here contain the independent variable xX, 
they are not conmutative, and the factorization differs from that when D is 
treated as a variable. For example, 

{xD? a (x? +2)D + x}y = {(xD-2)(D-x)}y, 
since ; 
{(XD-2)(D—x)}y = (xD~2)(4 ~x)y = (xD -2) (y'~ xy) 
ax 


= (x SZ ~2) (yxy) = x(y’-y —xy!) ~ 2(y'=xy) 


= xy"—(x?+ 2Q)y’+ xy = {(xD?— (x? +2)D+xhy. 
The factors are not commutative, since 
{(D-x)(xD-2)}y = (D-x)(xy'-2y) = xy" +y!— dy!— x?y! + Oxy 
= xy"”- (x? +1)y'+2xy = (xp? — (x? + 1)D+2x}y. 
Finally, when D is treated as a variable rather than an operator, 


{(xD-2)(D-x)}y = (xD? ~ (x? +2)D+ ax}y. See Problems 15-17. 


IN SUMMARY, the following procedure is suggested for solving 
d*y dy Ee 
ow + i er + S(x)y = Q(x). 


1) Find by inspection, or otherwise, a particular integral u = u(x) of the 
equation when Q(x) = 0. The substitution y = uv will yield a linear equa- 
tion in which the dependent variable v does not appear. This equation is 
of the first order in dv/dx = p. 


1 aR 
2 dx 
is a constant K or K/x?, the transformation y = ve reduces the given 
equation to a linear equation with constant coefficients or toa Cauchy 


2) If a particular integral cannot be found, compute me ae 


-3fPRdx 


equation. 
dz +S : : 
3) If the above procedure does not apply, put on = ./— (choosing the sign 
a 
Seg, pee 
; dx? dx : 
so that the square root is real) and substitute in ““—--—-—._ If this 
dz,2 
() 


is a constant, the transformation z = f i dx yields a linear equation 
a 


with constant coefficients. 


4) If the left member of the equation is operationally factorable, the prob- 
lem is then reduced to that of solving two linear equations of order one. 


Note. AS a partial check on the work, it is desirable to know the type of equa- 
tion which results when the transformations in 1)-3) are made. 
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SOLVED PROBLEMS 


1. For the equation (D? + RD+S)y = 0, show that 
a) 


b) 


y = x is a particular integral if R+xS = 0, 
y = e* is a particular integral if 1+R+S = 0, 
c) y = e ~ is a particular integral if 1-R+S = 0, 
y 


d) =e” isa particular integral if m?+mR+S = 0. 


a) If y = x is a particular integral of (D?+ RD+S)y = 0 then, since Dy=1 and pD*y=0, R+Sx=0. 


Mx 


d) If y = e™~ is a particular integral of (D+ RD+S)y = 0 then, since Dy = my and p’y = my, 
cm? + mR +S)y =0 and m?+mR+5S =0, b) and c) are special cases (m = 1, m = -1) of a). 


2. Solve (D? - 2p + Soy = ann 
x 


Here R+Sx = 0 and y = x is a particular integral of (D? ~ =p + Sy = 0. 
x 


2 
The transformation y=xv, Dy = t + U, D’y = i + 2a reduces the given equation to 
d dy dv 3 3 d’y d d’y 1dv 1 
SP pS Ae aa ys eg ee ee ee or ee es aes ate Bian ag 
dx? ax dx x x dx? ax 2 x dx x 
Putting ak Ps oy oae » this becomes ae - 15 = 2 ate for which ele aele = Yx is 
dx dx? dx dx x x 
integrating factor. Then 
b- [e-Jyae - Qing + 2+ XK, pissi ae 2x Inx + 1+ Kx, 
Xx x 42 x dx 


v= 2 = fics Inx +1+Kx)dx = x? Inx+x+ Cyx? + Co, and y = Cx? + Cox + x Inx + x*, 


2 
3. Solve Poe+nir = x(2+ roa) 2 + (24¢4e4¢27)y = -x* — 29, 
dx 


u(2+4x+x7) 244x427 
Sm 


x? (x +1) x (x + 1) 


Here, R + Sx 


the equation with its right member replaced by zero, 


d dv a? d? dv 
The transformation y = xv, a x— tov, ale ae x mace 2— reduces the given equation 
ax dx 2 dx? dx 
dy dv dv 
to eG eiy(s— oS) 4 eed ee te SS +e eae te ee © oe” oe? 
dx? dx dx 
2 
dv x+2 dv x+2 
or ese 3 SB ee . 
dx? x+1 dx xt+1 
1 
-fat aya -% 
Putting ae p, this becomes cp ke ae for which e xt] ae is an 
dx dx x41 x+1 x+1 


integrating factor. Then 


= 0 and y = x is a particular integral of 
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a (x+2)e” on dv 
<p Eo, , aie + p = oe = 1 + Cy(xt+ De”, 
x+ (x +1) xt 
y x 2x 2 
pire eee Caae + Co, and y = Cyx e+ Cox + x. 
d* d 2 
4, Solve x = - Qx+ ne + (x+l)y = (x? +x-1e?%, 
dx 
2xt+1l xl 


Here 1+R+S=1- + 


= Q and y = e is a particular integral of the equation 


x 
with its right member replaced by zero, 


d dv d? dv dv 
The transformation y = ev, Ys (= + v), ae (He 4 v) reduces the 
dx dx 2 dx? dx 
dv 1 dv 1 
given equation to -——~ -=-— = (x+1- =e”. 
dx? x dx x 
Putting = p, this becomes e - +p = (x+1- ae" for which : is an integrating factor. 
Then 
xe“ -e yoce™ dv % x 
Be furs ydx = e + —+K, p= — = xe’ + @& + Kx, 
x bs x dx 
vst = xe*i 0x? +C, and y = Cx%e”™ + Ce” + xe?*, 
a 1 2! 1 2 
e 
2 
d 
y + (4x -6)y = 0. 


5. Solve Gres - (4% -T)— 
dx? dx 


Here m’+mR+S = me -m ra = eee 7 = Q when m=2, and y =e” is a particular integral. 
x~- x- 
2 d’ 2x dv 2 d? ox dév 2x dv 2 
The transformation y=eu, Be aige™ Se get ye a pao gare | *y 
dx dx? dx 
reduces the given equation to 
d7y dv d d*v 1 dv 
(x -2)(—— + 4 = + dv) - (4n ~7)(— + QW) + (4x ~6)v = 0 or — a 
dx? dx dx? ¥ -2 dx 
Putting ae = p, this becomes ae aoe p = 0. Then 
dx dx x-2 
2 
p = = = K(x-2), v= = = Cileany- + Co, and y = Cye?* (x - 2)? + Coe he 


é€ 


§. Solve zy - Sten 2 + 3y = 2 secx. 
dx? dx 


2 
By inspection, it is seen that y = sinx is a particular integral of (D ~2 tanx D+ 3)y=0. 


The transformation y = v sinx reduces the given equation to 
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ae sin?x dv d*y dv 
sing 2" 4 2(cos x — )— = 2secx, or —— + 2(cotx — tan x)— = 4 csc 2x, 
dx? cos x dx 2 dx 


The substitution - = p reduces this to # + 2(cot x - tanx)p = 4 csc 2x for which an 


integrating factor is 4 sin® 2x. Then 
“fi . 2 , , : dv 2 
hp sin’2x = {sin2x dx = —~4cos2& + 4ky, pss ER = -2csc 2x cot 2x + K,cse 2x, 
= of = csc 2x + Kcot2x + Cy, and = y = 4 secx + Cy(cosx - 3 secx) + Cosinx. 
x 
: 2d 2 
(« Solve Bos oe Re + (l+—)y = xe. 
x dx x2 
2 d, ~SfR 
Here Bee yee ek ae, S sap eee 4 and pe ee ee 
x x2 dx 
d dv d? dy dv 
The transformation y = uv = xv, ay X— to, lA x——+2— reduces the given 
dx ax dx? dx? 
a? 
equation to — tu e alinear equation with constant coefficients, whose complete solu- 
tion is v= 2 = C,cos x + Cosinx + ; e = Cycos x + Cyosinx eke: 
Dv +1 
Thus, y = Cyx cos x + Cox sinx + 4xe™, 
d’y d 2 b (x? + ax) 
8 Solve 2 ~- 4 Ys «x +2)y = e° ; 
dx? dx 


Here R=-2x, S=2x7+2, S-4R?-4 


The transformation y = ev reduces the equation to ee + 3v = e~ whose complete solu- 


dx? 
tion is v = yfe* = Cycos¥3x + Cosin/3x + 


e* = CycosV3x + CysinV3x + he”. 
2 

D'+3 
2 


2 
1 
Thus, y ‘= e?” (Cycos Y3 x + Cosin Y3 x) + he? * + 2x) 


9. Solve (D? - =p + Sy = 2x - 1, (Problem 2, ) 
x 
ort Pal one 
Here eS t Bias eos and heap ge CU oe ee OE sc 
dx x? 4x? 2x? 4x? 
The transformation y = uv = ge reduces the equation to 
dv 3 Qx -1 dy 3 /2 1/2 
— ~- —v = or x? oe —~vU = 2x? -—x » a Cauchy equation. 
2 4x2 3/2 2 4 
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Putting x = e°, we have (9 ~)- Je ABET tes ee 
The complementary function is v = Og? + Ce and a particular integral is 
G4 1 (2637/? _ el? . ae el? a fl? 7 sel? $ ol? 
0? 9-3/4 §-3/2 
The complete solution is v = yl x?!? = Cyx hae Ce +0? Ing + re 
and yo = Cyx + Cox? +x Ing + x’, 


10. Solve aD -~ 4x = + 4x’ y = xe. 
dx dx 


2 
2 l: , 
Here guap?-3% eo aie ae etl ee L 
dx 
: ay 
The transformation y = ve’ reduces the equation to “" + 2v-x whose complete solu- 
dx? 
tion is 
vo o= Cycos Vox + Cosin V2x + tx. 
x? x? 2 
Then y = ve = e (Cycos V2x + CgsinV2x) + bxe . 


11. Solve gy (1 + 40%) + 3e°"y 
dx? dx 


2 
2(x+ e”) 
e 


x 2 2 x xX. x 
When ca : [s 7 [3e? set diz/dx" + R(dz/dx) | e - (1 = ae ree 
a? 3 (dz/dx)? (e*) 


The introduction of z = e~ as new independent variable leads to 


x 
2 2 2(x +e) x 
d 
SYA Beaty = 2 or 24 4B ye gy - 2 ot. 
dz 2 (dz/dx) dz : eee 
. ‘ 2 32 1 22 zZ 32 22 
whose complete solution is y = Cye~ + Coe” + —————e = Cye + Coe” -e, 
N*-40+3 
x x x 
Replacing z by e’, we have y = Cie” + Ger - e 
; 2 F : F 2 dz x —4 
Note, The choice of a“ = 3 is one of convenience only. Taking a =1, — =V3e and = —. 
dx v3 
2 
The transformation z = /3 e” yields Gey ates dy + y = Lene whose solution is 
dz2 YZ a2 3 
V5 3 - ‘ . 
ye Ge ore Coe oe ghee Then y = Cye° + Ce?" ener , Ss before. 
d 
12. solve “% — cot x Fa sin’x y = cosx - cos x, 
dx? dx 


2 2 : 
Here S = -sin?x and when ge = i= = sinzx, dap ae ae) apie CE 2 ee eee OAKS) = 0 
ia : (dz/dx) sin’ x 
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13. 


14. 


15. 
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Thus the introduction of z = —cos x as new independent variable leads to 
ie zZ z 
: - y = coSx% = -2 whose complete solution is y = Cye” + Cyge~ + 2. 
dz 
Upon replacing z by ~cos x, we have yor geo + Ger - coSx. 
2 2 
d 
Solve BD a BOOP te ee = ae 
dx2 x dx x 
dz Tes | d?2/dx? + Ridz/d i 
When — = VS = ona a cee te) = 0, Thus the introduction of z= er 
oe xx (d2/dx) 
d* 2 
as new independent variable leads to ea + y = 2+ 2 whose complete solution is 
dz” 
y = Cycos z + K sinz + 27, 


Upon replacing z by -l/x, we have y = Cy,cos(-1/x) + K sin(-l/x) + 1x? 


= Cycos(1/x) + Cosin(1/x) + 1/x?. 


Solve —— 


+ 


(4x 1% 
x dx 


2 2 
When & VS = V4x? = 2x, d z/dx + R(dz/dx) - 24 4x - Veja | 2, Thus the in- 


2 
(dz/dx)° (2x) 
d? d Be” 
troduction of z = x* as new independent variable leads to ale reap eee y= whose com- 
dz? dz 4Vz 
plete solution is y = Cres + Coze” + se : pee Cre * + Coze” + yi? en, 
(D +1) 
2 2 axe ges? 
Upon replacing z by x*, we have y = Ce” + Coxe * + xe” 
2 3 3 
Solve (D - 7? + = = 2x -1, (Problem 2.) 


x 
F , é 2 3 3 
a. The equation is equivalent to Dy - De y) = DD- DY = ax = 1, 


Putt ing D-Dy=y we have Dv = 2x-1 and v=x°—x+K., 


Now (D - *)y = x*_x+K for which ~ is an integrating factor. Then 
x 
x2 = fd-4+4e = ig ee wea Ge and y = (yx + Cox? + x°(1 4+ x Inx), 
x X42 43 x 42 


b. The equation (x<D* - 3D + Dy = 2x? x is equivalent to (D - 5 «wD — 1l)yy = x? — x, 


Putting (~D-1l)y = v, we have (D - 4 = Qx* x for which + is an integrating factor, 
x 


Then ews f @-4a = Sina 2 ok and 
K 42 x 
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(xD-l)y =v = Qe? Inx +x 4+ req or (D-1/x)y = 2x” Inx +x + kx*, 


Here I/x is an integrating factor so that 


x = J(2x Inx + 1+ Kx)dx = a Ings bee +x cha & Co = 2 tnx +x Hix” HC, 
y, 


and y = Cy? + Cox + x? (1 + x Inx). 


16. Solve [xD? + (1-x)D - 2(1+x)]y = e°*(1-6x). 
The equation is equivalent to (xD + (1+x)][D- 2]y = e*(1-6x). 


Putting (D-2)y = v, we have [xD+1+x]v =e “(1-6x) or (D+ : + 1l)u = ens - 6). 


Now xe” is an integrating factor so that vuxe~ = fa -6x)dx = x - 3x7 + K 
and (D-2)y = v = (1 =3x)e"" + Ke */x. 

Here gone is an integrating factor so that 

3% 
ye~** = J [01 =3x)e73* + Ke™>*/xJdx = xe7* 4 Cire = dx + Cy, 
3x 
and y = xe + Ce SH dx + Coe”, 
17. Solve [(x+3)D? ~ (2¢+7)D+ 2]y = (x+3)%e% 
The equation may be written as [(x+3)D- 1][D- 2]y = (x +3)" e", 


Putting (D~2)y = v, we have [(x+3)D-1]v = (x +3)" e" or (D - 3 = (x +3)e. 


Using the integrating factor 1/(x+3), we have v/(x+3) = fe* dx ae ae K 
so that (D~2)y = v = (x+3)e" + K(x +3), 
Using the integrating factor ey, we have 


ye?” = Sle +3)e~ + K(x +3)” dx = -xe™~ ~ 4e7* + K(- sxe ze) + Co 


and y = —xe~~ 4e~ + Cy (2x +7) + oe: 


18. Show that the Riccati equation 2 + y P(x) + ¥ Q(x) = R(x), Q(x) #0, is reduced to a 


linear equation of the second order by the substitution y = a = . 
u 
2 
Since ys zs ee - hae - a gg ee » the substitution yields 
Qu dx? Qu? & Qu & a 
2 
1 1 
A cd SO AC or du (pee BO etn cig 
Qu dx? Qu? dx Q7u dx dx Qu dx Qu? dx dx? Q dx dx 
19. Use the procedure outlined in Problem 18 to solve “2 + fy + oe z = 
du 2 du 
The substitution = — = — — reduces the equation to 
Y Qu de ~ 33, dz ‘ 
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2 3 2 
du, @_wY2de 1 lg ge CH Lm 1 Lg, 
dx” ¥  /g & ax 2 dx? x dx 4 
[ 2 
In turn, the substitution “ = = = = =x reduces this equation to 
du 1 ig Sis 
— - -—-u = 0 whose solution is u = Cye* + Coe a 
dz” 4 
bz ul bx? Baan 
d D) 2 . 4 7 k 
Then yor ~ = = ci Seen i = = Ss Were ee 
Qu = Cye* + Coe * x* eh 5 ke 4% Cy 
20. Solve = - (tanx + 3cosx)y + y*cos*x = -2. 
2 
1 du sec’x du 
The substitution =—— = — reduces the equation to 
Oe Ou de ude y 
2 
du + (tanx - eeonsie + 2ucos*x = 0. 
dx? dx 
| 2 
In turn, the substitution a = a = coS x, or z= sin x, reduces this equa- 
2 
tion to ae - 3 ae + 2u = 0 whose solution is u = Cie" + (eo 
dz? dz 
L esi 
1 du sec*x(C,e” + 2C,e*”) ue athe 
ae a Ou dx : eas ye ee Osea sin 2sinx 
Qu Cre? + Coe - e *~ + ke - 
SUPPLEMENTARY PROBLEMS 
Solve. 
21. xy" ~ (x+2)y' + 2y = 0 Ans. y = Cie” + Co (x? + 2x +2) 
22. (Lax? yy" — Qxy! + 2y = 2 y = Cyx + Co (x? ~1) + x° 
23. (x7 44)y" = Qxy! + 2y = é ‘ : 
‘ yo - exy y= 8 y= Cy(x ~4) + Cox + x 
24. (x +1)y"~ (2x 4+ 3)y¥' + (x4 2)y = (x? + 2x giijere y= Cie + Coe™ (x +1)* + xe” 
25. y"~ 2tanx y’ - 10y = 0 y = (Cye™ + Cae”) sec x 
26. x?y" = x(2x+3)y! + (x? 43x 43)y = (6-27 )e* y= C,x°e* + Cpxe™ + eX (x? +2) 
2 
QT 4x*y" + ax?yt + x? 4 ay*y = 0 y-vxe Be + Co Inx) 
2 
28. xy" + (x —4x7)y! + (1-2 44x7)y = (x? oe +10" y= e**(C,cos Inx +C,sin Inx) + e 
Nn ! 3 2 2 
29. xy" -y' + 4x y = 0 y = Cysin x” + Cycos x 


3 


30. aty" + Oxy’ + y = (1L+x)/x = Cycos(1/fx) + Cysin(1/x)+ (l+x)/x 


Ss 


31. 


32. 


37. 


38. 


EQUATIONS OF THE SECOND 


i 


xy" + ax!y! +y = 1/x? 
(x Sinx + cosx)y" — x cosx y’ + ycosx 


xy" — 3y' + By/x =x 4+ 2 


Solve Problem 21 by factoring, 


[(x+1)D° — (324+ 4)D + 3]y = (8x4 2)e™ 


aty” ~ 4xy! + (6+ 9x7 yy = 0 
xy" + Qy' + 4xy = 4 


(Lax? yy” ~ Qxy! + 2y = (1x?) /x 


Ans. 


ORDER 12] 


= Cxc08 (1/3x?) + Cpsin(1/3x’) + 1/x? 

= Cyx + Cycos x = sin x 

CR ae a Pe eee In x 

= Cy, (38x +4) + Cye* + xe™ 
2s : 

= x (C,cos 3x + Cysin 3x) 

= (Cycos 2x + Cysin 2x + 1)/x 


Gee iy + Cox + x Inx 


CHAPTER 19 


Linear Equations with Variable Coefficients 
MISCELLANEOUS TYPES 


IN THIS CHAPTER various types of differential equations of order higher than the 
first and with variable coefficients will be considered. There is no general 
procedure comparable to that for linear equations. However, for the types 
treated here, the procedure consists in obtaining from the given equation 
another of lower order. For example, if the given equation is of order three 
and if, by some means, an equation of order two, which is solvable by one of 
the methods of the previous chapters can be obtained from it, the given equa- 
tion can be solved. 


DEPENDENT VARIABLE ABSENT. If the equation is free of y, that is, is of the form 


n nel 
1) Fae aa a rer x) = 0, 
dx” aet 
2 
the substitution oe = p, dy = dp, +++» will reduce the order by one. 
bs dx? dx 
2 a? dy dy dy.2 3 
EXAMPLE, The equation x° —+ + 2 —+ — ~ 3x(—)* +x° = 0, of order three, is re- 
dx dx? dx te 
2 d’p dp 2 dy d’y 
duced to x% —£ + 2p = ~ 3xp? + x3 = 0, of order two, by the substitution ~ =p, “2 = 
dx? dx dx dx2 


n nel k 


2) | age y, ee ee x) = 0, 
dx” dx"? R 
ad wo d 
the substitution ©” = gq, Y = SY, .... will reduce the order by k. 
dx” dx®*1 dx 


See Problems 1-5. 


INDEPENDENT VARIABLE ABSENT. If the equation is free of x, that is, is of the form 


n no-l 
3) (ee, oy, ee | Y, y) = 
dx” dx” 
2 
the substitution oy = p, cy = op Gy, =p ap | 
dx dx? dy dx dy 
a? d? d d: d? 
Se = Sep DE = tp SB BPS = Ff SLs SB", ete,, 
dx dy ly dy” dy 
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will reduce the order of the differential equation by one. 


2 3 2 
d d d d dd 
EXAMPLE. The substitution % - p, —La=pt. 2% =p? SPs pGPy? reduces the 
dx dx? dy dx3 dy? dy 
2 
) d d 
equation yy” — y"ty'y* - 1, of order three, to yp? ap + py(e)? ~ p? f= 1, of order 
dy” dy dy 


two, 
See Problems 6-10. 


LINEAR EQUATIONS WITH KNOWN PARTICULAR INTEGRAL. If a particular integral y =u(x) 
of the equation 


4) (PoD” + PLD + vevees + PyigD + Py = 0 
is known, then the substitution y =uv will transform 
5) (PoD™ + PrD™-* + weveee + PhigD + Phy = Q(x) 


into an equation of the same order but with the dependent variable absent. In 
turn, the order of this equation may be reduced by the procedure of the first 
section of this chapter. Equation 4) is called the reduced equation of 5). 


EXAMPLE. Since y = x is a solution of (D?~xD+ 1)y = 0, the substitution y = vz, 
2 2 2 2 2x 
d = 
BY sO py EY, oo asco reduces (D* -xD+1)y = e?” pa est cL ee a 
dx dx dx? dx? dx dx? x dx x 
Here, the dependent variable v is missing and the procedure of the first section above applies, 
See Problems 11-14. 


EXACT EQUATIONS. The differential equation 
d'y, dy 
dx” dx”™* 


6) f( 


is called an exact equation if it can be obtained by differentiating once an 
equation 


d 
os ah eas eR = OG) ae 
Ix dx 


7) &( 


of one lower order. For example, the equation 
3y y" + l4yy'y” + 4(y'y? + 1l2y'y” = 2x 
is an exact equation since it may be obtained by differentiating once the equa- 


tion ay?y" rs 4y(y'y? ‘ 6ty')? Pap C. 
The linear equation 4) is exact provided 
r i n p(n) . : 
By Ey cae Dye hE ee, ALY Pe SO. adentiea lly, 


EXAMPLE. Consider the equation (x? — 2x)y” + (8x7~5)y” + 15xy' + 5y = 0 in which P, 


= 5, P, = 15x and P, = 15, Py = 8x?~5 and Pi = 16, and P, = x3- 2x and P.” = 6, The equa- 
tion is exact since P, ~ P, + R = Be = 5-15+16-6 = 0. The given equation is the exact de- 


rivative of (x°- Qx)y" + (5x7 —3)y' + bay = Cy 


124 LINEAR EQUATIONS WITH VARIABLE COEFFICIENTS 


If equation 6) is not linear no simple test for exactness can be stated. 
In this case, we show that 6) is exact by producing the equation of one lower 
order from which it may be obtained by a differentiation. 


If 6) is not exact, it may be possible to find an integrating factor. 
Again, no general rule can be stated for determining an integrating factor. 


See Problems 15-2]. 
SOLVED PROBLEMS 


DEPENDENT VARIABLE ABSENT. 


2 
1. Solve 9 ty = (22)? +4 = 0. 
dx” dx 
The substitution dy = p reduces the equation to 2 gp = p? -4 or 2 OR dx. 
dx dx p?-4 
-2 =2 2(1+Cye-”) 2C,e°” 
Integrating, + 1n& =x+ink; Pot. Get, pe See ie 94 16 ; 
pt2 pt+2 ite LaCie" 
and y = 2-2 In(1-Cye?”) + Co. 
3 2 
Oe goto ¢ CEs gD og. 
dx? dx? 
rerree dq 
The substitution re reduces the equation to x a 2q = 0. 
2 a? 2 
Then Inq = Inx° + 1nkK, q = = = kx’, and y = Cyx" + Cox + Co. 
dx? 
dy d°y 
3. Solve pee 1, 
dx” dx? 
teats d°y > : dq 2 
The substitution ae q reduces the equation to q FF = J and qg° = 2x + (Cy. 
d°y v2 od’y 1 3/2 dy 1 5/2 
Then g = —\ = +(2x+Cy)" , — = t =(2e+Cy) + K, = = + —(2e+ Cy) + Kx +Ko, 
dx? dx? 3 dx 15 
1 
yt (mea)? + Kpx° + Kyx + Kg or l5y = +(2x+ cy? + on. + Cox + Cy. 
3 3 2 
4. Solve Gdioe 2% _ oY = 0, 
dx) dx} 2 
2 
z ._ ay : dq.2 dq dq dq.2 
The substitution — = q reduces the equation to (—) +x —-—q=+0 or =x—t+(—) , 
29 a Gene gay Gs) 
a Clairaut equation. 
2 
d 
Then g 2 = Kx + Kk’, dy Soke ok eats A Cx? + 4C7x + Co, and 
dx? dx 2 


pce oe 6 20 eee OS EO SEC OAS 
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3 2 
5. Solve (14 xy hy + 4x ays (1 = 2n)% Sgt 
dx? dx® ax 
: dy : 
The transformation p = ae reduces the equation to 
4x 1-2x e 
4 Ox “ ’ 2 1-2 = ~Xx r uw ‘ ss al = ‘ 
(1 yp + 4xp’— ( )pze 0 p+ wares ia oer 


Since 1-R+S = 0, we use the substitution 
p=ev, p'=e*(v'-v), p" = e* (v"— Qv' + v) 
to obtain _(1+2x)u0"— 20% = 1 or (1+ 2x)? uv" 214 2x)v’ = (1+ 2x), a Legendre linear equation. 


The substitution 1+2x =e reduces the equation to [4N(9-1)-40]v = Fae O(O-a2)yv = ke’, 


Then v= Kae” = he’ = Ky + Ko(1+ 2x)? — £014 2x), 
p= 2 = ey = Kye” + Watl + Oxy es: b(1+ 2x)e™”, 
and yo =e Cre & Catan? & 10K 4 13)e + Co + 4(2e4+3)e" 
or y = Ae + Bex? 4 Bx)e" + C+ bxe™, 


INDEPENDENT VARIABLE ABSENT. 


6. Solve ys (y'y ty’, 


un dp 


The substitution y’=p, y “Re reduces the equation to p oe = p+ p or oP pe + 1, 
y y 


Then ce dy, arc tan p = y+ Ky, and = p = ys tan(y+ Ky). 
pr+i dx 


Now cot(y+Ky)dy = dx, In sin(y+K,) = x+Ky, sin(y+K,)=Coe”, and y = arc sinCye” + C,. 


%. Solve yy” = 2¢y")? - 2y’. 
: : ’ ” dp P dp = 
The substitution y’=p, y"= p re reduces the equation to p(y aaa ap + 2) = 0. 
Y y 
Here p = 0 and y = C is a solution, or 
ae 2%, In(p-1) = In A’y?, p=A’y? + 1, or ae = dx, 
p-t y 1+A7y? 
Then : arc tanAy = x + K, arc tan Ay = Ax + B, and Ay = tan(Ax+ By, 
8. Solve yy" - (y')? = y Iny. 
The substitution y’=p, y" = p a reduces the equation to 
y 
2 2 
pp he SP ay or cA Elsen oy es 
dy 4 Y 
y 
2 
Then 2 - In?y +C, me) See = +dkx, and In(in y + Vin?y+C ) = +x +i1nk, 
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Now In + Yin?y+C = Re, Jin?y+C = Ke**-1ny, and C = K*e*”* _2ke*” Iny. 
y y 


This may be written as Iny = ce” + Coe** or, finally, Iny = Cre” + ae 
since C, and Cy are arbitrary constants. 


9. Solve yy” + wy = y’, 


" dp 2 


d, 
The substitution y’=p, y" =p em reduces the equation to py ag p? = y° for which y 
y y 


is an integrating factor. The solution of py? dp + py dy = y dy is op*y” = y" oe eee 


[4 2 
Yap = VEZ 


dx 


Q2x+ KY2, Then 


aa 


2 
Now whose solution is V2 sinh a = 


2 2 
sinh a -+V2x+K, te = sinh(t Vax+K) = +sinh(/2x+K,), and y? = Cy sinh (/2x+C). 
d ; 
10. Solve ae given that y= y’-0 when x=0. 


2 
Putting y” = p #, we have 2p dp = 2e dy whose solution is pe =e 4K, 
y 


d 
Using the initial conditions, 0 = 1+K and K=-1. Now p = - = +e?” _1 which, by the 


substitution e2% = z, becomes ae = +dx. The solution of this equation is arctan Yz-1 
2zVvz—-1 


= tx+C or, in the original variables, arctan ver -1= 444+. Here, the initial con- 
ditions require C =0 so that Very -~1l = tan(+x)=+tanx and, finally, 2) = secx. 


It should be noted that the form of the solution of the given equation depends on the sign 
of the first constant of integration. If in p? = e@%+K, K is positive and = A’, we solve 


dz 1, Yz+A* -A Y2tA -A _ py #2dx 


———_—— = + dx. and obtain FA In ————— = +x+C. Then and 
22 z+ A* 2 Jz+ A? +A Yz+A? +A 
t2Ax 2 24x.2 
Ags ee = fzta’, Since A is arbitrary, we may write z+A? = ahs Be and 
te Bere (1- Be°*”) 
2, 24x AX 
obtain a gee = 14 Pe or e- = i . 
(1 ~ Be Ay 1 - Ce ia 
LINEAR EQUATIONS WITH KNOWN PARTICULAR INTEGRAL. 
11. Solve x° (sin xy" - (3x" sinxt+x cos x)y" + (6x sinx + Ox” cosx)y’ — (6sinxzx+2x cosx)y = 0. 
By inspection it is seen that y=x is a particular integral, 
By means of the substitution y = xv, y! = xu’tv, y" = xv"+2u', y" = xv" + 3v", the 
3 2 2 
equation is reduced to sinx 2 COs x eee 0. In turn, the substitution a = q 
Pie. 2 dx? 
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d d 
reduces this equation to. sin x a - qcosx = 0 or 3 = cotx dx. 
ce 
Then Ing = In sinx + InC, Rin ae, = C sinx, and v= 2 = Cysinx + Cox + Cs. 
dx 
Thus, the solution is y = Cyx sinx + Goa + Cox. 


12. Solve (x? = 3x" + 6x —6)y'" = xy" + 3x? y" - 6xy' + By = 0. 


By inspection it is seen that y=x is a particular integral. 
“ae ae Iv Iv 


The substitution y=xv, yl=xul+u, y= xvl+ Qn’, y= xv" 4+ 8u", yo = xv + 4v" 
f ae 
reduces the equation to (x* - 3x + 6x? - 6x)v i + cx" + 4x3 - 12x? + 24x ~ 24)v0 = 0. 
dy 
Putting —— = q, this equation becomes 
dx 3 
2 
3x7 
SieS inal eg wai olen (aut Gat Gay Vinee AOatoregt, be oe tule ee es eee 
dx q * 43 ~ 3x? + 6x ~6 
13 3 2 
d - 3x + 6x-6 
Integrating, Ing = x-4 Inx + In(x? = 3x74 6x—-6)+I1nA or gq = oak if Pe et er 
dx} x? 
2 3 2 3 2 
= = Vxee & 
Then div . ae 3x + 6x Goh aie 7 Aad 3x + Gx 6 4% 
2 xt a 
1 pe Se 4 be ee oe rn 
= Ae* (GaSe ee Ae* (~~~—+—--—)- 
D+1 es D+1°x 4,2 3 yt 
Now D)=-, Dy = 3, and Dy =-4, 
x e: x 28 Xx i 
1 1 1 1 1 1 
soaide. -2ace et Oy ee eee eer ep er el = 20s 
D+1 *« x? x? oe Dt+1l * x ; x x D+1 x 
2 1 xv x +2 
= (D+2D+1)(-) = peer 
x 3 
x 
2 2 x 
Thus, oe y gE a eld aos + Bx + C, 
dx? x? x? 
e* 2 x 4 2 
v= bs Cy S + Cx + Cox + Cy, and y = Cye + Cox + Cox + Cqx. 


In this example, it is fairly easy to see that y=x, y =x, y =x, and yze are particu- 
lar integrals, Thus the complete solution could have been written down immediately. 


13. Solve (2 sin x -x sin x - x cos x)y" + (2x cos x - sin x ~ cos x)y"” + x(sin x - cos x)y! 
+ (cos x - Sinx)y = 2sinx —~x cos x —x Sinx,. 


By inspection it is seen that y = x, y = e*, and y = sinx are particular integrals of the 
reduced equation, We shall obtain a particular integral of the given equation using the method 
of vartation of parameters. 
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We take y = Lyx + bse" + L,sinx. 
Then y’ = Ly + hee + Lgcos x + (Lix + Loe” + Lasin x) 
and we set 
A) Like bse” elastin =O: 
Now y" = Loe*—Lasinx + (Li + Loe™ + Lhcos x) 
and we set / fe : 
B) L,+Llee'+L,cos x = 0. 


x 1x Voie 
Loe’ —Lacosx + (Loe ~ Lgsin x) 


Then y 


and we set 
1 Xx t J y > 
C) Loe - Lgsinx = 2sinx -x cosx -—x sinx, 


Solving A), B), C) simultaneously, we obtain 


L, = - sin x + cosx and LL, = cos x + sin x, 
! xX 7 =x 4, Lo, x 

Lo = -e (x cos x - sin x) and Ly = $xe  (~sinx + cos x) ~e sinx— ze cosx, 
! - i, 2 

Lg = -1l+x and Lg = -x + 3x". 


Thus, the complete solution is 


1 
yo = Cyx t+ Coe™ + Cgsinx + oa sinx + sx cosx = 5xsine - Bey 


Solve (0? + x)" - (x? + Bx tly” + (xt 44+ 2yy! - (1+ : + 4)y = 8x" (x 2a, 
x 


By inspection it is seen that y=x is a particular integral of the reduced equation, The 
substitution y = xv reduces the given equation to 


(x? 4 x)" = (x? — 2)v" ~ (%+2)v! = 38x(x ety 
and, in turn, the substitution v’=u reduces this to 
A) (4 x)u" - ? -2)u' - @w4Qu = Bx(x+h)?. 


Since the sum of the coefficients of the reduced equation of A) is identically zero, use’ 
is a particular integra] and we use the substitution 


us ew, ul = ew! + ew, u" = ew" + ew! + ew 
to reduce A) to 
2 " 2 ! “Xx 2 
(x + x)yw" + (x + Qe +2)w’ = Bxe “(x+1). 
Using the substitution w’ =z, this becomes 
- 2 
(x7 4 xyz! + (x7 4 2x 4 2)z = 3xe * ex +1) 
dz -x : xe* : ‘ 
or — + (l+t-- yz = Be (x +1) for which is an integrating factor. 
dx x 1 x+1 
x7 e* 2 3 dw -% xtl x 
Then z = 3x dx = x + Ky, — = 2 = x(x+e + Ky ery 
x+1 dx x? 
u 2 e~ dv 2 Cc x 
— = w = =x’e™ — 3xe7* ~ 3e°% + Cy — + Co, a = us -x ~ Bx —- 3+ 2+ Coe, 
e* x dx x 
Pi 3 2 
and youxv = - are sx — 3x + Cyx Inx + Coxe” + C5x. 
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EXACT EQUATIONS. 


14. 


16. 


Show that P(x) yo + Pray y" + Poixy y" + Patz) yy’ + Poy y = 0 is exact if and only if 
I ” am iv 
Po- Py + Po - Pp +P = 0. 


Let the given differential equation be obtained by differentiating 
Roe) y" + Ryley y" + Ro) y'’ + Ro) y = Cr. 
Since this differentiation yields R,y'’ + (Ri+R,)y” + (Ri+R,)y” + (RL+R,)y’ + Ry = 0, 
£ T t 
we have Po = Ry, Pi = Ro+ Ry, Py, = Ry +R, Pz = R, +R, and P,=R 


t 


0 ) ah 
w w 4 ae i 
Now, PeesP/ oR pra aR ana + AY RS oa aR eR = 0, 
“re 4 
Conversely, suppose P, - PS + Pj - 1+ a = 0. Since 
d a i wt 
ae [Ryy" + P - Biyy” + (P, - Pl + By’ + (Py - Py + PB - By] 
- Py + Pry" + Poy" + Pry! - (- PS + Py pr + Py 
= py + Pry" + Poy” + Pry’ + Pry, the given differential equation is exact, 
Solve xy" + (x7 +x43)y"+ (4x4 2)y' + 2y = 0. 
The equation is exact since P, ~ P) + Pi’ - Pp = 2-4+2-0 = 0. 


Consider the left member xy” + (x7 + x+3)y" + (4x +2)y’ + 2y, 
To obtain the first term we must differentiate xy". Now Soy" = xy"+y" and when this 


is removed, we have (x*+x + 2)y" + (4x +2)y’ + 2y. To obtain the first term of the result- 


ing relation, we must differentiate (x?+x+2)y’. When fut +x 42)y! = (x7 404 2)¥"4 (e+ Dy! 


is removed, we have (2x +1)y’ + 2y = f(a +1)y. Thus the given equation is the exact de- 


rivative of 
A) xy" + (x? 404 2)y! + (2e+)Vy = Cy. 


Since P, - P) + PY = (2¢+1) - (241) +0 = 0, we now treat the left member of A) 
precisely as we did the corresponding member of the original equation. 


We remove ety") = xy"+y' and have (ar tx +1)y’ + (2x +)l)y = Soatts +I)y. 


Hence A) is the exact derivative of 
B) xy! + (x? tat 1)y = (Cyx + Cy, 


$x(X +2) 


a linear equation for which xe is an integrating factor. 


Thus, the complete solution of the given equation is 
| iI i 
L 4 2 
eave +2) - Gof g2tie 2). 5: ce f ete da om oe 


The following scheme will be found convenient. 
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" 


xy 


(x? 4x4 2)y’ 


(2x +1l)y 
A) 
xy! 
(x? +x+l1)y 
B) 
3 2 
17. Solve 2y dy + 6 dy dy 
dx? dx? dx 
We write 
2 
dx? 
dy,2 
o(—2 
re 


LINEAR EQUATIONS WITH VARIABLE COEFFICIENTS 


xy” + (x? 4 4 yy" + (404+ 2)y' + 2y = 0 
xy” ue y" 
(x? 40 42)y" + (4x4 2)y! + 2y 
(xr 4x +2)y" + (Qn +1)y! 
(2x + 1)y' + 2y 
(2x +1)y' + 2y 
xy" + (ete x4 Dy + (et Vy = Cr 
xy" + y! 
axe ly! + (2n+1)y 
(exe dy! + (e+ Ly 
xy! + (wrt atdyy = Cyx + Co. 
7 1 
ior te 
x 
3 2 
tty pte 
dx} dx? dx 
3 2 
2y diy + 2 d'y dy 
3 dx? dx 
2 
poe 
dx? dx 


Thus, the given equation is exact, being obtained by differentiating 


2 
py 2 + 2%)? = -{iu = 1 + Ky. 
ee? dx 2 x 
. ‘ , dy : ; 
A second integration yields 2y — = Inx + Kyx + Kg whose solution is 
Y 
2 2 
yo = xinx + Cyx + Cox + Cg. 
18. Solve (1+ 3xy7)y” + 9(y? + Qxyy'")y” + 18y(y’)? + 6x(y!) = 6, 
We write (14 8xy2)y" + gy7y" + 18xyyly” + 1sy(y')? + 6x(y')? 
(1+ 3xy2)y” (14 3xy2)y” + B8y2y" + Bxyyly” 
6y2y" + Laxyyly” + lBy(y')? + 6x(y!)? 
by? y! ey?” + 12y(y")? 
Laxyy'y" + 6y(y!)? + 6x(y")? 
6xy(y")* Laxyy'y" + 6y(y')® + 6x(y')? 
The given equation is exact, being obtained by differentiating 


+ 6xy(y' = 6x +K 
+ 6xy(y!)? 


(1+ 3xy*)y" + 6y*y! 


(1+ 3xy7)y! (1+ Bxy?)y" + By7y! 


ayy! 
y By" y! 
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and this equation is obtained by differentiating (1+ 8xy”)y! + y = 37 + Kx + Co. 
In turn, this equation is exact and we have xy? + y = x 4+ Cx? + Cox + Cg. 


19. Solve wy" + 5x7" + (2x x )y! - (2+x7)y = 40x — 4x. 


It is readily verified that this linear equation is not exact. To test whether or not it 
has an integrating factor of the form x”, we multiply by x” to get 


m2 


yy = (207 4 yy = (40x? — 4x?) x” 


MAI its 


& gg yi ra (a - gh 


and write the condition 


= 8) © cma yx + (m4 3yx*? 4 5¢m 42) (m4 Lx” — (m 43) (m4+2)(n + 1)” 


= (m+2)x"*? + (m + 2)(m—m*)x” = 0, for all values of x, 
Then m = —2, and ae is an integrating factor. Using it, we have 
yO BY On pg en Bye & aoe eae 
x x2 
xy" xy” 4 yl 

4y" + (~~ x)y’ - (= + ly 
x 
2 2 2 
! see " fe ome a ae 

4y te x)y 4y" + ( x)y © + ly 

i : 2 7 2 4 

and xy" + 4y! + = x)Y = Wx ~ x + Ki 


5 


The transformation y = reduces this equation to v”—v = (p? ~1l)v = et ee ae Kx, 


*ele 


and the complete solution is v = x’y = Cre" + Ge" - (1+D?+ D's D's +08) (20x? — x? + Kx) 


x “x 5 
= Cye + Coe” + Cox + x’, 


20. Solve 2yy” + (y+ 3By'yy" + ay!) =F. 


uw 


We write Qyy” + Qyy” + byly” + 2Wy')” = 2 


mn 


ayy + ayly” 


nn 


ayy 


2yy! + 2¢y")? Qyy" + 4yly” + ay") 


and thus obtain by integration 


ayy" + 2(y")* + 2yy’ = Ix + Ky 
ayy’ ayy" + Q(y!)” 
ayy! 
y? 2yy! 


and obtain 2yy’ + y? ex? 4 Kyx + Kg. By inspection, e* is an integrating factor; then 


2.x 2 x x x x x x 2 x 
ye = xe — 2xe° + 2e° + Ky(xe’ - ce) + Koe + Cy or yo=zx + Cy, + Cox + Coe. 


132 


21. 
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Solve x cosy y” — 3x siny y’y” - cosy y” - x cos (yy + siny (y')’ +x cosy y’-siny =0, 
A yyy nae A y y 


d si 08 rT _ gi 
a yy = woes » the last two terms of the given equation suggest = 
a x 


x x 


Since 


as a possible integrating factor, Using it and integrating, 


cosy y” = siny (y’)° , siny 


= HG or cosy y” — siny (yy? + siny = Cyx. 
x 


The substitution siny =z reduces this equation to z"+z=C,x whose complete solution 


= z = siny = Cyx + Cocosx + Cgsinx., 
SUPPLEMENTARY PROBLEMS 
Solve, 
22. y+ ty!” +1=0 Ans. y = In cos(x—C,) + Cy 
23. (1tx7)y" + Qxy! = 2x73 y = C, + Cy arctanx + 1/x 
24. xy" —y! == 2/x - Inx y = Cx? + Co + (4 +1) Ine 
25. y" ty" = x? y= Cye” + Con + Co 4+ x? (x7 = 4x4 12)/12 
%6. yy" + (yt)? = 0 x = Cy + Coy + y Iny 
at. yy” + (yy a2 y = 2x" 4 Cyx + Cg 
28. yy” = wy’? a - y'cosy+ yy’ siny) x =C, + Cylny + sin y 
29. (2x —-3)y" = (6x—T)y" + 4xy’—4y = 8 i CRY Gre oC 8 
Hint: y =x is a particular integral of the reduced equation. 
30. (2x? -1y)y" ~ 6x? y" + 6xy’ = 0 ys C10" + 4x) + Gay" + Cy 
31. yy” - (y') = y? In y Iny = Cye + Ce 
Hint: Use Iny = 2, 
32. (x +2y)y" + a(y"y> + ay! = 2 y(xt+y) = x 4+ Cyx + Cy 
33. (1+ 2y +3y?)y 4 ey! Ly" + (y')? + Byy"] =x y + y? + y = Cyx? + Cox + Cg + x’ /24 
34. 3xly2y" + eyy’y” + 2(y'] = Bylyy” + 2(y!) ] = - 2/x 
Hint: 1/x? is an integrating factor. Ans, y = Care + Cox + Cg + x In x 
35. yy” + Byly” = 2yy” - ay!) + yy! = a Ans, y? = Cy, + Coe + Coxe” egee 
Hint: e ~ is an integrating factor. Solve also using y =U. 
36. 2cy+ ly” + acy)? + y* + 2y =0 Ans. y + 2y = C, cosx + Cy sinx 


Hint: Use y +ay =v. 


CHAPTER 20 


Applications of Linear Equations 


GEOMETRICAL APPLICATIONS. In rectangular coordinates the radius of curvature R of 
a curve y = f(x) at a general point on it is given by 


3/2 
ee a 


dx 


P(x,y) 


\\ 
\ 
\ 


y 


I 
| 
| 
| 
| 
| 
\ 
{ 
fail x 


y>0, y"<0 


Let the normal at the point be drawn toward the x-axis. It is clear from 
the figures that the normal and radius of curvature at any point have the same 
direction when y and d*y/dx? have opposite signs and have opposite directions 
when y and d’y/dx? have the same signs. 


PHYSICAL APPLICATIONS. OSCILLATORY MOTION. Consider a ball bobbing up and down at 
the end of a rubber string. 


If the other end of the string is held fixed and no external force is ap- 
plied to the ball to keep it moving once it has been started, and if the mass. 
of the string and the resistance offered by the air aresuch that they may be 
neglected, the ball will move with simple harmonic motion 


x = Acoswt + Bsinwt 
where x is the displacement of the ball at time t from its position of rest 
or equilibrium. 
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For simple harmonic motion: 
a) The amplitude or maximum displacement from equilibrium position is JA? +B? 
since when dx/dt = 0, tan wt = A/B, and x = /A? + B?, 


b) The period or number of units (sec) of time for a complete oscillation is 
2n/o sec, since when t is changed by 2n/w sec the values of x and dx/dt 
are unchanged, while for any change of t less thanthis amount one (or both) 
of x and dx/dt is changed. 


c) The frequency or number of oscillations (cycles) per sec is w/2n cycles/sec. 
2 


d) The differential equation of simple harmonic motion is mie = —kx, where 
ae : ; ; dt 
k is a positive quantity. In the above illustration 
2 
eels = —~mw*(A coswt + Bsinwt) = — kx 
dt? 


where m is the mass of the ball and k = mw’. 


If the above assumptions are modified so that the resistance of the air 
cannot be neglected, the ball will move with free damped motion 
x = Pare | cos wt + B sinwt). 
The motion is oscillatory as before but never repeats itself. Since the damp- 
ing factor eS’ decreases as t increases, the amplitude of each oscillation 
is less than that of the preceding one. The frequency is w/2n cycles/sec. 
See Problem 8a. 
If the resistance offered to the motion is sufficiently great, other cases 
will arise. See Problem 8b. 


If in addition to a resistance, there is an external force acting on the 
ball or the complete system is given a motion, the motion of the ball is said 
to be forced. If the forcing function is harmonic with period 2n/A, the mo- 
tion of the ball is the result of two motions — a free damping motion which 
dies out as time increases (called the transient phenomenon) and a simple 
harmonic motion with period that of the forcing function (called the steady- 
state phonomenon). See Problem 9. 


HORIZONTAL BEAMS. The problem is that of determining the deflection (bending) of 


a beam under given loadings. Only beams which are uniform in material and 
shape will be considered. It is convenient to think of the beam as consist- 
ing of fibers running lengthwise. In the bent beam shown, the fibers of the 
upper half are compressed and those of the lower half stretched, the two 
halves being separated by a neutral surface whose fibers are neither com- 
pressed nor stretched. The fiber which originally coincided with the hori- 
zontal axis of the beam now lies in the neutral surface along a curve (the 
elastic curve or curve of deflection). We seek the equation of this curve. 
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Consider a cross section of the beam at a distance x from one end. Let AB 
be its intersection with the neutral surface and P its intersection with the 
elastic curve. It is shown in Mechanics that the moment # with respect to AB 
of all external forces acting on either of the two segments into which the 
beam is separated by the cross section (a) is independent of the segment con- 
Sidered and (b) is given by 


A) EI/R = &#. 


Here, E = the modulus of elasticity of the beam and J = the moment of inertia 
of the cross section with respect to AB are constants associated with the 
beam, and R is the radius of curvature of the elastic curve at P. 


For convenience, think of the beam as replaced by its elastic curve and 
the cross section by the point P. Take the origin at the left end of the beam 
with the x-axis horizontal and let P have coordinates (x,y). Since the slope 
dy/dx of the elastic curve at all of its points is numerically small, 


3/2 
[1 : By] 1 
R = ta = maa approximately, 
d’y d'y 
ix? dx? 
and A) reduces to 
2 
B) er¢¥ = yx. 
dx? 


The bending moment H at the cross section (point P of the elastic curve) 
is the algebraic sum of the moments of the external forces acting on the seg- 
ment of the beam (segment of the elastic curve) about the line AB in the 
cross section (about the point P of the elastic curve). We shall assume here 
that upward forces give positive moments and downward forces give negative 
moments. 


EXAMPLE. Consider a 30 foot beam resting on two vertical supports, as in the figure 
below, Suppose the beam carries a uniform load of 200 lb/ft of length and a load of 2000 


lb at its middle, 
30-% 
4(30 -x)— ~—— $(30-x) 
R “x 


2000 
4000 200x 6000 -— 200x 4000 


The external forces acting on OP are (a) an upward thrust at O, x feet from P, equal to 
one-half the total load, i.e., 3(2000+ 30-200) = 4000 Ib, and (b) a downward force of 200x 
lb thought of as concentrated at the middle of OP and thus 3x feet from P, The bending mo- 
ment at P is 


M = 4000x - 200x($x) = 4000x — 100x?, 


To show that the bending moment at P is independent of the segment used, consider the 
forces acting on PR: (a) an upward thrust of 4000 Ib at R, 30-x ft from P, (b) the load 
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of 2000 1b acting downward at the middle of the beam, 15~x ft from P, and (c) 200(30-x) 
1b downward thought of as concentrated at the middle of PR, 4(30-x) ft from P. Then 


M = 4000(30-x) — 2000(15-~x) — 200(30 —x)+4$(30 -x) 
= 4000x — 100x7, as before, 


A beam is said to be fixed at one end if it is held horizontal there by 
the masonry. In the example above the beam is not horizontal at O and is said 
to be freely supported there, 


SIMPLE ELECTRIC CIRCUITS. The sum of the voltage drops L 
across the elements of a closed circuit is equal 
to the total electromotive force E in the circuit. 
The voltage drop across a resistance R ohms is Ri, 
across a coil of inductance L henries is L di/dt, E Cc 
and across a condenser of capacitance (capacity) 
C farads is 9/C. Here, the current i amperes and 
the charge q coulombs are related by i=dq/dt. We 
will consider R, L, and C as constants. R 


The differential equation of an electric circuit containing an inductance 


L, a resistance R, a condenser of capacitance C, and an electromotive force 
E(t) is therefore 


Cc!) pot. pi 4 


q 
=~ = E(t 
dt C (f) 
or, since i=dq/dt, di/dt = d’q/dat’, 
2 
C) (ec A ee a OY 
dt” GEE 


from which q = q(t) may be found. 


By differentiating C') and using “ = 1, we have 
2. . : 
D) (22S 4 RS! oe ee, Beh 
dt? dt Cc 


from which i = i(t) may be found. 


SOLVED PROBLEMS 


GEOMETRIC APPLICATIONS. 


1. Determine the curve whose radius of curvature at any point P(x,y) is equal to the normal at P 
and (a) in the same direction, (b) in the opposite direction, 


3/2 
f1 + (yy?) 
“ 


x 


1/2 
a) Here = -y({1+ (y')J or yy" + (y!)? +1 = 0. 


The equation is exact and an integration yields yy'+x-C,= 0 or ydy+ (x-C,)dx = 0. 
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: . ~ 2 3 ae . 
Integrating again, sy t k(x —C1)* = Kk or y? t+ (x-Cy)Y = Co, a family of circles 


with centers on the x-axis, 


vey)? 1/2 2 
b) Here - = y{1+ (y’)*] or yy” - (y') = 1 = 0. 
y 
. . 7 dp i F 
The substitution y’ = p, y" = p ay of Chapter 19 reduces the equation to 
y 
d 
yp dp _ pe ~1=0 or pdp _ dy 
dy 1+ p* y 
d 
Then  In(1+ p?) = In y? + In Ce 1+ p? = Cy’, or 7 a = tdx, 
[2 
Cry’ -1 
Integrating, cosh”: Cyy = +Qx+ Co, Cyy = cosh(tCyx + Coe), or 
ae edie he te) : Rae eas ra 


24 


The curves are catenaries and the equation may be written in the form 


ge LAL el Btmi/4 + eg (BEX y 


i where A = El and B = Ce s 
ry Cy 


PHYSICAL APPLICATIONS 
MOTION OF A PENDULUM. 


2. A pendulum, of length | and mass m, suspended at P (see 
figure) moves in a vertical plane through P. Disregard- 
ing all forces except that of gravity, find its motion. 


Under the assumptions, the center of gravity C of the 
bob moves on a circle with center P and radius 1. Let 9, 
positive when measured counterclockwise, be the angle 
which the string makes with the vertical at time t. The 
only force is gravity, positive when measured downward, 
and its component along the tangent to the path of the 
bob is mgsin®. If s denotes the length of arc CoC, then 
s = 16 and the acceleration along the arc is 


dt? at® 
2 2 
Thus mel ce —-mg sin® or 1 eo e ~g sin 6. 
dt? dt? 


dt 
Multiplying by 2& and integrating, 1a? = 2g cos6+ Cy or ie = t—- 
t 


¥ 2g cos8 + Cy val 


This integral cannot be expressed in-terms of elementary functions. 


When 9 is small, sin @ = 6, approximately. When this replacement is made in the original 


differential equation, we have — + 78 = 0 whose solutionis 6 =C, cos [8 + Co sin fE e. 
dt 


ae . ne of, 2 cote, Hl 
This is an example of simple harmonic motion. The amplitude is ener and the period is 27 a 
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MOTION ALONG A STRAIGHT LINE. 


3, A mass m is projected vertically upward from O with initial 
velocity vg. Find the maximum height reached, assuming that the Kv 
resistance of the air is proportional to the velocity. 


Take upward direction from 0 as positive, and let x denote m 
the distance of the mass from 0 at time t. The mass is acted 
upon by two forces, the gravitational force of magnitude mg mg 
and the resistance of magnitude Av = ne each directed down, ‘i 
Hence, using 
mass x acceleration = net force, 
O 
2 2 
ee ecg = or a2) RES Bee where K= mk, 
dt? dt dt dt 
Integrating, 1) x= C1, + Coe” - Et, and then differentiating once with respect to t, 
ax . ~-kt Bg 
2 pee tye RO - =. 
a dt ee k 
When t=0, x=0 and v=v9. Then (y+ Cp=0, v9 = ~kCo and C,= - Cy = 2 + 
k 
F : 1 kt g 
Making these replacements in 1), we have x = rat + Rvp) (1 - e )-+ ; ty 
= - 1 +k 
The maximum height is reached when v=0, From 2), e Oe ob. es g and t = = 1n 82 2¥0 
2 gt kvo k & 
RCo 
k 
Then the maximum height is x = Des kup) (1- g )- gd In B+ ko, = ate: ee In lo 
rg B+ ku kk k k g 


4. A mass m, free to move along the x-axis, is attracted toward the origin with a force propor- 
tional to its distance from the origin, Find the motion (a) if it starts from rest at x = x9 


and (b) if it starts at x = xq with initial velocity vo moving away from the origin. 


Let x denote the distance from the origin to the mass at time t, 
2 
2 
Then fife ee or Be ee pee. where K = mk . 
dt? dt? 


Integrating, 1) 


bay 
| 


= Cy sinkt + Cy. coskt, and differentiating once with respect to t, 


2) v= -—kCyg sinkt + RC, coskt. 


a) When t=0, x= and v=0. Then C,=0 from 2), Cy=x 5 from 1), and 
x = 2X9 cos kt, 
b) When t=0, x=x9g and v=vy9. Then Cyg=%0, Cy=vo/k, and 


vo _. 
x = = sin kt + xg cos kt. 


In a) the motion is simple harmonic motion of amplitude x9 and period 21/k. 


[2 22 
+ 
In b) the motion is simple harmonic of amplitude a and period 27/k. 
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MOTION OF A COMPLEX SYSTEM. 


5. A chain hangs over a smooth peg, 8 feet being on one side and 12 feet on the 
other, Find the time required for it to slide off (a) neglecting friction and 


(b) if the friction is equal to the ‘weight of 1 foot of the chain. ; 

eo 
a) Denote the total mass of the chain by m and the length (feet) of the chain Pe 
which has moved over the peg at time t by x. At time t there are (8-x) feet of 8 a 


chain on one side and (12+x) feet on the other. The excess (4 + 2x) feet on one 


side produces an unbalanced force of (4 +o) pounds, Thus, 


a? a’ R 
m—~ = (44+2x)%8 or 10 2~ = gx + 2p, 
dt? 20 dt* 
Solution 1, 
2 — — 
Integrating sd - &, = 8 » we have x = Cye got Coe gies 2, 
dt? 10 5 

Differentiating once with respect to t, vo [= (Cye eat - Cie 6/20 an 


When t=0, x=0 and v=0, Then C,= Cy =1 and x =e A Ser ef20t -2 = 2cosh [E+ — 2, 


10 ety 10, x+ 2+Vx74 4x 
Hence t = ge rose g(x +2) = i dre Coa 


2 


When x = 8 ft has moved over the peg, t = [> 1n(5 + 2V6 ) sec. 
; . F : dx ; , 
Solution 2. Multiplying the equation by or and integrating, we have 
9 SS Sh gy Se a and 5B)" = 3ex? + gx + Cy. 


When ¢=0, x=0 and dx/dt=0, Then C,=0 and 


dx 2 1 339 10 dx 
S(—) = sex" + 2ex or dt = [— —_—--: 
dt a : 8 Vx? + 4x 


(The positive square root is used here since x increases with t.) 


Integrating, tics es {—— = 2 In(x + 2+ Vx 4 4x) + Co. 
BoM igh ay = 4 v 6 


10 10 a+ 24 Vx? 4 ax 
- Patera and t = 


When t=0, x=0. Then Cy = = In 3 as before, 
d° d* 
b) Here fie ee (4 + 2x) 28 - % or 20 eal (2x + 3)g. 
dt? 2020 at? 
Multiplying by “ and integrating, we have 10()" = gx’ + 3gx + Cy. 
t 


When t=0, x=0 and v=0, Then C,=0, and ae B(x? 43x) or dt = ees . 
dt \10 8 4 
Then ¢t = |Z In(x + 5+ Ve + 3x) + Ce. 
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When t=0, x=0. Then Cg = - S85 and tts I~ In Six + 34 Ax 4 3x). 


10 |, 19+ 422 


When x=8, t = — ) = 1.4 sec. 
g 3 


6. A bead slides without friction along a straight 
rod of negligible mass as the rod rotates with 
constant angular velocity w about its midpoint O, 
Determine the motion (a) if the bead is initially 
at rest at O and (b) if the bead is initially at 
O moving with velocity g/2u, 


Let the bead be x units from O at time t. It 
is being acted upon by two forces, (i) gravity and 
(ii) the centrifugal force mu)? x acting along 
the rod and directed away from O, Since the rod 


has rotated through an angle wt, the component 


of the gravitational force along the rod has magnitude mg sinw&t; its direction is toward 0. 


Hence - % 

dx 2 ; d x 2 , 

m— = mu x — mg Sinwt or ——~ - Wx = —g Sinwt, 
dt? at? 
: wt -wt 4 A . wie fee ; 
Integrating, 1) x = Cye ~ + Cge + — sinwt, Differentiating once with re- 
2u) 
spect to t, 
2) vi = woe”? - ger?” + = cos Wt, 
0) 


a) When t=0, x=0 and v=0, 


Then (C,+(C,=0 from 1), CSG eee = 0 from 2), Cy=-Cg= - &, and 
Qu? 4w 
xX = Ee" ~ oe" + + sinwt = - Ss sinh wt + _ Sin wt, 
4u) 2) 26) 2) 
b) When t =0, x=0 and v=g/2u. 
Then (,+C,g=0, C,~Ce=0, Cy=C,=0, and «x = §_ sinwt. 


SPRINGS. 


v. A spring, for which k = 48 1b/ft, hangs in a vertical position with its 
upper end fixed. A mass, weighing 16 lb, is attached to the lower end. 
After coming to rest, the mass is pulled down 2 inches and released. 
Discuss the resulting motion of the mass, neglecting air resistance, 


Take the origin at the center of gravity of the mass, after coming 
to rest, and let x, positive when measured downward, be the change in 
position of the mass at time t. When the mass is at rest the spring force 
is equal to but opposite in direction to the gravitational force, The 
net force at time t is the spring force —kx corresponding to the change 
x in the position of the mass, Then 


— = ~— 48x or ——~ + 96x = O, taking g = 32 


ft/sec” . 
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Integrating, x = (Cy, sin VOB t + Co cos V96 t. 


Differentiating once with respect to t, v= oF - V96 (C1, cos Yop t — Cy sin V96 t). 
1 1 i re 
When t=0 == -— and v=0. Then eae id G20, “and. « = g COS VE F. 


; . : T . 
This represents a simple harmonic motion. The period is ay = 0.641 sec, the frequency is 


9 
mC v96 


a = 1.56 cycles/sec, and the amplitude is ; ft. 


8. Solve Problem 7 if the medium offers a resistance (1b) equal to (a) v/64 and (b) 64v, Where v 
is expressed in ft/sec. 


2 
a) Here 36 dl’ = - 48x - & dx or dx + es dhe + 96x = 0. Using the D nota- 
& at? 64 dt age Ba at 
tion, ae = D+ 96)x - [D~ (-0.0156+9.8i)][D - (-0.0156-9.81)]x = 0, 
as io Be OSG. 656. 84-5 Casein SR by, 


Differentiating once with respect to t, 


dx -0.0156t 
e [ 


a ee (9.8Cy-0.0156C,)cos9.8t — (9.8C, + 0.0156C,)sin 9.8t]. 


When t=0, v=0 and x=1/6, Then C, = 1/6, 0O= 9.8Cy-0.0156C,, and Cy = 0.000265. 
Thus, 


rae ge cos 9.8t + 0.000265 sin 9.8t). 


This represents a damped oscillatory motion, Note that the frequency = ae = 1.56 cycles/sec 


remains constant throughout the motion, while the amplitude of each oscillation is smaller than 
-0.0156t 


the preceding one due to the damping factor e . At t = 0 the magnitude of the damping 
-O. t 
factor is 1. It will be 2/3 when e ecu 2/3 or after t = 26 sec. It will be 1/3 when 
-0.0156t 
e CaP UR Ee 1/3 or after t = 70 sec. 
16 d? dx 2 
b) Here pot Me See aaa 48x - 64 — or (D+ 128D + 96)x = 0O. 
og dt? dt 
-0. -127. 
Integrating, x = Cye eee a. Cze es ; 
Differentiating once with respect tot, 
-0.76¢ -127.24¢t 
v= -0.76Cie O* — 127, 24Coe sca 


When t=0, x =1/6 and v=0,. Then C,+ Cy = 1/6, -0.76C,~-127.24Co=0, Cy, = 0.166, 
Ce = -0.001, and 


+027: -1 : 
et ahuee or OP 2 ne 


The motion is not vibratory. After the initial displacement, the mass moves slowly toward 
the position of equilibrium as t increases. 
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Solve Problem 8a if, in addition, the support of the spring is 
given a motion y =cos 4t ft, 


Take the origin asin Problem 8 and let x represent the change 
in position of the mass after t sec. From the figure, it is seen 
that the stretch in the spring is (x-y) and the spring force 
is -48(x-y) = ~48(x —- cos4t) lb. Hence, 


1 
TOMER f° eee was Ap ee 
8 dt? 64 at 
2 1 
or (D+ 35 D+ 96)x = 96 cos 4t. 
-0.0156t 
Integrating, x = e Ospiee (C, cos9.8t + Co sin9,8t) + ew ee cos 4t 


Dp’ + D/32 + 96 
eo 010186t 


(Cy, cos 9.8t + Co sin9.8t) + 0.0019 sin 4t + 1.2 cos 4t, 


Differentiating once with respect to t, 


~0.0156t 
vze 


[(9.8Cp ~ 0.0156C,)cos 9.8t — (9.8C, + 0.0156C,)sin 9.8t] 
+ 0.0076 cos 4t - 4.8 sin 4t. 


When t=0, v=0 and x = 1+1/6=7/6. Then C, = ~-1/30, Cy, = -0.0008, and 


= e 9701884 _9 9333 cos 9.8t — 0.0008 sin 9.8t) + 0.0019 sin 4t + 1.2 cos 4t. 


The motion consists of a damped harmonic motion which gradually dies away (transient phe- 
nomenon) and a harmonic motion which remains (steady-state phenomenon), After atime the only 
effective motion is that of the steady-state. These steady-state oscillations will have a 
period and a frequency equal to those of the forcing function y = cos4t, namely, a period of 
2au/4 = 1.57 sec and a frequency of 4/2n = 0.637 cycle/sec. 


The amplitude is /(0.0019)* + (1.2)* = 1.2 ft. 


A mass of 20 1b is suspended from a spring which is thereby stretched 3 inches. The upper end 
of the spring is then given a motion y = 4(sin 2t + cos 2t)ft. Find the equation of the motion, 
neglecting air resistance, 


Take the origin at the center of gravity of the mass when at rest, Let x represent the 


change in position of the mass at time t, The change in the length of the spring is (x -y), 
the spring constant is 20/4 = 80 lb/ft, and the net spring force is -80(x-y). Then 


= —- = ~— 80(x —~ 4 Sin 2t - 4 cos 2t) or —— + 128% = 512(sin 2t + cos 2t). 


Integrating, x = Cy, cos V¥128t + Co sinV128t + (sin 2t + cos 2t), 


Differentiating once with respect to t, 


v = — V198 C, sin Y128 t + VT28 Cy cos Vi28t + ae sin 2t + cos 2t). 
When t =0, x =4 and v=0. 

12 
Then 4-=C,+ = C, = -0.129; and V128 Cy + = = 0, Cy, = -0.730. 


Hence, x = -— 0.13 cos Y128t -— 0.73 sinV128t + 4,13(sin 2t + cos 2t). 
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11. A mass of 64 Ib is attached to a spring for which k = 50 lb/ft and brought to rest, Find the 
position of the mass at time t if a force equal to 4sin 2t is applied to it. 


Take the origin at the center of gravity of the mass when at rest, The equation of motion 


is then , > 
ee oe + 50x = 4 sin 2t or as + 25x = 2 sin 2t, 
32 gt2 dt? 
: ‘ uo, 2 Ciatin 
Integrating, x = Cy, cos 5t + Cg sin 5t + on sin 2t, 
' % 4 
Differentiating once with respect to t, v = -—5C, sin 5¢ + 5C€, cos 5t + Fi cos 2t. 
4 
Using the initial conditions x=0, v=0 when t=0, C,=0, Co=- in and 
x = - 0.038 sin 5t + 0,095 sin 2t, 


The displacement here is the algebraic sum of two harmonic displacements of different periods. 


12. A mass of 16 1b is attached to a spring for which k = 48 1b/ft and brought to rest. Find the 
motion of the mass if the support of the spring is given a motion y = sin V/3gt ft. 


Take the origin at the center of gravity of the mass when at rest and let x represent the 


change in position of the mass at time t, 
The stretch in the spring is (x -y) and the spring force is ~—48(x-y). Thus, 


2 
eee ~ 48(x - sin V3g t) or m8 gay = 8g sin V3g t. 
& dt? dt? 


Integrating, x = Cy, cos Yet + Cy sin V¥Bgt - 3 ¥3¢ t cos V3gt 


and ov = —~C, ¥3g sin V/3gt + Cy V3g cos V3gt ~ 3 V3g cos V3gt + Ee sin V3g t. 
Using the initial conditions x=0, v=0 when t=0, C,-=0, Cyp=%, and 


x = 3 sinv3gt - BE + 00s V5R t. 


The first term represents a simple harmonic motion while the second represents a vibratory 
motion with increasing amplitude (because of the factor t). As t increases, the amplitude of 
the oscillation increases until there is a mechanical breakdown, 


13. A cylindrical buoy 2 ft in diameter stands inwater (density 62.4 
lb/ft? ) with its axis vertical, When depressed slightly and re- 
leased, it is found that the period of vibration is 2 seconds, 
Find the weight of the cylinder, 


Take the origin at the intersection of the axis of the cylin- 
der and the surface of the water when the buoy is in equilibriun, 
and take the downward direction as positive. 

Let x (ft) denote the change in the position of the buoy at 
time t. By Archimedes’ Principle, a body partly or totally sub- 
merged in a fluid is buoyed up by a force equal to the weight of 
the fluid it displaces, Thus, the corresponding change in the 
buoying force is 62,4 m1)? x and 


= = -— 62.4%x or —— + —— Ax = 0, 


where W (1b) is the weight of the buoy and g = 32.2 ft/sec”, 
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Integrating, x = C, sin/2009n/Wt + Ce. cos y¥ 2009N/W t. 


Since the period is —“—__ = 2¥aW/an09 - 2, w= 2 = 640 Ib, 


Y 20097/W mf 


HANGING CABLE. 


14. Determine the shape of a uniform cable which hangs under its 
own weight, w lb/ft of length. 


Choose the coordinate axes as in the figure, the origin 
being at the lowest point of the cable. Consider the part be- 
tween O and a variable point P(x,y). This part is in equilib- 
rium under the action of (1) a horizontal force of magnitude 
H at O, (2) the tension T along the tangent at P, and (3) the 
weight W of OP, 


Since OP is in equilibrium, all force acting horizontally 
toward the right and all force acting horizontally toward the 
left must be equal in magnitude, and, also, all force acting 
vertically upward and all force acting vertically downward. 


Hence, T cos 6 = H, T sin @ = ¥, and tan 6 = = = y 


Now H is constant, being due to the part OQ of the cable, while W-= ws, where s is the 
length of OP. Thus, 


2 
dy = i dW Sane ds Petes Yl + (dy/dx)*, 
dx? H dx H dx H 


To solve the above equation, write ae = p and obtain 


dp 2.2 1+ p? or oP = 2 dx. 
dx H /1 + p? A 


Integrating between the limits x=0, p=0 and x=x, p=p, 


sinh™’ p = x and pee 


Integrating dy = sinh ; x dx between the limits x=0, y=0 and x=x,y=y, 
H w 
Sheree =x - t : 
y 3 (cosh x 1), a catenary 


If the origin had been taken at a distance H/w under the lowest point of the cable (thus 
making H/w the y-intercept of the curve) the equation of the curve would have been 


= H egeh = 
yoo if (0) rin 
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HORIZONTAL BEAMS. 


14. A horizontal beam of length 21 feet is freely supported at both ends. Find the equation of 
its elastic curve and its maximum deflection when the load is w lb/ft of length, 


—x—lPexy) \xe 1 
y= 


wl wx wl 


Take the origin at the left end of the beam with the x-axis horizontal as in the figure. 
Let P, any point on the elastic curve, have coordinates (x,y). 

Consider the segment OP of the beam. There is an upward thrust wl lb at O, x ft from P, 
and the load wx lb at the midpoint of OP, sx ft from P. Then, since El d*y/ dx? = M, 


2 
1) EI = = wlx - wx($x) = wlx - sux, 
dx 
Solution 1, Integrating 1) once, EI dy 7 4 oie? ~ ase + Cy 
dx 2 6 
At the middle of the beam x =I and dy/dx = 0. Then C, = - t wl? and 
., dy 1 2 1, 143 
2 EI = = = wlx® ~ = wx’? - = wl’, 
) ax 2 6 3 
: 1 3 1 4 1 43 
Integrating 2), Ely = ou ay wx - . wi°x + Cg, AtO, x=y=0. Then C,=0 and 
w 3 4 3 
3 = ———(4lx? - x’ - 8l’x), 
) y 34 Fl! ) 
Solution 2, Integrating 1) twice, Ely = 5 wl? - = vx’ + Cyx + Co. 


At O, x=y=0, while at R, x=21, y=0,. Using these boundary conditions in turn, we find 
Co = 0 and C, = - ; vl, as before, 

The deflection of the beam at any distance x from O is given by -y. The maximum deflec- 
tion occurs at the middle of the beam (x =1) and is, from 3), 


4 
w 4 4 4 5wl 

2 zoo 4l°-1 -~8L') = ; 
Ynax 24 FI , 24 EI 


16. Solve Problem 15 if there is in addition a load of W lb at the middle of the beam, 


y ‘i 7 pie om 
x ——- 4% 
6) ho as R «x O| Bidets R x 
| | | | 
P(x,y) P(x,y) 
wl+tW wx Mi wl+4W wl+ $W we ow wl+ a 
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Choose the coordinate system as in Problem 15. Since the forces acting on a segment OP of 
the beam differ according as P lies to the left or right of the midpoint, two cases must be 
considered, 

When 0<x<l, the forces acting on OP are an upward thrust of (wl + 4W) 1b at O, x ft from 
P, and the load wx acting downward at the midpoint of OP, $xft fromP. The bending moment is 
th 
oe 1) M = (wl + Wx -— wx($x) = wlx + 3We - hux?, 

When l<x<«< 2l, there is an additional force — the load W lb at the midpoint of the beam, 
(x-l) ft from P. The bending moment is then 


2) M = (wl + sWyx = wx(Sx) - Wix-l) = wlx + bir = sux? ~Wa-ly, 


Both 1) and 2) yield the bending moment M = ae 3WL when x =. The two cases ‘may be 
treated at the same time by noting that for 1) 


wlx + 5We - Sux? = wlx - hwx? — SW(L—x) +4 sl 
and for 2) wlx + 5We - bux? -Wx-l = wlx - sux? + 4W(l—-x) + $Wl, Then 
dz 
3) EIS = wl ~ bux? F SW(L—x) + SW 
dx? 
with the understanding that the upper sign holds for O0<x<l and the lower for l<x<2l, 
Integrating 3) twice, EIy = Sash a ot wx 5 La ies + 1 ix? + (yx + Co. 
6 24 12 4 
Using the boundary conditions x=y=0 at O and x =2l, y=0 at R, 
Cee. “BiGge Oi a Or See EW CW: alle. Cees SA: “then 
12 3 3 12 3 2 
1 
Big: = aly alge Sole eh Wy we 2 We Ame 2 
24 3 12 4 2 12 
35 
SoS whee ee tit a 8 Pee Baw | Pk? Baliga 2 wg 2 
24 3 12 4 2 12 
and y = pore Ue, ee 81x) + Wain’ - besa? - 61°x + oe 
24 ET 12EI 
swl® wh? 
The maximum deflection, occurring at the middle of the beam, is “Vag = ae te 
Zo 24 EI 6EI 
A horizontal beam of length | feet is fixed LAY 
at one end but otherwise unsupported, Find WY 1 
the equation of its elastic curve and the ee $(1—x) 
maximum deflection when the uniform load is | 4 
w lb/ft of length. . ! = 
7 Pcx,y) | 
Take the origin at the fixed end and let YY R 
P have coordinates (x,y). Consider the seg- 
ment PR, The only force is the weight w(l-—x) Gy w(l-x) 
Ye 


1b at the midpoint of PR, 4(l-x) ft from P. 


Then 
d? 2 d 1 3 
EIo 2 = -w(l—~x)«3(l-x) = -4tw(l-x)°. Integrating once, EI 2% = =w(l-x) + Cy. 
dx? dx 6 


d 
At O: x20, 2 = 0; Cy2 owl? and er 2 = 5mlaxy oul, 


Integrating again, EIy = ~ 3 w(l—x)" = 5 wx + Co. 


18 
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At O: x=y=0; then Cy = x wey Ely = - = w(l-x) - < eee = vl’, and 
w 3 22 4 
= ——(4lx° - 6l -~x). 
4 34 EI ‘ * f e 
1 wl" 


The maximum deflection, occurring at R(x =l), is “Vaan = : er - Note that this is not a 
relative minimum as in Problem 16 but an absolute minimum occurring at an end of the inter- 


val O<x<¢l. 


A horizontal beam of length 3l feet is fixed at one end but otherwise unsupported. There is 
a uniform load of w 1b/ft of length and two loads of W 1b each at points | and 21 ft from the 
fixed end, Find the equation of the elastic curve and the maximum deflection. 


Y : _x ++. $(31 -x)--—-- 4 


l-xyw/ 


R 
2 rae 
Girne LC (3l-x)w 


Take the origin at the fixed end and let P have coordinates (x,y). There are three cases 
to be considered according as P is on the interval (0<x<«<l), (l<x<2l), or (2l<x<3ly. In 
each case, use will be made of the right hand segment of the beam in computing the three bend- 
ing moments, 


When Q<x<l, (P=P, in the figure), there are three forces acting on P,R: the weight 
(3l-—x)w 1b taken at the midpoint of P,R, 5(31~x) ft from P,; the load W 1b, (l~x) ft from 
Py; and the load W 1b, (2l-x) ft from P,. The bending moment about P, is 


M, = -(31-x)we$(3l~x) = Wl-x) - WQl-x) = ~ 4uw(3l-x) - W(l-x) - WO2Ql-x), 
and a ? 
EI a = —4w(3l-x) ~ W(l—x) - W(2l-x). 
dx 
Integrating, EI 2 = = ¥(3l-x) + 5 Wl— xy + 5 W(2l-x)" + Cy, 
At O: x-0 and dy/dx = 0; then C, = ~ Sul? = ow’, 


dy 1 3 1 2 1 2 9 43 , 
kIl—~ = = 3l- -Wal- ~>Wc2al- --wl -~--=Wl, 
ees xy + 5 ( x) + 3 ( x) i 


and 


ey 
Se 
W 


a: wv (3l-x)' 2 5 Hla ay e = W(21-x)" - Sex 7 2 Wx C3, 


At O: x=y=0; then Cy = Sul’ 4 ie and 
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1 4 1 3 bee 3 9 3 5 42 27 4 3 5 
a eugee =). Se Saye a oe a2 cals Wi. 
A) Ely 5g vhst x) ee x) at x) auee i ee yee #S l 
When I<x<2l, (P=P., in the figure), the bénding moment about P2 is 
Mo = = eras —- W2l-x), 
and ae ‘ 
Cy at aa gw(3l—-x) -— W(2l-x). Integrating twice, we obtain 
dx? 
B') Ely = - 5g val-n)" : = W(2k—x) an Oe are Oe 


When x =l, B') and A) must agree in deflection and slope 2 so that C,= C, and C,y=C,. Thus, 


2 
B) Big a> Se ay w(3l-x)" : = W(2L~ x) x sus iz SW : Sul : ae 
When 2l<x<3l, (P=P, inthe figure), the bending moment about Pg is Ms = - SUCOLZ a « 
2 
and EI cae eT eee ae Then 
dx? 
@). Ely = = jv (al-x) pagel te 5jvGl-#)' . sulle 2 2 Wx ‘ Fl ¥ SHU, 
since, when x =2l, there must be agreement with Bb) in deflection and slope, 
A), B), C) may be written in the form 
w 3 2.2 4 W 3 
= 12lx° - 541 - + ——— (2° ~ Glx’), 0. Spa SG 
Y > ogee eee eee all 
w 5 22 4 Wo 2 2 3 
= 12lx* - 54l°x - x + — (x ~ 6lx” - 3l°x + I’), l¢-x <2, 
ae Tre > * SET 
w 3 22 4 W 3 2 
= ome (12I% - l - ——(3l° - 5l ; 21 < < 3l. 
y 34 ET‘ x 541 x x) + OT 51x) <x s 
The maximum deflection, occurring at R (x =3l), is SS iiess ay (eet + 4g Wl), 


Note that the elastic curve consists of arcs of three distinct curves, the slopes of each 
pair of arcs at a junction point being equal. 


19. A horizontal beam of length | ft is fixed at both ends. Find the equation of the elastic 
curve and the maximum deflection if it carries a uniform load of w lb/ft of length, 


gul wx sul 


Take the origin at the left end of the beam and let P have coordinates (x,y). 

The external forces acting on the segment OP are: a couple of unknown moment K exerted 
by the wall to keep the beam horizontal at O; an upward thrust of swllb at O, x ft from P; 
and the load wx lb acting downward at the midpoint of OP, sx ft from P. Thus, 
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a? 
ESS Spy Swlx — Swx?. 
det 
: 7 dy 1 2 1 3 
Integrating once and using x=0, dy/dx=0 at O, EI a Kx + 7 wlx” — a , 
At R: x =l, dy/dx = 0 since the beam is fixed there. Then 
Kl + Lp? 496 = 0, Kk = sp ae wl, and EI dy Se a ae + Ea - ee 
12 dx 12 4 6 
Integrating and using x =y=0 at O, 
1 4.22 1 5 1 o4 wx? 2 2 
Ely = ~—vul + —wl - —wx and = Qlx-1°-x"). 
- 24 12 . 24 y 24 El ‘ 


_ wl? 


The maximum deflection, occurring at the middle of the beam (x=3l), is “Vege: 384 EI . 


20. Solve Problem 19 when in addition there is a weight W lb at the middle of the beam. 
WY, 
UY, 
he 


Using the coordinate system of Problem 19, there are two cases to be considered: from x=0 
tox-=s5l and from x=3l tox=l. 


When 0<x<4l, the external forces on the segment to the left of Py (x,y) are: a couple of 
unknown moment K at O; an upward thrust of $(wi+W) 1b at O, x ft from Py; and the load wx 
lb, 3x ft from P,. Thus, 

2 
gr 2 = Kk + deut+ Wx - es = K+ ie - ae 
at 2 2 2 2 


1 
ae 5x 


Integrating once and using x=0, dy/dx =0 at 0, 


Aly EI dy = Kx + * wiz ashe wx? 4+ 4 Wx? , 
dx 4 6 4 
Integrating and using x=y=0 at O, 
A) Ely = Shee + ea wix? es wx + at Wx? 
2 12 24 12 


When zl<x<l, there is in addition the weight W lb at the middle of the beam, (x - 31) 
ft from P,. Thus, 


2 


EI — = K+ subs = 5u + 3x ~ Wax - $l). Integrating twice, 
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B') Ely = Lie + A asie = hae 4 = ? = So Wee BLY + Cyx + Co. 

2 12 2 
When x- 431, the values of y and dy/dx for B') must agree respectively with those for A). Thus, 
Cy= Cy =0 and 


B) hig 2 ee oe Se ae 2 eG 
2 12 24 i2 6 


To determine K, use x=3l, dy/dx=0 in Al), Then 


Vig, 240-4034 202-0 and K---twt?-1i. substituting in A) and B), 
2 16 48 16 12 8 
EIy = - = ite ie la oe wx + a We? “ Wlx? and 
— sey ee =e aa ie bag? = Bias 0<x<Hl, 
ig. Sea ee She 2 ag ae ie A SE. and 
24 12 24 12 16 
w 3 2 3 2 2 3 t 
= ——(2lx? - Ux ~ x) + (lI? - 6l°x + Qlx” - 4x°), Léx<él. 
“ 34 ET | ) * Weel = 


The maximum deflection, occurring at the middle of the beam, is 


1 mn 3 
= = 1 +2Wl). 
Ynax 384 EI e y 


A horizontal beam of length 1 ft is fixed at one end and freely supported at the other end. 
(a) Find the equation of the elastic curve if the beam carries a uniform load w lb/ft of length 
and a weight W 1b at the middle. (b) Locate the point of maximum deflection when | = 10 and 
W= 10w. 


Take the origin at the fixed end and let P have coordinates (x,y). There are two cases to 
be considered. 


When 0<x<4l, the external forces acting on the segment P,R are: an unknown upward thrust 
S lb at R, (l-x) ft from P,; the load w(l-x) 1b at the midpoint of P,R, a(l-x) ft from Py; 
and W lb, ($l-x) ft from P,, Thus, 
d*y 2 
EI 7 = S(l—-x) ~ w(l-x)+$(l-x) - WGl-x) = S(l-x) - gw(l-xy - WAL-x). 
Integrating pnce and using x=0, dy/dx = 0 at 0, 


Br 2 2 - 5 Sc-x)" P 2 w(l-2y ‘ 5 Wal xy ' 5 - 5 wl a 4 p?, 
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Integrating again and using x=y=0 at O, 

1 3 1 4 1 3 1,.,2 1 4,35 #+1,,2 1.53 1 oy 1 43 
A) Ely = -S(l-x) - —w(l-x) - =-WGl-»°+ (-SU - <ul ~ WI)x - 2S 4 wl + WP, 
De geen Ne aay gS 6 8 6 24 48 


When sl<x<l, the forces acting on P,R are the unknown upward thrust S at R, (l-x) ft 
from Pz and the load w(l-x) 1b, $(l-x) ft from Py. Thus, 


q? 1 2 
EI 22 = S(l-x) — sw(l-x) and 
dx? 2 
B!) Hye 2S aay eo Sey EOE. 
6 24 


When x=31, the values of Ely and er as given by A) and B') must agree. Hence, C, and Cy, 
in B!) have the values of the corresponding constants of integration found in determining A), 
and B') becomes 
1 1 1 1 1 
B) Ely = aS(l-x) . avin + Gsv 2 aol 7 SW?) 7 asl eeept” ae WE 
3 


To determine S, use x=1, y-0 at R in B); then S = rae + Par 
ment in A) and B), 


y= a LIB a? od Da) aye’ - 91x’), O<xs sl, and 
wy 3 22 4 W 3 2 2 3 \ 
= — (51x? ~ = nae & Ix” + ; i<e¢x<l, 
y rT 3l x 2x) + oe Er ‘2! 121l°x + 15x 5x°) zeexs 


It is clear that the maximum deflection occurs to the right of the midpoint of the beam. 
When l=10, W=10w, the equation immediately above becomes 


w 4 3 2 
= ~2x + 25x + 450x° -— 6000x + 10000). 
oS Sieur } 


Since 2 = 0 at the point of maximum deflection, we solve 


8x° ~ 75x” — 900x + 6000 = 0 


for the real root x= 5.6, approximately, Thus, the maximum deflection occurs at the point 
approximately 5.6 ft from the fixed end, 


ELECTRIC CIRCUITS. 


22. An electric circuit consists of an inductance of 0.1 henry, a resistance of 20 ohms and a con- 
denser of capacitance 25 microfarads (1 microfarad = 107° farad). Find the charge q and the 
current i at time t, given the initial conditions (a) q = 0.05 
coulomb, it = dg/dt = 0 when t=0, (b) gq = 0.05 coulomb, i = 56 
~0.2 ampere when t=0. C=25x10 f 


Since L = 0.1, R= 20, C= 25-10, E(t) = 0, 


< 
2 _ 
L ee + R ea a oe E(t) = 
dt? dt Cc a 
reduces to 2 d 
= -¥ 900.22 400, 0009"  -0, 
di” dt 


R=20 ohms 
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-i1 
Integrating, q = e cere cos 100 Y39 t + B sin 100 Y39 t). 


Differentiating once with respect tot, 


-1 i po oes 

a = woe °°* [(/39B - A) cos 100739 t — (¥39A + B)sin 100/35 t]. 

hase - 0.05 
a) Using the initial conditions q = 0.05, 1 = 0 when t=0, A= 0.05 and B = —— = 0.008. 

739 

-1 
Hence, gq = ¢ 199% 9,05 cos 624.5t + 0.008 sin 624.51) 
. ~1 
aad Pe a page O° sin Geared, 


b) Using the initial conditions gq = 0.05, «= -0.2 when t=0, A = 0.05 and B = 0.0077. 


Hence, q = ¢ 199.95 cos 624.5t + 0.0077 sin 624.5t) 


-100t 
e 


and Ll o= (- 0.2 cos 624.5t -— 32.0 sin 624.51) 


Note that g and 1 are transients, each becoming negligible very quickly. 


A circuit consists of an inductance of 0.05 henry, a resist- E=100V 
ance of 20 ohms, a condenser of capacitance 100 microfarads, 

and an emf of E = 100 volts. Find i and q, given the initial L 
conditions q-=0, t=0 when t=0. 


2 = z 
in 
Here 0.05 oe + 20 dq + ee. eee 100 3 Q 
dt? dt 100° to? 0 i 
= food 
a d 
or 24 , 490 % + 200,000¢ = 2000. 
dt? dt 
-6 
Integrating, q = Peay | cos 400t + B sin 400t)+ 0.01. C=100x10 f 


Differentiating once with respect to t, 


p= a = 2006 °°°*f (-A + 2B) cos 400t + (-B-2A)sin 400t]. 


Using the initial conditions: A = -0.01, -A+2B=0, and B = -0.005. 


-200¢ 
Then q e ss 


(~ 0.01 cos 400t —- 0.005 sin 400t) + 0.01 


and i = be ~ °°’ sin 400t. 


Here i becomes negligible very soon while q, for all purposes, becomes q = 0.01. 


Solve Problem 23 assuming that there is a variable emf of 


E=100 cos 200t 
E(t) = 100 cos 200t. 


The differential equation is now 


2 
d < 2 
24 . 490 2% + 200,0009 = 2000 cos 200t. Then iS Fe 
dt? dt fo) an 
-200t “1 ‘ 
=e (A cos 400t + B sin 400t) + 0.01 cos 200t ec 
+ 0.005 sin 200t and 
; -200t : 
i =e [(-200A + 400B) cos 400¢ + (~200B - 400A) sin 400¢] 36 
C=100x10 f 


- 2 sin 200t + cos 2000. 


25. 
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Using the initial conditions: A = —0.01, ~200A + 400B + 1=0 and B = -0.0075. Then 


“£00t 
e€ 


q = (- 0.01 cos 400t ~ 0.0075 sin 400t) + 0.01 cos 200¢ + 0.005 sin 200t 


and 
me t 
e nOe (- cos 400t + 5.5 sin 400t) - 2 sin 200t + cos 200t. 


Here the transient parts of g and i very quickly become negligible. For this reason, when 
the transients may be neglected, one needs find only the steady-state solutions 
q = 0.01 cos 200t + 0.005 sin 200t and L = cos 200t - 2 sin 200t. 


The frequency 200/2n cycles/sec of the steady-state solutions is equal to the frequency of 
the applied emf. (See also Problem 25.) 


For a circuit consisting of an inductance L, a resistance R, L 
a capacitance C, and an emf E(t) = Egsinwt, derive the 
formula for the steady-state current 


is ¢s a8 sin wt ~ 5 cos wt) = 2 sinwt - 86), 


: C R 
where X = Lw — — Ze JX" + R’, and 8 is determined 
) 
from sin§ = a and cos @ = a . 
Z Z 
2 E=Eo sin wt 
By differentiating L og + R ao ae Eg sinwt ‘ 
dt2 dt C 
and using 7 = aa » we obtain 
dt 
d*i di 4 2 
1) L—+R—-+ 5 = (LD°+RD+1/C)i = WE cos wt. 
dt? dt C 


The required steady-state solution is the particular integral of 1) 


ee eR a a cosuwt = ——*H2 cos wt 
LD? + RD + 1/C Rie eye 
Cw 
eth + XO) cos wt = fo (R sinwt — X cos wt) 
RD - Xw Ro +X 
Eo ge sinwt - A coswt) = Eo sin(wt - 0), 
L20L Z Z 


X is called the reactance of the circuit: when X = 0, the amplitude of i is greatest (the 
circuit is in resonance), Z, called the umpedance of the circuit, is also the ratio of the 
amplitudes of the emf and the current. 6 is called the phase angle. 


At times t = 1/2w, 3N/2W, «++++- the emf attains maximum amplitude, while at times given 
m/2+6 n/2+0 
by wt-0 = 1/2, 30/2, **+*+*, that is, when t = on , — seeees the current attains 


maximum amplitude. Thus the voltage leads the current by a time 6/w or the current and volt- 
age are out of phase by the phase angle 0. 


Note that 9 = 0 when X = 0, that is, 6 = 0 if there is resonance. 
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26. The circuit consisting of an inductance L, a condenser of 
capacitance C, and an emf E is known as an harmonic oscil- 
lator. Find q and 1 when E = Eycoswt and the initial con- 
ditions are q=qo, 1 =1l 9 when t =0. 


E=Ep cos wt 


Since R = 0, the differential equation is L C 
2 
E 
ga + 4 = cosut. 
dt? CL L 


There are two cases to be considered: 


Goes and (6b) w = 


1 
JL JL 


a) q = Acos—et+ Bsinie + 2 —+*  cosut 
VCL VCL LDS wCE 
= A cos a. + B Sines + Fol cos wt 
VCL VCL 1—~w CL 
and i o= ae | sin cathe hd Peds ans gs = ae sin wt. 
VCL VCL YCL 1-w CL 
Using the initial conditions: A = q, - os and B=YCL iy. Then 
1-w CL 
q = (Gq ~ 2S) cos eres + YCL ig sin = + FoC cos wt 
1-w°CL V¥CL VCL 1-w CL 
and t = t, cos whie - (Gq - 9S» sin Lt - foCe sin wt. 
VCL YCL 1-w CL VCL 1—~w CL 
a? 2 E 
b) Here Ba 6) q = — coswt, 
dt? L 
Then q = Acoswt + Bsinwt + Fo t sinwt 
2Lw 
i ; Eg 1, 
and t = w(-A sinwt + B cos wt) + 51 sinwt + t cos wt). 
Using the initial conditions: A = q, and B = i,/w. 
lo _. Eo f 
Then = coswWt + — sinwt + t sinwt 
: 46 w 2L w 
: : . Eo 1 . 
and Lt = ly cosSut ~ gow Sinwt + wo Sinwt + t cos Wt). 


Note that in (b) the frequency of the emf is the natural frequency of the oscillator, that 
is, the frequency when there is no emf. The circuit is in resonance since the reactance X = 


Lw - om = 0 when w = ies » The presence of the term = coswWt, whose amplitude increases 
2. 


2 VCL 
with t, indicates that eventually such a circuit will be destroyed. 


27. 


28. 


29. 


30. 


31. 


32. 
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wt 
wt 


SUPPLEMENTARY PROBLEMS 


Determine the curve for which the radius of curvature is proportional to the slope of the 
tangent, 


Jena 
Ans. y = + (Wk Hte4t,) + R ipo ee ay + Cy 


x+Cy 


A 6 inch pendulum is released with a velocity of 1/2 rad/sec, toward the vertical, from a po- 
sition 1/5 rad from the vertical. Find the equation of motion, 


Ans, § = 2 cos Bt - ES sin 8t 
5 16 


A particle of mass m is repelled from O with a force equal to k>O times the distance from 
O. If the particle starts from rest at a distance a from O, find its position t sec later. 
Vk/n t 7 gents, 


Ans, x = sa(e 


If, in Problem 29, k=m and a=12 ft, determine a) the distance from O and the velocity when 
t=2 sec, 6) when it will be 18 ft from O and its velocity then. 


Ans. a) x = 45.1 ft, v = 43.5 ft/sec; b) t = 0.96 sec, v = 13.4 ft/sec 


A chain hangs over a smooth peg, 8 ft on one side and 10 ft on the other. If the force of 
friction is equal to the weight of 1 ft of chain, find the time required for it to slide off. 


Ans, = 1n(17 + 12V2) sec 
v8 


When the inner of two concentric spheres of radii r, and r.,, ry < re, carries an electric 
charge, the differential equation for the potential V at any point between the two spheres 
at a distance r from their common center is 


Solve for V given V=V, when r=r, and V=Vp when r=rgo. 


~ Vere(r-r1) ~ Vara (r-Tre) 


r(reg-1T,4) 


Ans. V 


A spring is such that it would be stretched 3 in. by a 9 lb weight. A 24 1b weight is. attached 
and brought to rest. Find the equation of the motion if the weight is then 

a) pulled down 4 in, and released, 

b) pulled down 2 in. and given an upward velocity of 2 ft/sec. 

c) pulled down 3 in. and given a downward velocity of 4 ft/sec. 

d) pushed up 3 in, and released, 

e) pushed up 4 in. and given an upward velocity of 5 ft/sec. 


WW 


Wher 


V3 V3 
Ans, a) x cos 4V3 t, b) x = 200s 4v3t — "2 sin 4V3 t, c) x = Z60s 4v3t+ sin aSt, 


d) x = 7 cos 4v3t, e) x = - 3008 4v3t - 578 in 4v3t 


1 
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34. 


30: 


36. 


37. 


38. 


39. 


40. 
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A spring is such that it would be stretched 3 in. by a 30 lb weight. A 64 lb weight is at- 
tached and brought to rest. The resistance of the medium is numerically equal to 8 dx/dt 1b, 
Find the equation of the motion of the weight if 

a) it is started downward with velocity 10 ft/sec. 

b) it is pulled down 6 in. and given an upward velocity of 10 ft/sec. 


Ans. a) x = ae ret aie ova t, b) x = er 5008 ov14t — ae sin 2V14t ) 


A spring is such that it would be stretched 6 in. by a 3 lb weight. A 3 1b weight is attached 
and brought to rest. The weight is then pulled down 3 in. and released. Determine the equa- 
tion of motion if 

; 3). : t 3... 4. 
a) an impressed force 5 Sin 6t acts on the spring. Ans, x = Z cos 8t -— 7 sin 8t + 7 Sin 6t 


F(1~4t)cos Bt + zsin 8t 


iT 


: a: P 
6) an impressed force 3 sin 8t acts on the spring. Ans. x 


A beam of length | ft is fixed at one end and otherwise unsupported. Find the equation of 
the elastic curve and the maximum deflection if there is a uniform load of w lb/ft of length 
and a load W lb at the free end. 


_ ow 3 2 2 4 Wo3 2 
Ans. y = —~(4lx°-61°x" -x°) + Py -3lx"), ~Y max 


= a! uly gw’) 
24ET 24ET 
A beam of length 21 ft is freely supported at both ends and carries a uniform load of w lb/ft 
of length. Taking the origin at the midpoint (low point) of the beam, find the equation of 
the elastic curve and the maximum deflection, Compare with Problem 15, 


Hint: kly” = wl(l-x) - $w(l-x)° = $w(l?—x*) and y = y’=0 when x = 0. 


d. Sul” 


Ans, aera re xy ; Speed 
y 7! ) Y max 24EI 


24F 


A beam of length 31 ft is freely supported at both ends. There is a uniform load of w 1b/ft 
of length and loads of W lb at a distance 1 ft from each end. Taking the origin as in Prob- 
lem 37, find the maximum deflection. 

w 91? 31 l gl? 


pale yy 1 2 31. _w 2 l 
eae ir eee i ae Ge ae g<*<z? and MSS x) + Wl, O<x<5- 


Ans. Yanax 


= | (go5wi* + 368?) 

384K] 
A circuit consists of an inductance of 0.05 henry, a resistance of 5 ohms, and a condenser 
of capacitance 4(10)7* farad. If q=t=0 when t=0, find gq andi in terms of t when a) there 
is a constant emf = 110 volts, b) there is an alternating emf = 200 cos100t. Find the steady 
state solutions, in 6). 


= il es v : v -fot . . — 
Ans, a)qz=z=e i —— cos 50 Y19t - alia Sin 50V19t) + ae lL = zs e as sin 50U19t 
250 4750 250 19 
b) g = eye 16 cos 50v19t - 12V19 5 5OvY19t) + pay cos 100t + sin 100t), 
170 1615 170 
__ -50t, 40 1640V19 _. 40 
Lae (- —cos 50V19t + ~~——- sin 50V19t) + — (cos 100t -— 4 sin 100t) 
17 323 17 
Solve Problem 39 after replacing the 5 ohm resistance with a 50 ohm resistance. 
-53t -947t : -53t -9u7t 
Ans. a) q = - 0.047 + 0.0026 "7" + 0.044, i= 2.46(e > ~e°”) 
-53t ~94Tt : 
b) q=- 0.0187 + 0.005e7"* + 0.034 sin 100f + 0.014 cos 1oot, 
: =53t -9u7t 


" 


u 0. 98e — 4.43¢e + 3.45 cos 100t - 1.38 sin 100¢ 


CHAPTER 21 


Systems of Simultaneous Linear Equations 


IN PREVIOUS CHAPTERS, differential equations involving only two variables have been 
treated. In the next several chapters, equations involving more than two va- 
riables will be considered. If but one of the variables is independent, the 
equations are ordinary differential equations; if more of the variables are 
independent, the equations are called partial differential equations. In this 
chapter we shall be concerned with systems of ordinary linear differential 
equations with constant coefficients such as 


2 ge + 2 - 4% -y= et 
gir Ge 2(D~2)x + (D-by = e? 
A) or A!) a 
dx _ (D+3)x + y = 0, where D = — 
— + 3x + y = 0 dt 
dt 
and 
dx dy . 
a ee 
Dx + (D+1)y = 1 
dx = az 
B —- + & =1 : D - (D- = 1 
) Boa heeds or B') < (D+2)x - (D-1)z 
(D+1)y + (D+2)z = 0 
dy dz 
— — 2 = 
ae ta ce owe 


in which the number of simultaneous equations is equal to the number of depen- 
dent variables. 


THE BASIC PROCEDURE for solving a system of n ordinary differential equations in 
n dependent variables consists in obtaining, by differentiating the given equa- 
tions, a set from which all but one of the dependent variables, say x, can be 
eliminated. The equation resulting from the elimination is then solved for 
this variable x. Each of the dependent variables is obtained in a Similar 
manner. 


EXAMPLE. Consider system 4): 1) 25 + 2 -4x-~-y= et, 2) + 3x + y=0. 


Solution 1. 


First, we note that the general solution x = x(t), y = y(t) of this system will alsa 
satisfy ‘ 
dx + 3 dx + dy 


3) — 
dt? dt dt 


obtained by differentiating 2). Moreover, multiplying 1) by -1, 2) by ~1, 3) by 1, and add- 
ing, we obtain 

2 
dx t 


4) 
dt? 


which is also satisfied by x = x(t), y = y(t). This latter differential equation, being 
free of y and its derivatives, may be solved readily; thus, 
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1 t t 


x = C€, cost + Cy sin t - - e’ = Cy cos t + Cg sint - $e’. 
D +1 


To find y in a similar manner, we differentiate 1) to obtain 


2 2 
Ce en OO 2 BF 


i ; dx 
a ate ade? dt dt 


and between this and equations 1),2),3) eliminate x and its derivatives, However, it is 
simpler here to proceed as follows. From 2), we have 


y = -F- x = -(-C, sint + Cp cost - $e") - 3(Cy cost + Cy sint - $e°) 


= (Cy, - 3C,)sint ~ (3C, + Cg)cost + da". 


Thus, x = C, cost + Cy sint - eer y = (Cy, — 3C,)sint - (3C,+C2)cos t + ae! is the 
general solution. 


When the equations are written in the D notation, there is a striking similarity between 
the procedures used here and the method of solving a system of n equations in n unknowns, 
This is due to the fact, noted in previous chapters, that the operator PD may at times be 
treated as a variable (letter). 


Solution 2, Consider the system A'): 1) 2(D-2)x + (D-l)y = a 


2) (D+3)x + y = 0. 


Proceeding as in the case of two equations in two unknowns x and y, we multiply 2) by 


D-1. Actually, we operate on 2) with D-1 = en ~ 1), to get 


(D-1)(D+3)x + (D-l)y = 0 


and subtract 1) from it to obtain 
; ‘ 
[(D -1)(D+3) - 2(D-2)]x = -e? or (D+1)x = -e’, 
Now this is 4) above as might have been anticipated, since operating on 2) with D-1 is 
equivalent to differentiating 2) and adding -1 times 2) as in the previous solution, The 
general solution is obtained as in Solution 1. 


Solution 3, We may also effect a solution using determinants. From system Al) we obtain 


APB) Dt e Del HDs) Dad 2D=~2) 2° 
x ts and y= 
D+3 1 0 1 D+3 1 D+3 0 
or (D? +1)x = ape and (D’ +1l)y = he, 


The first of these equations is 4) above, and the second would have been obtained by the 
procedure rejected in Solution 1. We shall now show why it was rejected. When the two equa- 
tions are solved, we have 


t 


6) x = Cy cost + Cy sint —- ze and 7) y = Cg cost + Cy, sint £ Oe", 


We know from Solution 1 that 6) and 7) contain extraneous solutions, To eliminate them (that 
is, to reduce the number of arbitrary constants), we substitute in 2) and see that 


(Cz + 3C,+Cg)cos t + (3C,-C,+C,)sint = 0 
for every value of t. Thus, 
Cy = -(3C,+Cg) and Cy = Cy - 3Cy, 


When these values are substituted in 6) and 7), we obtain the general solution found above. 
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THE NUMBER OF INDEPENDENT ARBITRARY CONSTANTS appearing in the general solution of 
the system 
f,(D)x + 6, (D)y 


f,(D)x + 8,(D)y 


hy (t) 
he (t) 


WV 


i 


f,(D) 8, (D) 
is equal to the degree in D of the determinant A = 


f(D) 82 (D) 


provided A does not vanish identically. If A = 0, the system is dependent; 
such systems will not be considered here. 


2(D — 2) D-1 


For the system A'), A = = ~(D? +1). 


D+3 1 


The degree (2) in D agrees with the number of arbitrary constants appearing 
in the general solution. 


The theorem may be extended readily to the case of n equations in n depen- 
dent variables. 


SOLVED PROBLEMS 


1. Solve the system: 1) (D-1)x + Dy = 2t+1 
2) (2D+1)x + 2Dy = t. 


Subtracting twice 1) from 2), we have 3x = ~3t-2. Substituting x= -t-2/3 in 1), we 


obtain Dy = 2t + 1- (D-~1)x = tee and y= gta ste cs, 
The complete salution is x=-t- = y= st + at + Cy. 
D-1 D 
Note that is of degree 1 in D and there is but one arbitrary constant. 
2D+1 2D 
2, Solve the system: 1) (D+2)x + 3y = 0 


y Se Dae Dy = Ber" 


2 2t 
Operating on 1) with D+2, multiplying 2) by ~3, and adding: (D +4D-—5)x = ~6e . 
‘ss t -5t t 
Then «x = Ce" + Cye OP see From 1), == 3(D + 2)x = ~Cye + Coe aes ve . 
8, Solve the system: 1) (D-3)x + 2(D+2)y = 2 sint 


2) 2D+1)x + (D-l)y = cost. 


Operating on 1) with D-1 and on 2) with 2(D+2), we have 


3) (D~1)(D-3)x + 2(D-1)(D+ 2)y (D-1)[2 sint] = 2cost - 2 sint 
4) 4(D+2)(D+1)x + 2(D+2)(D~-1l)y = 2(D+2)cost = 4cost- 2sint. 


Subtracting 3) from 4) and noting that (D-1)(D+2) = (D+2)(D-1), since the operators 
have constant coefficients, 
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2 
[4(D7+3D+2) - (D’-4D+3)Jx = (3D°+16D+5)x = 2cost 
% ie = - 1 
and x = Cye aeons OF B= cos t = Cye OS ils 3, | cost 
3D°+16D+5 8D+1 
- Oras ds Gen gree sg (8 sin t + cos t)/65. 
From 2), (D-l)y = cost + 2(D+1)x 
= cost + BG.er?" - aC,67? ~ (18 cost + 14 sin t)/65 
2 ace” - Racer) + (47 cost ~— 14 sin t)/65. 
2 es ~ut/ t= int 
Then ye ts feacye line Ge bee ieee See 4 "dt 
3 65 
4. ~6t , = 4t/ 6l sin t - 33 cost =f 
= - 3 Gre + Cge eee ae + Cg 
2 wt i = t 
and yore : Cre Be + Cee 1 + Si ee aes cael + Ge, 


Since the degree of A is 2, the general solution has but two arbitrary constants. Hence, 
when these expressions are substituted for x and y in 1) it is found that Cg = 0. Then 


: 7 ; i . 7 . 7 
ware 6t hoe t/3 5 8 sin s cos t eee : Gié ot se t/3 i 61 sin _* cos t 


is the general solution, 


2t 
e 


4, Solve the system: 1) (D?~2)x - 3y 
2) (D? + 2)y +x = 0. 


Find the particular solution satisfying the conditions x=y-=1, Dx=Dy=0 when t=0. 


at 
Operating on 1) with pb? to obtain D'x -2D°x ~3D"y = 4e and making the replacements Dx 


t 
= aye ay aces” from 1) and py = -x —2y from 2), we have (D’ ~1)x = Ge ‘ 
Then x = Cees + Ga +Cgcost + Cysint + : a" and, using 1), 
- 1 2 
y= 2 Say gel ee Tere + Coe ee (Cg cost + Cg sint) - —e iz 
3 3 15 
Note that x could also be obtained by the use of determinants, Thus, 
p’-2 -3 go 3 ‘ He 
x = j or (D -1)x = 6e', etc, 
1 Do +2 0 D’ +2 
2 4 
When t = Q, ee a te ka and Dee SS Gg > Gp iee iy 
eae ey abs ee she wy) 6 emer =: 30 
3 4 AD 3 15 3 1 2 4 15 . 


Then C, = 3/4, Cp = 7/4, Cy = -19/10, Cy, = 1/5, and the required particular solution is 


i 


= 1 
Le ae) = Ai eee ee Sei ee 
4 i0 5 


R 
i 


1 t ~t 1 1 2t 
= = —(8e + Te + —(19 cos t ~ 2 sint)-—e . 
y 12 ; io‘ A 15 
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5. Solve the system: 1) 


Operating on 1) with D°+D+1 and on 2) 


2y = t? 4 ot — 3e° 


Operating on 1) with D°-D+ 1 and on 2) 


2 t 
t - 2t+e 


x = 
D+1 D-1 
Note that : = 2 
D’+D+1 D -D+1 
constants in the solution. 
6. Solve the system: 1) D°x - my = 0, 


(D+1)x + D=Dy = e*, 


is of degree 
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2) (D? +D+1)x + (D?-D+1)y = i, 


with D+1, and subtracting, we have 
1 2 3. 


and = ot +t-+-= 5 
ae) 2 ° 
with D-1, and subtracting, we have 
and tS ae er 
2 2 


0 in D; hence, there are no arbitrary 


2) D’y + mx = 0, 


Operating on 1) with p? and substituting Dy = —m’x from 2), we obtain 


D's - m? (~m?x) = 


and x = Pas 


Substituting for x in 1) and solving, 


4% 1 pn, 2 entW2 
m2 


ve Solve the system: 


4 y 
Dx+mx = 


(Cy cos mt/V2 + Cy sin mt//2) + e 


(Cy cos mt/V2 - Cy sin mt/V2) + e 


1) (D'+4)x - 3Dy = 0 


(D+ myx = 0. Then D=+ ae + 1) 


% 


eRe a. cos mt//2 + C4 sin mt//2). 


Se (Cg Sin mt//2 — C, cos mt/V/2). 


2) 3Dx + (D°+4)y = 0. 


Operating on 1) with D*+ 4 and on 2) with 3D, and adding, we have 


((p? +4)? + 9D7)x = (D? + 16)(D? + 1)x = 0 


and 


x = C, cos4t + Ce sin4t + Cg cost + C4 sint, 


Operating on 1) with -3D and on 2) with fire 4, and adding, we have 


(D’ + 16)(D'+1)y = 0 and 


To eliminate the extraneous solutions, substitute for x and y in 1). 


y = K, cos4t + Kgsin4t + Kg cost + K, sint. 


We have 


-12C, cos4t - 12C, sin4t + 3C, cost + 3C, sint + 12K, sin4t — 12K, cos4t + 3K, sint 


for all values of t; thus, Ky, = Cop, 


The complete solution is: x = 
y = 


8. Solve the system: 1) 


2) 
3) 


Subtracting 3) from 1), we have 


Operating on 2) with D and on 4) with D+2, and subtracting, we have 


1 -4t/5 


z=-=+ Cye ‘ 
5 1 


Kg =-(C,, 


4) Dx -(D+2)z = 1 


Substituting for z in 3), 


- 3K, cost = 0 


Kg = - Cu, Ka = 


C, cos 4t + Cy sin 4t + Cg cos t + Cy sin t, 


Cz cos 4t —C, sin 4t -C, cos t + Cg sin t. 


Dx + (D+1)yy = 1 
(D+2)x - (D-1)z 
(D+1)y + (D+ 2)z 


i 
Oo 


which is free of y. 


(5D+4)z= -2; then 


40/5 | 


(D+ 1)y = -(D+2)z = 1- 2 Cre ; then 
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ee - 4 -t 
ye hae 2 SG ede & ete aati 4 Op = Latte et Ce 
o 
-ut/ _ 
Substituting for y in 1), Dx = 1-(D+l)y = e Cae mes then x = - ; Cye wuts + Cos 
dD D+1 0 
Since |D+2 0 -(D~1) = -(5D° + 9D +4) is of degree 2 in D, there are but two ar- 


0 D+1 D+2 


bitrary constants in the general solution. Substituting for x and z in 2), we obtain 


- - - 4, 

G Cye abe — 3Cy,e ue) + 2C5) - (- : Cye us + 57 Cie 44/5 = 1 and, hence, C, = 7. Thus, 

Pa - 1 -4t 
Pe ae 2 Ge ete. ice tee 
4 2 2 
is the general solution, 

9. Solve the system: 1) (D+1)°x + 2Dy + 3Dz = 1 
2) Dx + z =0 
3) x ~ Dy - Dz = 0. 


Find the particular solution for which x =z=1, y=0 when ¢ =0, 


First, operate on 2) with D to obtain 4) Dx + Dz = 0, 
Next, ddd twice 3) to 1) and subtract 4) to get (2D+3)x = 1; then 


/ 3/2 
ent? = af ue dt = a + Cy and x= : + Cye me . 


2 
From 2), z = -Dx = 5 Cy? 
a -3t 13 - 
From 3), Dy = x ~Dz = zt Ge anus + Lia aD. zie ape then 
1 eS 
Jy °F ae - a G6 Bee + Ce. 


Since dD 0 1 = 2p? + 3D is of degree 2in), there are 2 arbitrary constants 
1 -~D -D . 
ot 13 ~3t, 3 ~3t/2 
and the general solution is x = 5¢ Cye aye ye 5 - te ee Co, 25 Bure 3t/ . 


When t =0: xe 5+Gy=l and C. = 53 y= (- B® + Ce = 0 and Ce =—-» 


Thus, the required particular solution is 


31/2 
=e . 


ee eee 


2 ~3t/2 1 13 -3t/2 13 
~e€ : ‘yi e€ + es 
3 3 9 9 


1 
x=>t 
3 
Note that a particular solution satisfying a given set of initial conditions cannot always 
be found. For example, there is no solution satisfying the conditions x=1, y =z =0 when t =0 
since x=1, y=0 contradicts x=1/3 + 22/3. Similarly, y=0, z=1, dx/dt =1 when t =0 con- 
tradicts dx/dt =-z. 


Solve the following simultaneous equations. 


10. De - (D+1)y 


ll. 


12. 


13. 


14. 


15. 


16. 


17. 
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it 


=e 
2t 


x + (D-l)y =e 


(D + 2)x 
5x 


(D +1)x 


- 2x 


(D~1)x 
(D +2)x 


+ 


+ 


(D+1)y 
(D+3)y 


+ (2D+7y¥ 


+ 


+ 


+ 


(D? + 16)x 
6Dx + (D* 


- 6Dy 
+ 16)y 


(D + 3)y 


(D+3)y = 


(D +1)y 


It 


SUPPLEMENTARY PROBLEMS 


(D* + 4)x +ye sin? z 


(D? +1)y — 2x = cos” z 


(D?4D+1)x + (D’ + l)by =e 
(D? + D)x + D’y =e 


(D~1)x + (D+2)y 


(D+2)y + (D+1)z 


(D-1)x + (D+1)z 


t 


W 


Ss ace + 2 e?’ 


(Cy-C,)cos t + (Cx4+Cy)sint + 3e7" /5 
Cycos t + Cesin t + B27" Js + ef /2 
3C,+ Cy 


‘ 2 
Sint — cost ~ t + t +38 


C,~ 3C, 
? 2 
Cycos t + Cesint + 2t ~ 3t - 4 


t 
5 Cie ** [eos(t + Cy) — sin(t+C,)] - * gis 


-4yt 2e 
C sin(t+C,) + =~ + 
16 UE a) Pee ot 


3C,e7 7/5 Bee ge” nme Se 
17 2 7 49 


Cycos 2t —Cegsin 2t + Cyacos 8t + C4sin Bt 


Cocos 2t + Cysin 2t + C,cos 8t - Casin 8t 


C,cos (V2z + Cz) + Cycos ( VBz + Cy) + 4 cos 2z 


= ~2C,cos(V2z + C,) ~ Cacos(¥3z + C4) + 3-4 cos 2z 


t 


-t 
-e - 2e 


- Cy 


6 tos 5 Cy 


t 

~ 1+ te’ /2 + Cge 
~2t 
e'/6 + Cye $ 


Dit e*/4 + Cae" 


CHAPTER 22 


Total Differential Equations 


THE DIFFERENTIAL EQUATIONS 


A) (3x? y? — e*z)dx + (2x? y + sin z)dy + (y cosz — e“)dz = 0, 
B) (3xz + 2y)dx + x dy + x? dz = 0, 
C) ydx + dy + dz = 0, 
being of the general form 
P(x,y,z,°++,t)dx + Q(x,y,z,°°+,t)dy + seers + S(x,y,z,°+°, t)dt = 0, 
are called total differential equations. 
It may be verified readily that A) is the exact differential of 
f(x,y,z) = xy? —~e“z + ysinz =C, 
C being an arbitrary constant. Such an equation is called exact. 
Equation B) is not exact, but the use of x as an integrating factor yields 
(3x?z + Qxy)dx + x? dy +x? dz = 0 


3 


which is the exact differential of x zt+x’y a OF Equations A) and B) are 


called integrable. 
Equation C) is not integrable; that is, no primitive 
1) f(x,y,z) = C 


can be found for it. It will be shown later (Problem 32) that for sucii equa- 
tions a solution 1) can be obtained consistent with any prescribed relation 
&(x,y,z) = 0 of the variables. 


THE CONDITION OF INTEGRABILITY of the total differential equation 


2) P(x,y,z)dx + O(x,y,z)dy + R(x,y,z)dz = 0 

is 

3) pie - ae + ors - oF) + R(oe ~ 22) = 0, identically. See Problem 1. 
Oz Oy Ox OZ oy ox 


EXAMPLE 1. For equation B), 


P=3xz+2y, —=2, — =3x; =x, —=l1, 20 9; R=x’, OR 2 ; Ok 26. and 
oy Oz Ox Oz Ox - Oy 


3) becomes (3xz +2y) (0 —0) + x(2x —3x) +x2(2-1) = 0-x’+x?=0. The equation 
is integrable. 


EXAMPLE 2. For equation C), 


oF iy, Po; oni, 2 = 2-0; rar, =2% = 0, and 3) becomes 


Peg 
ss oy Oz Ox Oz 


y(O-0) +1(0-0) +1(1-0) #0. The equation is not integrable. 
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THE CONDITIONS FOR EXACTNESS of 2) are 


4) 


EXAMPLE 3. For equation 4A), 


PS 3x°y? _ ez, oF = 6x’y, oF = -e*; 
oy oz 

Q= 2x’ y +sin Zz, 2 = 6x’y, 3Q = COS z; 
Ox oz 

R= ycosz~e’, oes anes ORs couse 
Ox oy 


and the conditions 4) are satisfied. The equation is exact. 


EXAMPLE 4. From Example 1 it is readily seen that 4) is not satisfied; 


hence, equation B) is not exact. 


TO SOLVE AN INTEGRABLE TOTAL DIFFERENTIAL EQUATION in three variables: 


a) 


b) 


Cc 


~~ 


d) 


If 2) is exact, the solution is evident after, at most, a regrouping of 
terms, See Problem 3. 


If 2) is not exact, it may be possible to find an integrating factor. See 
Problems 4-6. 


If 2) is homogeneous, one variable, say z, can be separated from the others 
by the transformation -x =uz, y=vz. See Problems 7-10. 


If no integrating factor can be found, consider one of the variables, say 
z, aS a constant. Integrate the resulting equation, denoting the arbitrary 
constant of integration by ¢(z). Take the total differential of the inte- 
gral just obtained and compare the coefficients of its differentials with 
those of the given differential equation, thus determining ¢(z). This pro- 
cedure is illustrated in Problem 13. See also Problems 14-16. 


PAIRS OF TOTAL DIFFERENTIAL EQUATIONS IN THREE VARIABLES. The solution of the si- 
multaneous total differential equations 


5) 
6) 


P, dx + Q,dy + R,dz 
P,dx + Q,dy + Ragdz = 


oOo O° 


consists of a pair of relations 


7) 
8) 


To 
e) 


f) 


8) 


f(x,y, Zz) = C, 
8(x,y,z) 


i 
Q 
8 


solve a given pair of equations: 


If 5) and 6) are both integrable, each may be solved by one or more of the 
procedures a)-d). Then, 7), say, is the complete solution (primitive) of 
5), and 8) is the complete solution of 6). See Problem 18. 


If 5) is integrable but 6) is not, then 7), say, is the complete solution 
of 5). To obtain 8), we use 5),6),7) to eliminate one variable and its dif- 
ferential, and integrate the resulting equation. See Problem 19. 


If neither equation is integrable, we may use the method of Chapter 21, 
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treating two of the variables, say x and y, as functions of the third vari- 
able z. 


At times it may be simpler to proceed as follows: Eliminate in turn dy and 
dz (or any other pair) between 5) and 6) to obtain 


P, QO, 01 R, R, P, 1 R, 
dx ~— dz = 0, = dy = 0 
P, Qs Qz2 R, R, P, Oz Ry 
and express them in the symmetric form 
dx _ dy _ dz 
"0 xX  ¥ Zz 
QO, Ry R, Py Py Q: 
where X=A : Y= : Z=2X ; X40. 
Oz R, Ry P, P, Qs 


(Note that this is the procedure for obtaining the symmetric form of the 
equations of a straight line when the two-plane form is given. ) 


Of the three equations 
9!) Y dx = Xay, Xdz = Zdx, Zdy = Ydz 


given by 9), any one may be obtained from the other two. Hence, in obtaining 
9), we merely replace the original pair of differential equations by an equiv- 
alent pair, that is, any two of 9'), 


If two of 9!) are integrable, we proceed as in e). See Problem 20. 

If but one of 9') is integrable, we proceed as in f). See Problem 21. 

If no one of 9') is integrable, we increase the number of possible equa- 
tions. By a well known principle, 


dx _ dy _ dz _ I,dx + mady + n,dz _ l,dx + mgdy + ngdz 


xX Y Z 1,X + mY + 1,Z 1,X + mY + ngZ 


where the J,m,n are arbitrary functions of the variables such that 
1X + mY + nZ #40. 


By a proper choice of the multipliers, it may be possible to obtain an inte- 
grable equation, say 


dy _ ldx+mdy+ndz ae adx+bdy+cdz _ pdx + qdy +rdz_ 
Y 1X + mY + nZ aX + bY + cZ PX + q¥Y + rZ 


If so, we proceed as in f). See Problem 22. 


In actual practice, it may be simpler at times to find by means of multi- 
pliers a second integrable equation, rather than to proceed as in f). See 
Problems 23-24. 


If iX+mY+nZ-=0, then also ldx+tmdy+ndz =0. 
If now Idx+mdy+ndz=0 is integrable, we integrate and have one of 
the required relations. See Problems 25-29. 
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SOLVED PROBLEMS 


1. Obtain the condition of integrability of Pdx+ Qdy+Rdz = 0. 


Suppose that the given equation is obtained by differentiating 


# 1) f%y.z) = € 
and, perhaps, removing a common factor p(x,y,z). Since from 1) “ dx + a ay + - dz = 0, 
, Sap. Fels go ak a 
it follows that wil bP, ay = nQ, an — LR. 
Now assuming the existence and continuity conditions, 
2 
ar ap Qu 30 qu oF 
A = — P= = — + — = 
Ua ee ae a ee 
2 2 
py. ath 2 2 age a 4 pee ed 
dz dy az Oz Oy Oy Oy Oz 
2 2 
of OR Ou oP wu. of 
= pal R-— = ial Poe a 22s 
2 Ox Oz He Ox ‘ Ox B Oz : Oz Oz Ox 


Upon multiplying these relations by R,P,Q, respectively and adding, 


oP 3Q OR 3Q oR OP 
Bee Pee By yeh Sa PS eS 5 
ee oy . Oz ve amy cs Ox oy Q Oz 
and the condition Tes - -) + es - 2) + ae - 2°, = 0 follows. 


v 2, If (x,y,z) = 1 in Problem 1, the differential equation is exact. Show that this implies 
OP | 0Q 3Q _ oR OR _ OP 


dy ox oz dy Ox dz 


These relations follow from A),B),C) in Prob,1. For example, if w= 1, A) yields — = 2, 
x 
43, Solve (x -y)dx —- x dy + zdz = 0. 
: oP 3Q Q OR oR oP eee 
Since =~ = -l ==») — =O =>», — =0f=>, th at t. 
ce s 5, > 5. x e equation is exac 
Upon regrouping thus xdx-(xdy+ydx)+2zdz=0 and integrating, we have 
bx” ~ xy +427 = K or x? ey + 2? =, 
4. Solve y* dx — zdy + ydz = 0. 
oP oP 3Q 3Q OR OR 
Here Pay, = 2%, == 07 s-z, 0, Se-lh Rey FO, St 
we ee ne ae See 3 aS By 
then eae a + ore = 2 + AS = oe = y?(-1-1) -2(0 -0) +y(2y —0) =0 and the equa- 
oz Oy Ox dz Oy ox 


y dz ~ z dy 
y 


tion is integrable. The integrating factor V/y” reduces the equation to ux+ = 0 whose 


solution is x +z/y=C 


d 
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Solve (2x y + 1) dx +x" dy + x’ tanz dz = 0. 


The condition of integrability is satisfied since 
(ax3y +1)(0 -0) + x*(Qx tanz -0) + x? tanz(2x°-4x°) = 0. 


The integrating factor 1/x? reduces the equation to 


1 
(Qxy + Sax + x’ dy + tanz dz = 0 or (Qxy dx + x’ dy) + = + tanz dz = 0 
x x 


: : 2 1 
whose solution is x y — — + Insecz =C, 
x 


Solve (2x? ~2)2z dx + Ox? yz dy + x(z+x)dz = 0. 


The normal procedure here would be to show that the equation is integrable and then to seek 
an integrating factor. By examining the preceding problems it will be found that, upon using 
the integrating factor, one variable appears only in an exact differential, for example, the 
variable z in tanzdz in Problem 5. 


When the equation of this problem is divided by xz, the variable y appears only in the term 
2y dy which is an exact diffetential. Thus, we shall use 1/x*z as a possible integrating fac- 
xdz-zadx 


2 


tor. The result is 2xdx + 2ydy+ <a + 
x 


Sea, 2 2 
= 0 whose solutionis x" + y? + Inz+ ==, 
x 


Of course, the separation of the variable here does not indicate that the equation is inte- 
grable; for example, xdx+zdy+dz=0 is not integrable although x appears only in an exact 
differential. 


Show that if Pdx+Qdy+Rdz-=0 is homogeneous (i.e., if P, Q, R are homogeneous and of the 
same degree) then the substitution x =uz, y=vz will separate the variable z from the vari- 
ables u and v. 


Let the coefficients P, Q,R be of degree n in the variables. 
Substituting x =uz, y=vz, the given equation becomes 


P(uz,vz,z)(udz+zdu] + Q(uz,vz,z)[vdz+ zdv] + R(uz,vz,z)dz = 0. 
Dividing out the common factor 2” and rearranging, we have 
z(P(u,v,1)du + Q(u,v,1dv] + [wP(u,v,1) + vQ(u,v,1) + R(u,v,1)]dz = 0 
or z(P,du + Qdv) + (uP, + vQ, + Ry)dz = 0, where P, = P(u,v,1), etc. 


Py Q4 1 : : 
a dy ds +t id = 00 in which 
uP, + vQ, + Ry uPy + vQ. + Ry 2 


the variable z occurs only in the last term. 


This may be written as A) 


1 j P 
Now the condition of integrability for A), rece es - x a 8 0; 


z Ou uP, + v0, + Ry Ov uPy + vQ, + Ry 


is satisfied provided the original equation is integrable and, when this occurs, the sum of the 
first two terms of A) is an exact differential. Moreover, since the third termis an exact dif- 
ferential, A) is an exact differential equation provided only that Pdx + Qdy + Rdz = 0 is 
integrable, 


Solve the homogeneous equation 2(y+z)dx — (x +z)dy + (2y-x+z)dz = 0. 


The equation is integrable since Qty +z) (~1-2) ~ (x +2z)(-1-2) + (2y-x+2)(2+1) = 0. 
The transformation x =uz, y=vz reduces the given equation to 


Qz(v +1)(udz+zdu) - z(ut+ 1) (vdz+zdv) + z(2Qv-ur+ijdz = 0. 


ah 9, 


10. 


11. 
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Dividing by z and rearranging, we have 2z(u +1)du ~ z(u+1)dv + (uv+utudt 1)dz = 


2 du du dz 
$5 


dividing by z(uvtu+u+1) = z(u+i)(v +1), - = 0. 
ut+l ve) z 

Then 2 In(u+i) - In(v+1) + Inz = Ink, z(u+1)° = k+l), 
(x+2)* = K(y +z) or ytz=C(xtz). 


Solve the homogeneous equation yzdx ~ 2? dy - xydz = 0. 


The equation is integrable since yz(-2z +x) - 2° (-y-y¥) - xy(z-0) = 
The transformation x =uz, y=vz reduces it to 


vz? (u dz+zdu) — 2° (v dz+zdv) ~ uvz? dz = 0. 


Dividing by z* and rearranging, vz du~zdvu-vdz=0 or du-—-+-— = 


Then u- inv ~1nz = Ink, vz = Ce” or y=Ce"” 


Solve (2y ~z)dx + 2(x ~z)dy - (x + 2y)dz = 0. 
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0 or, 


The equation is homogeneous and, by inspection, is seen to be exact since it may be writ- 


BenSaS 2(y dx+xdy) - (z dx+xdz) - 2(z dy+ ydz) = 0. 


The solution is xy — xz ~ 2yz = C, 


Show that xP + yQ+2zR=C is the sotution of Pdx + Qdy + Rdz = when the equation 


is exact and homogeneous of degree n #-1, 


First, we check the theorem using the equation of Problem 10. Here 
xP + yQ+2zR = x(2y-z) + 2y(x—z) - 2(x+ 2y) = Q(Qxy-xz— 2yz) 
and we obtain the solution above, 


From xP + y¥Q+zR=C, we obtain by differentiation 


Py 20, a. 30. _ OR P30... mR 
A) (P —+ dx + +x —+ty + z~)dy + (R+x t+ y $+ 2 —)dz = 0, 
ans Re a = ie eee ae oe Pair rs on ae 


Since the given equation is exact, — f=» — =» — = —. 


Making these replacements, A) becomes 


2. OP. 20,20. N36 oR. OR 
By) (P+tx = — —)dx — —S+ z =S)dy + (R + +y—+ 
ORS ayo Pigg Oe thee el ae oe aa ee rca 


Since the given equation is homogeneous, x— + y— + z— = nP, ete., 
to Euler’s Formula on homogeneous functions, 


Making these replacements, B) becomes 
(n+1)Pdx + (n+1)Qdy + (n+1)Raz = 0 
or, since n # ~1, Pdx + Qdy + Rdz = 0. 


ae 


according 
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12. Solve (y? 4g 4 Qxy + Wnz)dx + (x? $274 aQxy + 2yz)dy + (x? + y? + 2xz + 2yz)dz = 0. 


The equation is homogeneous of degree 2 and is also exact since 


OP _ 3 | _ oR OR OP. 
oy Ox Oz oy Ox Oz 


The solution is u(y? +27 + Oxy + Qxz) + y(x? + ze 4 any + Qyz) + z(x2 +y" + Quz+2yz) = K 
or x(y’ +27) + y(x? +27) + z(x74+y*) =C, 
13. Solve the differential equation Pdx+ Qdy+Rdz-=0 given only that the condition of in- 
tegrability is satisfied. 


Consider one of the variables, say z, as a constant for the moment and let the solution of 
the resulting equation 


1) Pdx + Qdy = 0 
be 
2) uU(x,y¥,Z) = Plz). 
Differentiating 2) with respect to all the variables, 
ou Ou ou 
3) — dx + —dy + —dz = $'(z) dz = dd. 
3x Bi Be 2 
Ou ou F . : 
Now — = uP and 5 = Q, where uw = u(x,y,z) is an integrating factor of 1). Substi- 
x y 
Fee 8 Ou 
tuting in 3), we have uPdx + wQdy + 5 dz = dd. 
z 


But from the given equation mPdx + wQdy + wRdz = 0 so that 
dp = = as - pRdz = (2 - uR)dz, 
Zz 


This relation is free of dx and dy and, using 2) if necessary, can be written as a differ- 
ential equation in z and @. Solving the integral for p and substituting in 2), we have the 
required solution. 


14. Solve 2(y+z)dx - (x+z)dy + (Q2y-x4+z)dz = 0. (See Problem 8.) 


dy 2 2z 
We - = —_— + = ’ 
e treat z as a constant and solve 2(y+z)dx - (x+z)dy = 0 or Peers ae er 
using the integrating factor etl ax/(x +2) = mat see » to obtain 
(x +2) 
y 22 z 
A) Sa ee Oh = {5 dx et = con nD. Ba P(z). 
(x +z) (x +z) (x +z) 
Differentiating A) with respect to all variables, 
ata) eae MO Re SR ee dp 
(x +2)? (x1+2zy (x +2)? (x +z) 
or 2(y +z)dx — (x+z)dy + (2y-x+2z)dz + (x +2) db =0. 


Comparing this with the given equation, it is seen that (x42) dp=0 and @=C. 
Since, from A), y+z =(x+z)?, the solution is y+z = C(x +z). 
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15. Solve (e*y+e*)dx + (e%z +e”)dy + (e% -~e*y —e%z)dz = 0. 


The equation is integrable since 
(e%y+ e“)(e = eters ez) + (erz +e”) (-e”y -e*) + (e* ~e*y- e°z) (e* —e”) = 0. 
Considering z as a constant and solving the resulting equation 
(e"y dx + e*dy) + e%z dy + e°dx = 0, 
we have evy + ez + e*x = (2). 
Differentiation with respect to all variables yields 
(e~y +e”) dx + (e-z +e”) dy + (eX +e°x)dz = dd. 


¥ 


From the given equation, (e” $e” )dx + (erz+e)d + (er? +e°x)dz = (e"y+e z te x)dz. 
y y 


Thus, dp = (e°y +e°2 + ex) dz = gdz and p= Ce”. The required solution is 


¥y a 


x Zz 
ey + ez + ex = Ce’, 


16. Solve yzdx + (xz ~ yz”) dy - Ixydz= 0. 


The equation is integrable since yz(x —3yz" + 2x) + (xz - yz*) (—2y -y) -— 2y(z-z) = 0. 
Considering y as a constant and solving the resulting equation 
yzdx -— Ixy dz = 0 or zdx - 2xdz= 0, 
we obtain Inx - 21nz = In¢(y) or “x= pz". 
Differentiating this result and making the replacement @ = x/2*, we have 


dx — Ipzdz — z*dh = 0, dx ~ 27 dz ~ 2d = 0, or yz dx ~ 2xydz — yz°db = 0. 


Comparing this with the given differential equation, we have 
(xz — yz>)dy + y2rdp = (bz? - yz" dy + yz>dp = 0 or dy + ydb -ydy = 0. 
Then dy ~ $y* = K or ¢$ = sy + K/y, so that the solution is 
x = pz? = 2? (by + K/y) or Oxy = y°2% 4 C2”, 


17. Discuss geometrically the solution of the integrable total differential equation 
Pdx + Qdy + Rdz = 0. 


Let (%0,¥o,2%) be a general point in space for which not all of Pp = P(x%9,¥9,20), Q = 
Q(%o+¥o220)+ Ro = R(xo,¥o,2%0) are zero. 

Assuming that P,Q,R are single-valued, the set (P9,Q),R,) may be considered as direction 
numbers of a unique line through the point. Hence, the given differential equation may be 
thought of as defining at each point (x9,¥0,20) 


a line *=*%0 . Y-Yo _ 2770 
Po Qo Ro 
and a plane Po (x -x%0) + Qo(¥ ~¥o) + Ro(z-20) = 0 normal to the line. 


The solution f(x,y,z)=C of the given differential equation represents a family of sur- 
faces such that through a general point (x9,¥0,Z0) of space there passes a single surface Sg 
of the family. The equation of the tangent plane No to this surface at the point is 


of of of 


(x—-%)—— + (¥-Yo)=— + (2-2%)—— = 0 
Xo Yo 20 
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_ — Z—- 
and the equations of the normal line Lo are caer aCe 70, 


a aS 
‘Ox fe) OYo O20 


From Problem 1, = = dP, el = dQ, i = XR, Hence, the solution of an integrable total 
x ry Zz 


differential equation in three variables is a family of surfaces whose tangent plane and 
normal at each point are respectively the plane and line associated with the point by the 
differential equation. 


PAIRS OF TOTAL DIFFERENTIAL EQUATIONS IN THREE VARIABLES. 


18. Solve the system: (y+z)dx + (z+x)dy + (x+y)dz = 0 
(x +z)dx + ydy + xdz = 0. 
Both equations are integrable, The first may be written as 
(y dx + xdy) + (z dy + ydz) + (x dz + zdx) = 0 
and the solution is xy + yz + zx = Cy. 
The second may be written as x dx + ydy + (zdx + xdz) = 0Q and the solution is 
x? + y? + Qxz = Co. 
Thus, xytyz+zx=Cy, x? +y? +2xz=C, constitute the general solution. 


Through each point in space there passes a single surface of each of the two families. 
Since the two surfaces on a point have a curve in common, the solution of the pair of differ- 
ential equations is a family of curves. This family of curves may be given by the equations 
of any two families of surfaces passing through the family of curves. For example, 

xy +yz+2x = Cy, x? +y¥" + 2(Cy -xy -yz) = Ce 


also constitute the general solution. 


19. Solve the system: 1) yz dx + xzdy + xydz = 0 
2) 2° (dx + dy) + (xz+yz~xy)dz = 0. 


The first equation is integrable, with solution 3) xyz = Cy, but the second is not. 


Multiply 1) by z, multiply 2) by y, and subtract to obtain 2? (y -x)dy + y?(z=x)dz = 0. 
Multiply this by yz, and substitute xyz=C, from 3). The result is 


2° (y?z—Cy)dy + y? (yz? —Cy)dz = 0 or zdy + ydz - c,2 + %) = 0 


y z 


whose solution is 4) yz + CC) = Ce. 


Equations 3) and 4) constitute a general solution. However, 4) may be replaced by the 
simpler form 4!) xy+yz+xz = Cs, obtained from 4) by substituting for C,. 


20. Solve the system: dx + Qdy — (x +2y)dz = 0 
2dx + dy + (x — y)dz = 0. 


2 (x + 2y) —(x+2y) 1 1 2 
Here Oak = BAx, Y= =-BA@+y), Z=A = =BA, 
1 x~y x-~-y 2 21 
For the choice A = -1/3, X=-x, Y=x+y, Z=1, and we write the system in the symmetric form 


ict: (Oy, ee 


~x x+y 1 


v2i. 


v 22. 


23. 


2A. 
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From the integrable equation a = aa we obtain z+iInx = Cy. 


d 
From the integrable equation — y » we obtain a + xy = Co. 


—x x+y 


Thus, z+i1nx = C,, x? + 2xy = Cz constitute the general solution. 


Solve the system ses = =. Find the equations of the integral curves through the 
x 
points a) (1,1,1) and 6) (2,1,1). 


Consider the equations cad = dz and & = dy - The first is integrable and yields xz = 
x 


C,. The second is not integrable but is reduced to dy = (1 + C,/x* dx by the substitution 
z =(C,/x. Integrating, we have y = x —C,/x + Cz or, substituting C, = xz, y-x +22 Cg. 
Thus, xz = (Cy, y-x+z =C., constitute the general solution. 


The integral curve through the point (1,1,1) isthe intersection of the hyperbolic cylinder 
xz = 1 and the plane y-x+z = 1, The integral curve through (2,1,1) is the intersection of 
the cylinder xz = 2 and the.plane y-x +z = 0. 


Solve a = dy dz 


No equation is integrable, By means of the multipliers l=m=1, n=0, we obtain 


dz ldx + mdy + ndz _ dx +dy 


a ee or dx +dy-dz = 0. Then 
y-x l(y—z) + m(z—-x) + n(y~-x) yrx 
A) ° x+y-z= Cy. 
Using A) to eliminate z in ea = dy » we obtain gs = dy Then 
yrzr 2-% Cy-x yy 


In(x~C,) + In(y-C,) = In Cg, or (x-C,)(y-Cy,) = Cy, or, eliminating C, by means of A), 
B) (z-y)(z-x) = Cg. 


A) and B) constitute the general solution. 


x? dx y* dy dz 


Solve = So es a 
y ne) Zz 
x dx 2d 
From the integrable equation - 1oy or x dx - y dy = 0, we obtain 
y3 “3 
A) oe y° = Cy. ¥ 
We may then use A) to eliminate x in the non-integrable equation — = y a « However, it 
x 


2 2 
is simpler to use the multipliers 1=m=1, n=0 to obtain pa = A Then x4 ys (one 


z rien y? 
Solve the system bse = Ay = enue, F 
xo+ y? any (x + yy Zz 
dz dx + dy 


Using l=m=1, n=0, we obtain ——— = 


5 CU OF | Ayhaede Pays Then 
(x+y)2 0 (x+y) g 
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(xtyy - 2Inz=(C,. 


dx + dy _ dx - dy won 


Using 1, =m, =1, ny=0 and ZI, =1, mg=-1, ng=0, we obtain ; 
(x+y) (x -y) 


= +K or y = Co(x?-y"), 


dy _ dz 


' 95, Solve the system dx = é 
y —x 2x — 3y 


The equation “ a or xdx+ydy =0 is integrable and we obtain x? +y° = Cy. 


Using 1=3, m=2, n=1, we find 3(y) + 2(-x)+(2x-3y) = 0. Hence, 3dx + 2dy+dz=0 and 
3x + 2y +z = Co. 


dx dy dz 


4y -—32z 4x -— 22 y — 3x 


: 26. Solve the system 


We seek multipliers l,m,n such that A) 1l(4y -3z) + m(4x —2z) + n(2y -3x) = 0. 


Rearranging A) in the form (4m-—3n)x + (41+ 2n)y+ (-3l1 -2m)z = 0, we see that it will be 
satisfied when 4m-3n = 0, 41+ 2. = 0, -3l-2m =0 or Il:m:n= 2:-3:-4, Then 


2dx ~ 3dy ~ 4dz = 0 and Qx -3y -4z = Cy. 


Using the arrangement 4(ly + mx) + 3(-Iz—nx) +2(ny—mz) = 0 and setting ly + m = 0, 
-lz-nx = 0, ny-mz =0, we obtain I-:m:n-=x:-y:-z,. Then 


xdx ~ ydy — zdz = 0 and a? ay? 2? = Co, 


9°. Solve the system SPOR a oO see 
(q—r)yz (r —p)xz (p —4)xy 


Consider l(q-r)yz + m(r~p)xz + n(p-q)xy = 0. 

From q(lyz—nxy) + r(mcz —lyz) + p(nxy—mxz) = 0 we obtain Il:im:in=x:iyiz, Then 
pxdx + qy dy + rzdz = 0 and px? +qy*+rz° = Cy. 

From z(lqy —~mpx) + y(npx —Irz) + x(mrz—nqy) = 0 we obtain lim:n=px:qy:rz. Then 


p?x dx + q*y dy + r°zdz = 0 and p?x? + q?y?+ r?7? - Cy. 


28 Solve the system OR ee Os ee 
x + y* yz wx? -y*? + x2 (x —y)z 


Using l=m=1, n=—-1, we obtain (x? + y? ~ yz) + (na? ~y? +22) - (x«-y)z = 0. Then 
dx + dy — dz = 0 and xty-z=Cy, 
Using L=xz, m=yz, n=-(x*+y"), we find 


xz(x° ty? —yz) + yz(-x -y" +22) - (x +9") (x-y)z = 0. 


xdxt+ydy dz 


2 2 
x + y 


Then xzdx + yzdy - (x? + y?)dz =0 or = 0 
z 


and In(x? + y*) ~ 2iInz = In, 


2 2 
or x+y = Cgz. 


29. 


30. 


31. 


32. 
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Solve the system ee = dy = eee 
a y 4xy? — 22 
dx _ dy 2_ : F 4 2 2 Ss 
From ow = —- we have xy” = (Cy. By inspection, 2y (2x) + 2yz(-y) -y (4%y" - 2z) = 0; 
then 2y dx + 2yz dy ~ ydz=0 or 2dx - yds = By: dy = 0, and 2& - = a C3 
y y 
Discuss geometrically the general solution of da = dy = code 


For convenience, let us assume that in solving the given system we have obtained a pair of 
integrable equations 


Pydx + Qydy + Rydz = 0 and Padx + Qedy + Redz = 0 
whose integrals are respectively 
&(x,Y,Z) ad Cy and h(x,y,2) = Co. 


Through a general point (x9,Yo,2o) of space there pass two surfaces (one of each of the 
above families) whose curve of intersection Cy is the integral curve of the given system through 
the point. The tangent planes to the two surfaces at (x9,¥o,2% 9) are normal to the directions 
(P,,Q1,R1) and (P2,Qe,Re) evaluated at the point, and the line of intersection Lo of these 
planes is normal to the two directions. Let (X, Y,Z) be a set of direction numbers for Lo; 
then 

Q. Ry R, Py Py Qs 
X=x : Y= , Z=x 
Qo Re Ry Po Pp Qe 


are proportional to P,Q,R (all evaluated at the point). 


Now Lo is the tangent to Co at (xo,¥o,20), Since the tangent to a space curve at one of 
its points lies in the tangent plane at the point of any surface containing the curve. Hence, 


the integral curves of the system = =Y.& consist of a doubly infinite system of curves 


characterized by the fact that at any point (x9, ¥o,2% 9) the tangent to the curve through the 
point has (Po9,Q),Ro) as direction numbers, 


Show that the family of integral surfaces of 1) Pdx + Qdy + Rdz = 0 and the family of 
integral curves of 2) = = . = a are orthogonal, 


This follows from the fact that at any general point (x9,Y¥o,Z0) the direction (Py5,Q, Ro) 
is: a) normal to the integral surface of 1) through the point (see Problem 17) and 
b) the direction of the integral curve of 2) through the point (see Problem 30). 


Solve 1) ydx+xdy - (x+y+2z)dz = 0 consistent with a)z=a, b)x+y+2z=0, 
c)x+y-=0, d) xy=a. 


Equation 1) is not integrable, From each given surface we may obtain an integrable total 
differential equation. Our problem then is to solve this differential equation simultaneously 
with 1) using the particular solution of the former rather than the general solution as in 
f) of the introduction of this chapter. 


a) Here z=a, dz=0. Substituting in 1), we obtain ydx+xdy = 0; then xy = C. 
Equations z=a, xy=C are said to constitute a solution of 1). 
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33. 


34. 
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b) Substituting x+y+2z = 0 in 1), we obtain ydx+xdy = 0 and xy =. 
The solution is xy =C, x+y+2z = 0. 


c) Here y=-x, dy =-dx, Substituting in 1), we obtain xdx+zdz=0 and Spe ge Cs 
The solution is x?+z?=C, x+y = 0. 


d) Here xy = a, xdy+ydx = 0. Equation 1) reduces to (x +y+2z)dz = 0. 
Then, either x+2y+2z =0 or adz.=0 and z=C, 
xy =a, x+y+2z = 0 and z=C, xy = a constitute the solution. 


Discuss geometrically the problem of solving Pdx+Qdy+Rdz = 0 consistent with the given 
relation g(x,y,z) = 0. 


From the relation g(x,y,z) = 0, we obtain 8 dx + 98 dy + 98 dz = 0. 
Ox OY Oz 


We solve the system Pdx+Qdy+Rdz = 0, SE ax + E dy + 28 as = 0 using the particular 
x y z 


solution g(x,y,z)=0 of the latter. Let 
f(*%,¥,2) =C, g(x%,y,z) = 0 


constitute the solution. The integral curves are those cut out on the surface B(xX,¥,2) = 0 
by the system of surfaces f(x,y,z) = C. Thus, Problem 32c may be stated as: Find all curves 
lying on the surface (plane) x+y+=0 which satisfy the differential equation 

ydx + xdy — (xt+y+2z)dz = 0. 


At a general point (x0,¥o,%) on the surface g(x,y,z) =0, the line of intersection Lo of 
the tangent planes to g(x,y,z)=0 and the surface of the system f(x,y,z)=C, through the point, 
is tangent to the curve of intersection of the two surfaces. Thus, we have found the family 
of curves on the given surface g(x,y,z)=0 whose tangent at any point lies in the plane, through 
this point, determined by the differential equation. (See Problem 17.) 


For example, consider Problem 32c, On the prescribed surface <x +y = 0, choose any point 
(a,-a,b), At this point, the tangent plane to x+y = 0 (here, the plane itself) is normal to 
the direction (1,1,0) and the tangent plane to the surface (of the family) x? +27 = a2 + b? 
is normal to the direction (a,0,b). A set of direction numbers for the line of intersection 
L of these planes [the tangent to the curve through (a,-a,b)] is (-b,6,a). 


Now the plane through (a,~a,b) determined by the given differential equation is normal to 
the direction (ys -(xtyt22)] iq a py = (-a,a,~2b), Since (-b,b,a) and (-a,a,-2b) are normal 


directions, the line L lies in the plane determined by the differential equation, 


Solve 1) 2zdv+dy+ydz=0 consistent with 2) x+y+z=0. 


From 2), ya-x-z and dy = -dx-—dz, Substituting for y and dy in 1), we obtain 
3) (2z-l)dx - (x+z+1)dz = 0. 


The transformation z = 24+1/2, x = X%4- 3/2 reduces 3) to 


4) 2z4dxq ~ (%1 + 21) dz, = 0, a homogeneous equation. 
; dz, 2 du 
The transformation x,=uz, reduces 4) to (u—1)dz,+2z,du=0 or “<4 4 ; = 0. 
24 u~ 
Then In z, + 2 In(u-1)=In Kk 
or z4(u-1)°=K, 


Replacing u by x4/z,, x, by x+3/2 and z, by z~1/2, this becomes 


(x -z + 2° = C(2z~1). 


—? 
i 
i 


uw 
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SUPPLEMENTARY PROBLEMS 
Test for integrability and solve when possible, 
35. (y+ 3z)dx + (x +2z)dy + (8x +2y)dz = 0 Ans, xy + 2yz + 3xz =C 
36. (cosx+ey)dx + (e*+e7z)dy + edz = 0 ey+ez+sinx =C 
37. dx + (x+z)dy + dz =0 y + In(x+z) =C 
38. z>dx +zdy ~ 2y dz = 0 xe? oy 20" 
39. x7 dx - 2” dy -xydz =0 Not integrable, 
40. (x +z) dy + y’ (dx + dz) = 0 y(x+2z) = C(x+y+z) 
41. Qx(y + 2)dx + (Byz— x + y? = 27 dy + (Qyz—-x° ~y" +27 )dz = 0 Geo y? pies Cly +2) 
42. yzdx — 2xzdy + xy dz = 0 y = Cxz 
2 
43. xdx + ydy + (x? 4y% 427 41)2dz = 0 (x? 4 y? 4277 =C 
44. 2(x* —yz -27)dx + xz(x+z)dy + x(2° 2° —xy)dz = 0 (x+y)/z + (y+2z)/x =C 
Solve the following pairs of equations. 
45. dx + dy + (x+y)dz = 0 r <2 
Hike Hays ae de Ans. x+y =#Cye, x+y =Cy/z 
46. 2yz dx +x(zdy+ydz) = 0 = 
y dx —x?2zdy + ydz = 0 BE SN Bee eG 
47, 2% . 2 . &% xy =Cy, ee tae = C, 
3 2 3 
y 2 xz y 
3dx _ dy dz 2 2_ 2 _ 
48. Se ae ay 3x - yy = Cy, y —-z = Cy 
49. ey ae ri x-y=Cy, z=ay + a7y + xy? + Cy 
1 (x+y) (14 Qxy + 3x7y*) 
Bi as aN oe y = Cyz, ety’ + 2” = Cz 
wipe ge axy 2x 
Si 2 OM g ae n+ 2y+32=2C,, ee +y +27 =, 
By — 2z z2-3x ax-y 
52. —_ = ee = = xyz” =C,, x + y" +z = Cy 
x(2y -z ) y(z ~2x ) z(x -y ) 
oe + ‘ 2 - 7 a xyz = Cy, x+y +z = Cy 
x(z -y) y(x ~z ) z(y -x ) 


CHAPTER 23 


Applications of Total and Simultaneous Equations 


WHEN A MASS m moves in a plane subject to a force F, its acceleration continues to 
satisfy Newton’s Second Law of Motion: mass x acceleration = force. 


To obtain the equations of motion, when rectangular coordinates are used, 
consider the components of the vectors force and acceleration along the axes. 
The components of acceleration a, and a, are given by 


and, denoting the components of the force by F, and Fy, the equations of mo- 
tion are 


COMPONENTS OF F IN RECTANGULAR AND POLAR COORDINATES. 


In polar coordinates, the corresponding equations are 


dp d@\2 
ee Pla = F, Qe ae 
sare: Pls) 3 i, m { prey Oo 


where F, and Fy are the radial and transverse components of force, i.e., the 
components along the radius vector at P and a line perpendicular to it. 


SOLVED PROBLEMS 


« in e amily of curves or ogona oO e surraces x + Y + Zz = . 
1. Find the family of th 1 to th f ee tae YG or 


Since x*+ ay? + 427 = C is the primitive of the total differential equation 
xdx + 2ydy + 4zdz = 0, 
the differential equation of the family of orthogonal curves is 


hk dy | de 


(See Chapter 22, Problem 31.) 


x 2y 4z 
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d 
Solving & 2 ay » we have y= Ax? Solving — = we have z = By?. 
x 2y ay 4z 


The required family of curves has equations y = Ax®, 2 = By? 


2. Show that there is no family of surfaces orthogonal to the system of curves 


x? _y? =ay, x+y = bz. 


Differentiating the given equations and eliminating the constants, we have 


2 2 
x de - 2ydy = ——2 dy, dx + dy = Y dz, 


2 2 
d& _- Y. geiving it for dx, dx = 1 ay, and substi- 
y 


x? + y? axy 


The first can be written as 


tuting in the second, we have ety + lbdy = EY az or say ences . 
y z axy (x+y)z 
Thus, the differential equations in symmetric form of the given family of curves are 
dx — ay _ dz 
xray? : Oxy (xt y)z 


Since the equation tit y*)dx + Qxy dy +(x+y)zdz = 0 does not satisfy the condition of 
integrability, there is no family of surfaces cutting the curves orthogonally, 


3, The x-component of the acceleration of a particle of unit mass, moving ina plane, is equal to 
its ordinate and the y-component is equal to twice its abscissa, Find the equation of its 
path, given the initial conditions x=y=0, dx/dt=2, dy/dt=4 when t=0. 


dx d* 
The equations of motion are — <= y, oe A 
dt? dt? 
d‘x a” 
Differentiating the first twice and substituting from the second, 2S es Ede Ox and 
dt* dt? 
x = Cie + Gye + Cg cosat + C, sinat, where a’ = 2, 
dx t t 
Then, you = a? (Cye" + Coe” - Cg cos at ~ Cy sinat), 
at? 
dx s 
oF = a(Cye" ~ Cge aoe Cg Sinat + C, cosat), 
dy 3 at -at 
and on = a (Cye — Coe + Cg sinat — C, cos at), 
t 
Using the initial conditions: (C,+Cz,+Cg=0, Cy+Cg-Cg=0, Cy-Cot Cy= S, C,- Cg-Cy = = . 
a 
2 2 
Then Cy=-C,=24**, c,=0, and G = 222. 
2a3 a 


The parametric equations of the path are: 


4 
vot yet 4 4 


x = g(2+72) V3 (e ) - $(2-V2) V2 sin 2t, 


Vit “tn 


4 4 
y = $2473) Bee ) + $(2-V2) vB sin 2t. 
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4. A particle of mass m is repelled from the origin O by a force varying inversely asthe cube of 
the distance 9 from O. If it starts at p=a, G=0 with velocity vo, perpendicular to the ini- 
tial line, find the equation of the path. 


2 
The radial and transverse components of the repelling force are: F, = +. = “, Fy = 0. 
Pp Pp 
2 2 2 
Hence, qeee es gee?) = wale aca ae + pe) = 0 
12 dt p> dt dt dt? 
2 2 2 
@ @ 
or 1) dp a p22)? = ia 2) Pp dv + 9 de a = 
at dt o> dt? dt dt 
Integrating 2), 2 a0 = C,. When t=0, P =a and pa = ug; then Cy, = avg and de 2 are. 
dt dt dt 2 
p 
2 22 2 
Substituting for a in 1), ce ES <. Multiplying by ace , 
dt dt p° p 
do d’o ave + k® do do.2 anus +k? 
2 ae ars = 2 mi ge at and ere, = - ——— + Co. 
dt p p 
2 2 2 
When t=0, P=a and id = 0; then Cy = ees and 
dt F a2 
do.2 2 2 254 1 22 2 eo a” 
(S) = (@u +k (2 -=) = (@u +k = 
dt a? 2 a?o? 
@ a’ve dpe (a°v2 + k? yp" (e” -a’) dp Va ve +k? 


Dividing by oy ae yos SS a eS ———— dd, 
Pp dO a Vo pvp? a? a Vo 
[22 3 
Integrating, = arc sec 7 eS 6 + Cg. 
a vo 


When t=0, P=a and G=0; then Cg=0 and p = a sec ——~—— G, 


Ae A projectile of mass m is fired into the air with initial velocity vo at an angle @ with the 
ground. Neglecting all forces except gravity and the resistance of the air, assumed propor- 
tional to the velocity, find the position of the projectile at time t. 


In its horizontal motion, the projectile is affected 
only by the x-component of the resistance. Hence, 


y 
2 2 
1) m dx - -K dx = —mk dx or dx = -k —. 
dt? dt dt dt? dt 
Ku 
In its vertical motion, the projectile is affected | Vo in 
by gravity and by the y-component of the resistance. 
Hence, } 
2 2 @\ mg x 
d d 
2) mo = —mg ~ mk & or Cr ee ae 0) 
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1 ~kt 
Integrating 1), = = -kx + Cy and Xx = k Cy + Coe 
Be Ae 1 1 
Integrating 2), dy = -=~gt-ky+ kK, and y = =k, + Kee is ge(-t - —). 
dt k A? 
3 alctispt eaa8 dx dy : 
Using the initial conditions x-=y=0, prea cos O, a = vo sin @ when t=0: 
. _ 1 f : 1 ’ 1 
Cy = vq cos 6, Cy =~ Z cos @; Ky, = v9 sin@, Ky = - 5 vo sing - szé 


k 


kt 


Thus, “x= a(% cos@)(l-e  ), ye a + Ug sin 8)(1 + ert, - gt}. 


Two masses, m, and mg, are separated by a spring for which k = ky lb/ft 
and m, is attached to a support by a spring for which k = k, lb/ft as in 
the figure. After the system is brought to rest, the masses are displaced 
a feet downward and released, Discuss their motion, 
Let positive direction be downward and let x, and x, denote the dis- 
placement of the masses at time t from their respective positions at rest. 
The elongation of the upper spring is then x, and that of the lower spring 
is xg-x,. The corresponding restoring forces in the springs are 
—Ryx_ + Ro(Xo~X4) acting on m, Xo Le 
and ~Rko(Xe~-%X4) acting on mg. 
The equations of motion are 
2 2 
d 
my oe = Ryxy + Re(xq -x4) and mg ae = = ko(%g -%4) 
dt dt 
2 2 
or 1) [myD" + (Ry + ke) xq - Roxy = 0 and 2) (mgD + ke)X_ — Roxy = 0. 
Operating on 1) with (m,D?+k,) and substituting from 2), 
2 2 2 2 2 2 
(mgD + Ro) (mD + ky t+ ko)xy — Ro(meD + ky)xg = (meD” + ko) (myDo + kyt+ ko)xy -— koxy = 0 
or (p" + peas + Ra) p? + ALE = 0. 
mM, Me M4Mo 
Denoting the roots of the characteristic equation by tia, +i6, where 
2 
ae Bo <2 5 nae ko 4 Ba (ce Ro 2 Bas? a Ryko 
mM, Mo my My MMs 
. tat cet i z 
My F Cye’* + Coge se + Ge C4 hee and 
1 2 ky+ ky —mae iat iat kat ko - mB" iBt iBt 
Xo = —(myD + ky+ke)xy = +t (Ce hs Coe" )+ (Cae +Cye- ) 
ko ke ko 
F a ‘Bt = 
eepte "ayaa ok vate ate eS, 
Using the initial conditions x,=x,-a, “1-2-9 when t-0, 
dt dt 
av-1 a ky - m8" a ky-— ma 
Cy = Cy = x( = ee and ORE See Bee a0 
: 2VU-p 2m, B amy az B? 
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7. A uniform shaft carries three disks as in the ad- 
joining figure, The polar moment of inertia of the 


disk at either end is J, and that of the disk at 
the middle is 47, The torsional stiffness constant 
of the shaft between two disks (the torque required aaa eee) 
to produce an angular displacement difference of 
one radian between successive disks) is k, Find 


the motion of the disks if a torque 27)sinwt is 
applied to the middle disk, assuming that at t=0 
the disks are at rest and there isno twist in the 
shaft. 


At time t, let the angular displacement of the disk at either end be 0, and thatof the disk 
at the middle be @,. The differences of the angular twists of the ends of the two pieces of 
acting on the disks 
are k(G,~6,), k(O,-65)-—k(G,-@,) and -k(O,-6,) respectively, The net torque acting on a 
mass when rotating is equal to the product of the polar moment of inertia of the mass about 
the axis of rotation and its angular acceleration; hence the equation of motion of the middle 


shaft, from left to right, are 6,~0, and 6,-0,. The restoring torques 


disk is 
d°O 

1) 47 = 

dt® 


and that of either end disk is 


7 dO, 


mC = k(@,~ 64) or (ID? + k) 6, = kO,. 


2) 


Operating on 2) with (21D7 + k) and substituting from 1), 


(21D? +k) (ID? + k)O, = R(2ID?+k)O, = k’O, + Tok sinwt 


; or 
2 6 72p2 . 
3) D°(2I°D" + 3k1)@, = Tok sinwt. 
The characteristic roots are 0, 0,ai,-at, where a = 3k/21, and 
4) 0, = Cy + Cot + Cgcosat + Cysinat + pi inet 
Iw (2Iw - 3k) 
+ Tok a. 
= Cy + Cot + Cocos at + Cysin at + ———-——-—-—. sin wt. 
22, 2 2 
2lw(w -a) 
I 2 
From 2), 6, = GD +1)6, and 
2 
5) Og = Cy + Cot + Cal - = a?)cos at+ C,4(1 - : a*)sin at + sok ee 2 sinwt. 


From 4) and 5), we obtain by differentiation, 


d 
4!) gd = (Cy, - Cga sin at + Cya cos at + eo ORe cos wt, and 
dt 2 2 2 
2 w(w - a’) 
d = 2 
51) ate = (Cg ~ Cga(l - i a*)sin at + C,a(1 -~ Lycos att tok = hol cos wt, 
dt k k 2,2 2 
2lw(w - a’) 
: igs And dQ, _ dOy _ 
Using the initial conditions 6,=6,=0, -——= = —=0 when t=0, we have C, + Cg 


dt dt 


= k(O0,~- 65) - k(O5,~0,) + 2T)sinwt or (21D° + k)@, = RO, + Tosinwt 


0, 
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er: 
C, + Cg(1- oa?) = 0, Cot Cya+ ee alg and (5.2 Gatien 


BT se a) oi wt =a") 


Then C,=Cg =0, Cy =- Tow 


3lat(w* -a?) 3Iw 
2... : eee 3 os 
6. < fot a sinwt _ @ sin at ) _ fo, a2 Eel sin at, and 
31 w* (w* - a?) a(w* - a?) 31 aw (w* - a?) 
T sinwt - sin at 
Bp py MA EOE et 
QTa(w*-a ) 
8. The fundamental equations of a transformer are 
di, dt . di di . 
1 —t + Le —2 + Roto = 0, 2) M—2 + L, —4+ + Rut, = Ect), 
) mF er ale ) ae eer ata (t) 


where i,(t) and i,(t) denote the currents, while M, L,, Ly, Ry, Re are constants. 
Assuming M? < Lyle, show that 


2 


AY gba W923 + (Ryle +RalaySt + RyRot, = RoB(t) + Lok"(t), 
dt 
2d*i di 

B) (L,L,-M’) = + (Rabe + Rola) > + RyRoig = - ME'(t). 
dt 


Solve the system when E(t) = Eo, a constant. 


Differentiating 1) and 2) with respect tot, 


2. 2. : Qe. 2. : 
a) wots 1, Se yp, Se - ; 4) mS a, Sty a Ste Be, 
dt dt dt dt dt dt 
Multiplying 3) by M and 4) by Le, and subtracting, 
2 di di di 
Ualson = 4 yi to a = = GY: 
te? dt dt 
Substituting for oe from 2), we obtain A). 
Multiplying 3) by L, and 4) by M, and subtracting, 
2 di di di 
(Labo -M)242 + Rol, 22 - Ruy Sh = - ME" (t). 
at? dt dt 


Substituting for ot from 1), we obtain B). 
t 


2 


When E(t) = Ej, equation A) is (LiL, - WM?) = + abe + Rola S# + RyRot, = Roko. - 
dt 
/ 2 2 
Leta, 8B = 4 rAisby+ Reba) + V (Rabe Roby) + 4M Rake denote the characteristic roots. 


Lilie =" 
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; t Bt 
Then it = Cye” + Coe + Fo 


Ry 


To find ig, multiply 1) by M and 2) by Ls, and subtract to obtain 


MRoin = (Lae - MW) a | eee 


Then je TUE ol aCe BOS” Laie” Sie” Oh. 


MRo 


2 ; 
Note that since M < L,L,, both a and @ are negative. Then after a time, the primary cur- 
rent becomes approximately constant = Eo/R, and the secondary current i, becomes negligible. 


9. A moving particle of mass m is attracted to a fixed point O by a central force which varies 
inversely as the square of the distance of the particle from O. Show that the equation of its 
path is a conic having the fixed point as focus, 


Using polar coordinates with O as pole, the equations of motion are 


2 2 2 2 
d d@ K mR d dQ k 
1) n(—e - 5) = = = oS =e or 5 - pay = = 5 , 
dt p p dt p 
dp d@ d*6 do d@ dQ 
2 2 ee: elas: Lcmacmagel = ee ee an’ = . 
yl a a 2 eP ade * Pa : 
d 2d0 2 dO 
—_ —) = d —=Cy. 
From 2), Re or 0 an p oF Cy 
Ree aes Then d@ = C1 - Cio’, dp = dp do = _ 1 a do = wie and 
p p" dt do dt o* dé dt dé 
d? d de do d@ d 
eet (-Cy = = Cy — = Pe er myeel Substituting in 1) and simplifying, we have 
dt? dt dO dO? dt d6 
do R? 
1!) ar es oO = nar a linear equation with constant coefficients, Solving, 
d@ 7 
2 2,,2 
oO = Ce cos(@+Cs3) + Re or p= seh eat ks = Seis HON ies ot mon 
Cc? Rk Oren 
- — + Cy cos (6+ C3) 1+ = cos(4+Cg) 
2 2 
Cy k 
sha 2,,2 2,,2 . l 
Writing C,/k = l, |CoC,/k | =e, C,=a, this becomes p = ————-—————, the equa- 


1 + ecos(@+a) 


tion of a conic having O as focus. 


10. 


11. 


12. 


13. 


14. 
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SUPPLEMENTARY PROBLEMS 


Find the family of curves orthogonal to the family of surfaces ae: y 4 22” aC, 


Ans. y = Ax, z = By” 


Find the family of surfaces orthogonal to the family of curves y = Cx, x4 y+ 22° = Co. 


Ans. z= Ca? ty’) 


A particle of mass m is attracted to the origin O by a force varying directly as its distance 
from O, If it starts at (a,0) with velocity vo in a direction making an angle 90 with the hor- 
izontal, find the position at time ¢t. 


Vo cos 6 _ v9 Sin 6 


Ans. x = acoskt + sinkt, sinkt 


The currents i4, tg, t= t4+t, in a certain network satisfy the equations 


‘ dig : : 
20u + Se Fa = 5, 4u + 14 + 100091, = 1. 
Determine the currents subject to the initial conditions i = 14 = i, = 0 when ¢t = 0. 
2 
Hint? Wee. 4p 2 oe Geohpetn <2 92 4. 940 Se x 40, Dodaye = 0. 
dt at? dt 
F 1 +1 : ; - -1 ; 
Ans, 4 = —- ~e 20¢ in 160t, te = za -e€ Tae sg 160t) + a 200 ay 160t 


Initially tank J contains 100 gal of brine with 200 lb of salt, and tank IJ contains 50 gal 
of fresh water. Brine from tank J runs into tank IJ at 3 gal/min, and from tank JI into tank 
I at 2 gal/min. If each tank is kept well stirred, how much salt will tank J contain after 
50 minutes? 
Hines. 4y/e Ge 00, SE Pe BOs Ans. 68.75 1b 

dt 50 +t 100 -t 


CHAPTER 24 


Numerical Approximations to Solutions 


IN MANY APPLICATIONS it is required to find the value y of y corresponding to x = 
xX oth from the particular solution of a given differential equation 


1) y' = f(x,y) 


satisfying the initial conditions y=y, when x=x,. Such problems have been 
solved by first finding the primitive 


2) y = F(x) + C 
of 1), then selecting the particular solution 
3) y = &(x) 


through (x 9,y¥.), and finally computing the required value y = g(xoth). 


When no method is available for finding the primitive, it is necessary to 
use some procedure for approximating the desired value. Integrating 1) between 
the limits x=x9,y=Y,5 and x=x,y=y, we obtain 


x 
4) Y = Yo + if f(x,y) dx. 
x, 


(2) 


The value of y when x =x)t+th is then 


Xgth 
5) ¥Y = Yo + f F(x,y) dx. 
X 


fe) 


The methods of this chapter will consist of procedures for approximating 4) 
or 5). 


PICARD’S METHOD. For values of x near x=x,, the corresponding value of y = g(x) 
is near yo = 8(x_). Thus, a first approximation y, of y=g(x) is obtained by 
replacing y by yo in the right member of 4), that is, 


x 
Yi = Yo + f F(X, Yo) dx. 
Xo 


A second approximation, y,, is then obtained by replacing y by y, in the right 
member of 4), that is, ‘ 


x 
Ye = Yo t+ i f(x,y,)dx. 
Xo 


Continuing this procedure, a succession of functions of x 


Yo: Ya> Yo, Va, *rrrree 


is obtained, each giving a better approximation of the required solution than 
the preceding one, See Problems 1-2. 


Picard’s method is of considerable theoretical value. In general, it is 
unsatisfactory as a practical means of approximation because of difficulties 
which arise in performing the necessary integrations. 
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TAYLOR SERIES. The Taylor expansion of y = s(x) near (x9,¥o) is 
6) y= 8(%o) + (x-xXo) 8'(Ko) + $0e-%5)? 6 "%o) + B(X-%o)* £" (Xo) toveenes 


From 1), y’ = g'(x) = f(x,y); hence, by repeated differentiation, 


of , of dy _ oF, , af 


uv = “W = a = eisaxi eq | ee 
é B"(x) Ox Oy dx Ox Oy 
d ,of of ro) 3. ,0f OF 
wt = iW = nes, Ah fee = oe a. fice acaare fo 
» “ BO = Ge ag age Ge By xe op 
2 2 2 
| Bo ech OF pO, 2h2 , Po, etc 
3x2 «ox Oy Ox Oy Oy ay? 
2 2 2 
For convenience, write p= pes q = or r= ot s= 2 a t= of and 
ox ey ax? ax dy ay? 
let f5,Po,90,*** denote the values of f,p,qg,+:+ at (x9,¥o). Substituting in 


6) the results of 7) and evaluating for x=x th, we obtain 
8) ¥ = Yo + Aefy + 5h (Bo + fo+do) + AHF (15 + Pot do + 2fy+Sq + Forde + £5+ to) 
+ seoeeeresae 


This series may be used to compute y; it is evident, however, that addi- 
tional terms will be increasingly complex. See Problems 3-4. 


FIRST DERIVATIVE METHOD. A procedure involving only first derivatives, that is, 
using only the first two terms of Taylor series, follows. 


As a first approximation of y, take the first two terms of 8) 
Y & Yo + AF(xX,Yo)- 


To interpret this approximation geometrically, let PQ be the integral curve 
of 1) through P(x ,yo) and let Q@ be the point on the curve corresponding to 
X=X oth. Then y = ¥4Q = yotk. If @ is the angle of inclination of the tangent 
at P, then from 1) tan 6 = f(xg,y,) and the approximation 

Yo + Af(xX9, Yo) = LP + htan@ = MN+WNA = MA. 
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To obtain a better approximation, let the interval LM of width h be divided 
into n subintervals of widths h,,h,,---+h,;. (In the figure, n = 3.) Let the 
line x=x +h, meet PA in R(xoth,,Yotki) = (*1,¥1)- Then 


¥1 = Yo t ki = Vo + hy F(X9,Yo)+ 


Let RS be the integral curve of 1) through R, and on its tangent at Rk take T 
having coordinates (x,t+he, yitke) = (*%2,¥2). Then 


Yo = Y1 + kg = Ya + he (x4, ¥1) = Ya t+ he F(xothy, Yothy fy). 


After a sufficient number of repetitions, we reach finally an approximation 
MC of MQ. It is clear from the figure that the accuracy will increase as the 
number of subintervals is increased in such a manner that the widths of the 
subintervals decrease. See Problems 5-6. 


RUNGE’S METHOD. From 5) and 8) we obtain 


x. +h 
9) k = ¥-Yo = es f(x,y) dx 


i) 


ii 


_ 1,2 1,3 2 2 
h fy + 5h (Po + £690) + a (76+ p54 * 2ioset fade t fy tapi hte r ere 


Assume for the moment that the values yo,y¥i,¥2 of y = s(x) corresponding to 
Xo,» X¥4=Xo + 3h, Xg=Xo +h are known. Then by Simpson’s Rule, 


aXigt h 
10) k = J f(x, y)dx & AL F(% Yo) + 4f(xgt+ Sh, ya) + F(xoth, ye)}. 


Actually, only yo is known. Runge’s Method is based on certain approx ima~ 
tions of y, and ye, 
¥. & Vo + ghf(X%o,¥o) = Yo + ahkes 


Yo & Yo + hf(xXoth, Yothfo), 


chosen so that when k, found by 10), is expanded as a power series inh the 
first three terms coincide with those of the right member of 9). Thus 10) be- 
comes 


11) k x fo + 4f(xgt sh, Yor thf.) + f{xoth, Yothf (Xo th, Yothf,)]}- 
These calculations are best made as follows: 
k, = hfy, ke = hf (Xoth, YotR,), kg = hf (Xoth, Yotke), k, = hf (xX9+ bh, Yot ak1), 
k & A(ky + dks + ky). 
Note. Since the approximation of k obtained here differs from the value as 


given by 8) in the terms containing powers of h greater than 3, the approxi- 
mation may be poor if f, >1. See Problems 7-11. 


KUTTA-SIMPSON METHOD. Various modifications of the Runge Method have been made by 


Kutta. One of these, known as Kutta’s Simpson’s Rule uses the following cal- 
culations: 


k, =hfp, ky =F (xt Zh, Yot3ky), ky =hf(Xo+ 3h, Yot ak), k, = hf(xoth,yYotks), 


kw a(ks + 2k +2k,+k,). See Problem 12. 
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SIMULTANEOUS FIRST ORDER DIFFERENTIAL EQUATIONS. Approximations to that solution 
of the simultaneous differential equations 


dy dz _ 

dx f(x,y,2), dx E(X,Y,Z) 

for which y=y) and z=z) when x=x,, may be obtained by the use of Picard’s 
Method, Taylor Series, Runge’s Method, or Kutta-Simpson Method. The necessary 
modifications of the formulas given above are made in Solved Problems 13-14. 
Further extensions to three or more simultaneous first order equations may be 
readily made. 


DIFFERENTIAL EQUATIONS OF ORDER n. The differential equation 


d tol 
= = Fara wre ergy) 
dx 
dy |, _ d’y ; 
where y!’ = a YS ae ea may be reduced to the system of simultaneous 
x 
dx 
first order equations 
dy dy, dyno dyn us 
i: > pan ca y teeeeee, eS ate tsi = f(x,y, ; yereeey “3 ; 
Ee Vy de Ye ze Yno1 de (X,¥,¥1,Ye2 Yne1) 
When initial conditions x=x5, Y=Yo. Y’=(¥ilo» V"=(Velo att tts VO =(VYner Yo 
are given, the methods of the preceding paragraph apply. 
a d 
EXAMPLE. The second order differential equation = + ax ~ 4y = 0 is equiva- 
dx 
lent to the system of simultaneous first order differential equations 
dy aay ae Be 4y ~ 2xz, See Problems 15-16. 
dx dx 


SOLVED PROBLEMS 


1. Use Picard’s Method to approximate y when x= 0.2, given that y=1 when x=0, and dy/dx=x-y. 


Here f(x,y) = x~-y, X9=0, Yo=1. Then 


x x 
1 
Y1 = Yo Jf f(%,¥q)dx = A+ i (x-l)dx = yy tt 1; 
x x 
1 
Ye = Yo + f f(x,y,)dx = 1+ if (- 52+ x - Dade = ~ gue en tg BLA, 
x ~ 135 2 14 5 2 
¥s = Yot Lo feeyedde = 1+ if ae ~x +22x-l)de = yi -— =x +x ° - x +1, 
Xx x 5 4 3 
ly 5 2 x x 
= + (x,¥3)dx = 1 eet Hx x + Ox Ade = - —— + —-— ete xl, 
Ya Yo Une Ys) ee 53 x ) mao ee 
1 6 1 5 14 1.3 
Aas e, soeet 2 eee ee ee —-x+l, were esees 
Ye * 730 60 12 3 ss 


When x= 0.2, yorl, yz= 0.82, Yyo=0.83867, yo =0.83740, y4- 0.83746, ys = 0.83746. 
Thus, to five decimal places, y = 0.83746. 
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Note. The primitive of the given differential equation is y = x-1+ Ce~*, The particular 


solution satisfying the initial conditions x=0,y=1 is y = x-1+2e"". Replacing e” by its 
1 i 1 

MacLaurin series, we have y=1-x + om x ee eg eee a xo + ceseeeeeee, Upon 
3 12 60 360 


comparing this with the successive approximations obtained above, it seems reasonable to sup- 
pose that the sequence of approximations given by Picard’s Method tends tothe exact solution 
as a limit. 


Use Picard’s Method to approximate the value of y when x=0.1, given that y=1 when x =0, and 
dy/dx = 3x+y?, 
Here f(x,y) = 3x+ y’, xo =0, Yorl. Then 


x 
2 
¥. = Yo + f° (3x4 yo)dx = 1+ f (e+tde = 5 bee ay 


x 
ie (xt 4 ax 2 + 4x? + 5x + Lede = ewes Bp eat 
o 4 20 3 2 


il 


% 
2 
Ye = Yot 4 (3x + y)dx 


4 
% ” 
¥o = 1+ f pense Cl eee at Yeeeah 1387) AY 235 4 Gx? + Bx + 1)de 
9 * 400 40 80 4 180 15 12 3 
_ _81 wm. 27 10 ‘: 479 7 17,8 é 11577 " 68 6 rs 255 "1 23 4 og tia 5.2 ghee ae 
4400 400 240 32 1260 45 12 12 2 


When x=0.1, yo=l, ya=4-115, yo=1.1264, yg = 1.12721. 


If 2 = x-y, use the Taylor Series Method to approximate y when: 
a) x=0.2, given that y=1 when x=0. 
b) x=1.6, given that y=0.4 when x =1, 
a) Here y = g(x), g(%) = 1, y" = B(x) = -y", 8" (0) = -2, 
i i m 
yi = glx) = x-y, gl (%) = -1 yh eg ay = oy, ee) = 2, 
y" =e") = l-y', gx) = 2 y =e (x)= -y'%, g"(xo) = -2, ete, 
? 2 1 3 Toy 1 5 
and equation 6) becomes y = l-x+x -=%x° + 7X ~ XX + seeeeers Then 
3 12 60 
= 1 1 1 
y = 1-0.2+ 0.04 - coos) ca ee - aoe + ses ~% 0.83746. (See Problem 1,) 
b) Here g(x) = 0.4, gi (xo) = 0.6, g"(%o) = 0-4, B"(X0) = 064, g (to) = 0.4, eter, 
and equation 6) becomes 
2 3 4 5, 6 
A h h h 
y Sik en eta sO Oe es a ae see eeees S where h = x —Xo. 
2 6 24 120 720 


When x =1.6, h = 0.6 and 
y = 0.4 + 0.6(0.6) + 0.4(0.18) ~ 0.4(0.036) + 0.4(0.0054) - 0.4(0.000648) + 0.4(0.0000648) 


+ cecceeseve 


~ 0.81953. 
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4. If 2 = 3x + y’, use the Taylor Series Method to approximate y when: 


a) x=0.1, given that y =1 when x =0. 
b) x=1.1, given that y=1.2 when x =1. 


a) Here (x9,¥o) = (0,1), g(xo) = 1, 

yl = g(x) = 3x+y%, B'(%)) = 1, 

y" = g(x) = B+ 2yy', 8"(%)) = 5, 

y" = g(x) = 2(y")? + Qyy”, g(x) = 12, 

y= gi¥(xy = byty"+ ayy”, B°’ (x) = 54, 

y= gt(x) = 6(y"? + Byly"+2yy"%, ag (x9) = 354, and 6) becomes 
yu ltut 2? + Oe + a + ga t+ teveeeesceee, When x = 0.1, 

2 4 60 

¥ = 1+ 0.1 + 0.025 + 0.002 + 0.00022 + 0.00003 + +++ + & 1.12725, (See Problem 2.) 


aw 


b) Here (x9,¥o) = (1,1.2), glx) = 1.2, &' (xo) = 4.44, g"(xo) = 18.656, g(x) = 72.202, 
ge)’ (a9) = 537.078, g. (x9) = 4973, seereeere*, and 6) becomes 
2 3 4 5 
h h h 
y = 1.2 + 4.44h + 13.656 + 72,202 — + 537.078 — + 4973 —~— + cocrvenevece ; 
2 6 24 120 


where h = x-xo. When x=1.1, h = 0.1 and 


y 1.2 + 0.1(4.44) + 0.01(6.828) + 0.001(12.03) + 0.0001(22.4) + 0.00001(41) + +++ % 1.7270. 


Use the First Derivative Method, with n = 4, to approximate y when x=1.1, given that y=1.2 
when x =1 and dy/dx = 3x+y?, See Problem 46. 
Here h=0.1 and we take hy=hg=hg=h, = 0.025. We seek Yotkitkotkgtkag = yot Rae 


2) (%o,Yo) = (1,162), hy = 0.025, flxo,¥o) = 4.44, ka = haf(xo,¥o) = 0.111 


¥. = York, = 1,311, 

6) (%a+¥1) = (1.025,1.311), hy = 0.025, f(xi.y¥1) = 4.7937, ko = hef (%4,¥1) = 0.1198; 
Yo = Y1 + ke = 1.4308. 

C) (Xer¥2) = (1.05, 1.4308), hg = 0.025, f(xo.¥2) = 5.1972, kg = hgf(xe.¥o) = 0.1299; 
Ya = Yotkg = 1.560%. 

d) (%a,¥s) = (1.075,1.5607), hg = 0.025, f(xg,ya) = 5.6608, ky = haf (x3,¥3) = 0.1415; 


yY ~% Ye + kg = 1.7022, 


Use the First Derivative Method, with n = 4, to approximate y when x=1.4, given that y=0.2 


when x =1 and = (x? + ay)”, 


Here h = 0.4 and we take hy =hyg=hg-hg = 0.1. 


@) (%.Yo) = (1,0.2), hy = 0.1, f(%o,¥9) = V1.4 = 1.183, ky = As f(x%os¥o) = 0.1183; 
¥1 = Yo + ky = 0.3183. 


b) (%,¥1) = (1.1,0.3183), ho = 0.1, f(x4,y,) = 1.359, ko = hef (%1,¥1) = 0.1359; 
Yo = ¥1 + kot = 0.4542, 
C) (Xer¥2) = (1.2,0.4542), hg = 0.1, f(xe,ye) = 1.532, ka = As f(x9,¥0) = 0.1532 


Ys = Yotks = 0.6074. 
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d) (%3,¥s) = (1.3,0.6074), hg = 0.1, f%g,¥a) = 1.704, kg = haf (%g,¥3) = 0.1704; 
Y % ya + ka = O.7778. 


Use Runge’s Method to approximate y when x =1.6, given that y=0.4 when x =1 and dy/dx = x-y. 
(See Problem 3b.) 


Here (xo,¥o) = (1, 0.4), h = 0.6, fo = 1-0.4=0.6. Then 
ky Sh = 0N88; 


kp = Af(xoth, yotka) = 0.6[(1+0.6) -(0.4+0,.36)] = 0.504, 
ky = Af(xoth, yotko) = 0.6[(1+0.6) -(0.4+0.504)] = 0.4176, 
kg = hf(xotsh, Yorsk,) 0.6[(1+0.3) -(0.4+0.18)] = 0.432, 
kRo® aka 4ka+Rs) = =[0.36 + 4(0.432) + 0.4176] = 0.4176, and Y = yo+tk &% 0.8176. 


The difference between this approximation and that found in Problem 3b arises from the fact 
that h=0.6. In finding the value of y when x=1.1, (that is, h-0.1), the Taylor series gives 
y = 0.4 + 0.6(0.1) + 0.4(0.005) - 0.4(0.00017) + 0.4(0.000004) ~— sree: sees ~ 0.46193, 
while by Runge’s Method 

ky = 0.1(0.6) = 0.06, Rk, = 0.1(1.1-0.46) = 0.064, kg = 0.1(1.1-0.464) = 0.0636, 


kg = 0.1(1.05-0.43) = 0.062, kX atky + 4k, + ka) = 0.06193, and y % 0.46193. 


Use Runge’s Method to approximate y when x=0.1, given that y=1 when x=0 and dy/dx = 3x+ y’, 


Here (X0+¥o) 5 (0, 1), h = 0.1, fo =i Then 
i oS chek “SOs 


ko = Af(xoth, yotki) = 0.1[3(0+0.1) +(1+0.1)] = 0.181, 

kg = hf teeth, yo+Rey = 0.1[80040.11 4 1 +0.151) ] = 0.16248, 

ka = Af(xothh, yorska) = 0.1[3(0+0.05) +(1+0.03)} = 0.12525, 

ROR stkat 4kgt+ks) = [0.1 + 4(0. 12525) + 0, 16248] = 0.12725, and y = yo +t k ® 1.12725. 


(See Problems 2 and 4a.) 


Use Runge’s Method to approximate y when x = 1.1, given that y=1.2 when x=1 and dy/dx = 3x + ae 


Here (%9,¥o) = (1, 1.2), h=0.1, fo = 4.44. Then 
ky = hfo = 0.444, 


ke = Af(aoth, yotky) = 0.1[3(1+0.1) + (1.240.444) ] = 0.600274, 
ke = hf(xoth, Yorke) = 0.1(8(1+ 0.1) + (1.2+0.60027) ] = 0.654097, 
kg = Af (xotah, yotki) = 0.1[3(1+ 0.05) + (1.240.222) ] = 0.517208, 
1 
k ® lg 4k,+ks) = =[0.444 + 4(0. 517208) + 0.654097] = 0.527822, and 


y = yotR ™& 1.727822. 


Comparing this result with that obtained in Problem 4b, it is to be noted that the approx- 
imation is better than might have been expected in view of the value fo = 4.44. 
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10. Use Runge’s Method to approximate y when x=0.8 for that particular solution of dy/dx = vx +y 
satisfying y=0.41 when x=0.4, 


Here (%01,Y¥o) = (0.4, 0.41), 


11. Solve Problem 10, first approximating y when x =0.6 and then, using this pair of values 


= hfyo = 0.36, 

= Af(xoth, Yotky) 
= Af (xoth, Yorke) 
hf(xotzh, Yotoki) = 0. 


tks + 4k, + kg) = 0.43811, 


h= 0.4, 


fo = VO.81 = 0.9, 


= 0.4V1.57 = 
= 0.4V1,7112 = 


4v1.19 = 


(%o,¥o), approximate the required value of y. 


First, (xo,Yo) = (0.4, 0.41), 


ky 


0.50120, 


and 


0.52325, 


0.43635, 


y = Yo 


h= 0.2, fo = V0.81 = 0.9. 
hfyo = 0.18, 
hf(xpth, Yorki) = 0.2¥1,19 = 0.21817, 
hf(xoth, YotRe) = 0.271, 22817 = 0.22165, 
hf(xotah, Yotsky) = 0-2, 
k ®& aks + 4k, + kg) = 0.20028, and y 


Next, take (xo,yo) = (0.6, 0.61028), 


iT] 


12. Solve Problem 10, 


Here (%0,Yo) 


hfo = 0.22002, 
Af (xpth, YorRs) 
hf (xoth, yYotRe) 
Af (xo+zh, Yorks) 


tks ae 


using the Kutta-Simpson Method, 


= (0.4, 0.41), Ah = 0.4, 


hfg = 0.36, 

Af (xotzh, Yorok1) 
hf(xotzh, Yorzke) 
hf(xoth, yotRs) 


tks + Qke + Qky + 


13. Use Picard’s Method to approximate y 


tion of 


dy _ 
rs F(XY2) 


satisfying y=2, z=1 when x-0. 


Then 


Then 


~ 0.84811. 


Y = YotkR ® 0.61028. 


h=0.2. Then f, = V1.21028 = 1.1001, 
= 0.271.63030 = 0.25537, 
= 0.2V1.66565 = 0.25812, 
= 0.2V1.42029 = 0,23836, 
= 0.23860, and Y = yotk ®& 0.84888. 
fo = v0.81 = 0.9 Then 
= 0.4Y1,19 = 0.43635, 
= 0.4V1.22817 = 0.44329, 
= 0.471.65329 = 0.51432, 
kg) = 0.43893, and ¥ = yotkR 0. 84893. 


as 


and z corresponding to x =0,1 for that particular solu- 


=“X+zZ, 


oe - (x,y,z) = x-y? 
dx aye 
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For the first approximations, 


6 % 
yi = yor [ flryovzorde = 2+ fo (itayde = Zee + be" 
io x 
Zz = 2% + ‘¥YorzZoydx = 1+ -—4+x)dx = L-—4x + bx 
1 ° J, 8(%1¥o»Z0) f ) 2 
For the second approximations, 
Ye = Yo f Ps¥_24)ae = 2+ [ (a= e 4 bx? de = 2+u- 5x74 at 
0 fe) 
x x 
2g = 5 + Ji evye zeae ay de A (4 - 3x = 3x7 - 2? — de" dx 
= L-4x-—-x ee ee eee 
20 
For the third approximations, 
% x 
3.2 x ly 1 5 
Ys = Yo * J fesyer ade = 2+ aed ~ x Tae ~ 30” ydx 
= ita ge egies Sah ee ye L, Sage 
2 4 20 120 
% % 
-.2. 7 31 4 1.5 1 6 
Za = %t if B(X,Yo,Ze)de = Lt ia (-4 — 3x + 5x° + a - hig oe - aa ) dx 


= cn pr teeg? x + pM Dae Ags : t 
3 12 60 12 252 
and so on. 
When x = 0.1: ya = 2,105 Zz, = 0.605 
Yo = 2.08517 Zo = 0.58397 
Ye = 2.08447 Zg = 0.58672. 


14. Use Runge’s Method to approximate y and z when x = 0.3 for that particular solution of the 
dy 


system ore x+ Vz = f(x,y,2), = = y-Vvz = g(x,y,z) satisfying y=0.5, z=0 when x=0.2, 
Here (X0»Yor Zo) 7 (0.2, 0.5, 0), h= 0.1, fo cs 0.2, fo = 0.5. Then 
ky = hfo = 0.02, 
l, = hg = 0.05, 


ko = hf(xoth, yotks, Zotli) = 0.1(0.3 + Y0.05) = 0.05236, 
le = hetroth, yotks, Zotls1) = 0.1(0.52-V0.05) = 0.02964, 


ka = Af (wth, YotRe, Zotlg) = 0.1(0.3 + Y0.02964 ) = 0.047216, 
le = heath, Yorke, Zotle) = 0.1(0.52 - V¥0.02964) = 0.034784, 
ka = hf (xotsh, YorbRas Zotsly) = 0.10.25 + V0.025 ) 


0.040811, 


It 


Ll, = he(xotbh, Yotska, Zotaly) 0.1(0.51 - 0.025) = 0.035189, 
kx tks + 4k, + kg) = 0.03841, Lx atl + 41, + Ils) = 0.03759, 


Z +l % 0.03759. 


NI 
" 


and 


<1 
" 


Yo tk & 0.53841, 


15. Use the Taylor Series Method to approximate the value of 6 corresponding to t=0.05 for that 
2 
particular solution of ee =-~8sinG satisfying 6 = 7/4, = = 1 when t=0. 
dt 
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The given differential equation is equivalent to the system 


< - a 2 f(t, Gd), dp =~ 8 sin@ = g(t,6,p) 


dt 
with initial conditions t=0, 6=7/4, $=1. Then 
dé ; i . F 
oe Gi = 1 g~’ = -8sinég $, = -4Vv2 
e"= f' Oi =-4Vv2 p"=-86'cos6 hy = -4Vv2 
g" = p" Gy = -4V3 gp = 8(@')’ sin @ - 86" cos@ 
ev=$" Go" = avd +32 bs = 4V3(1+ 472) 
2? re) t* 
and @ = 7/4 + t - 4v2 — z 4v2 — + 4(8+ V2) = to teeeeeeeee = 0.82821, 


16. Use the Kutta-~Simpson Method to approximate y corresponding to x= 0.1 for that particular so- 
d? 
lution of 22s! Gy ep eeeiciing GS0ie, SS ois atew Bt, 
dx? dx dx 
The given equation with initial conditions is equivalent to the system 


o., = f(x,y,2), ts ay -2ez = (2,942) 


with initial conditions x=0, y=0.2, z=0.5. 


Here (%0+YorZo) = (0, 0.2, 0.5), h = 0.1, fo = 0.5, 80 = 0.8. Then 


ky = hfy = 0.05, 


l, = hg = 0.08, 

ko = Af(xgthh, Yothka, zot+$l,) = 0.1(0.54) = 0.054, 

I, = hg(aotzh, yothki, ztsli) = 0.1(0.846) = 0.0846, 

ky = hf (xotth, yotske, zotdle) = 0.1(0.5423) = 0.05423, 

lg = Ag(xotsh, yotske, zotsle) = 0.1(0.85377) = 0.085377, 
ky = hf (xoth, Yorks, %+ls) = 0.1(0.585377) = 0.0585377, 


a 
2 


Ry ats + 2ko + 2kg + ka) = 0.0541663, and y = yo t+ k © 0.25417. 
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17. 


18. 


19. 


20. 


21. 


22. 


24. 
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SUPPLEMENTARY PROBLEMS 


Approximate y when x= 0.2 if dy/dx = x+ y? and y=1 when x=0, using a) Picard’s method, 
b) Taylor series, and c) the First Derivative method with n=4. 


Ans, a) y, = 1.22, Yo = 1.2657, yg = 1.2727; 6) 1.2735; c) 1.2503 


; 2 ; ; 
Approximate y when x=0.1 if dy/dx = x-y and y=1 when x=0, using a) Picard’s method, 
b) Taylor series, and c) the First Derivative method with n=4. 


Ans. @) y, = 0.905, yo = 0.9143, yg = 0.9138; 6) 0.9138;  ¢) 0.9107 


Use Runge’s method to approximate y when x= 0.025 if dy/dx = x+y and y=1 when x=0. 
Ans. 1.0256 


Use Runge’s method to approximate y when x= 2.2 if dy/dx = 1+y/x and y=2 when x=2, 
2.4096 


aa 
Ee 
wn 


Use Runge’s method to approximate y when x=0.5 if dy/dx = Vvx+2y and y=0.17 when x= 0.3. 
Ans. 0.3607 
Solve Problem 21 using the Kutta-Simpson method. Ans. 0.3611 


Use Runge’s method to approximate y and z when x=0,.2 for the particular solution of the 
system dy/dx = y+z, dz/dx = x*+y satisfying y=0.4, z=0.1 when x=0.1. 
Ans. y © 0.4548, z % 0.1450 


Use the Kutta-Simpson method to approximate y when x=0.2 for that particular solution of 


dy dy a isfy dy _ , 
Pa ar +y =0 satisfying y=0.1, a 0.2 when x=0.1. Ans, 0.1191 


CHAPTER 25 


Integration in Series 


EQUATIONS OF ORDER ONE. The existence theorem of Chapter 2 fora differential equa- 
tion of the form 


1) a OY) 


gives a sufficient condition for a solution. In the proof using power seriés, 
y is found in the form of a Taylor series 


2) ¥ = Ay + Ad(x =X) + Ag (x — Xo)? Freres PAG Ie Sky) 


where for convenience y,) has been replaced by A,. This series i) satisfies 
the differential equation 1), iz) has the value Y=Yo when x=x9, and iii) is 
convergent for all values of x sufficiently near x =x,. 

A. To obtain the solution of 1) satisfying the condition Y=Yo When x=0: 
a) Assume the solution to be of the form 


y= Ay + A,x + A,x? + A,x? fone ween 4 AnX™ fi verere 


in which Aj =y, and the remaining A’s are constants to be determined. 


b) Substitute the assumed series in the differential equation and proceed as 
in the Method of Undetermined Coefficients of Chapter 15. 


EXAMPLE 1. Solve y/ = x + y in series satisfying the condition y=yo when x=0. 


Since f(x,y) = x+y is single valued and continuous while df/dy =1 is continuous over 
any rectangle of values (x,y) enclosing (0,709), the conditions of the Existence Theorem are 
satisfied and we assume the solution 


y = Ag + Ayx + Agx? + Agx? + Ax’ to teeeee + Anx” she aha a are 
Now, within the region of convergence, this series may be differentiated term by term 
yielding a series which converges to the derivative y’, Hence, 
-1 
yl = Ay + 2Agx + 3Agx? + 4Agx? 4+ seeeee t nAna 4 trees 


and 
y= x" —y = (Ay ~ do) + (24g ~ Aq)x + (345 Az s 1)x? + (4A, agit Zeenat 
+ (nA, - Anoy)x fosteeeeeee = OQ, 


In order that this series vanish for all values of x in some region surrounding x=0, it is 
necessary and sufficient that the coefficients of each power of x vanish, Thus, 


Ay- Ag = 0 and Ay = do = yg, 34, ~ Az - 1-0 and As = 3+ 2y0. 
1 1 1 1 1 
24, -A,=0 and Ag = -A,= =Ay = ~yo, 4A4,-Ag = 0 and A, = —~+ —yo, 
1 25 aft 5%0 370 4 3 4 12 34°° 
1 
nAn —- Aney = 0 and An = = Anes, n2 4, 
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This latter relation, called a recursion formula, may be used to compute additional coef- 
ficients; thus, 
2 1 1 1 1 1 


A 2 A, = —4+ — = ; A sof, 2 —S ; 
5 4 v0 e 5 ~ 360° 7207° 


It is also possible to obtain the coefficients as follows: 


1 1 1 1 
Since Ay, = —An-, and Ay, = Aneo» An = ——— Aneos But Ans = Anear °°°°3 
n me Tle 1 hos Tm D nm ra a N= 2 n-2 3 
1 1 \ 1 < 
hence, Ay, = 9 —————————— Ag = —_ (1+ 549) = —(2+ Yo), nz 3. 
n(n-1) (N-2)-++++ 4 n(n—-1) (n-2)+-+-- 43 n! 
When the values of the A’s are substituted in the assumed series, we have 
1 2 1 1 3 1 1 4 1 n 
= + X+- x + panes seer va + piace septs \x + eeeeee + —(2+ yx f+ eeeeee 
y Yo + Yo 370 G 50) er 347° es Yo 
= Ge eaeie ate ety ey wees os see eee )-x7 ~ 2x - 2 
a! 3! n! 


= (yo + 2)er — x7 — & = 2 
The given differential equation may be solved using the integrating factor e; thus, 
ye ~ = fx7em™ dx = (ax? = Ox = 2)27” +C and y= C2 ag Be a, 


Using the initial condition, y=yo when x=0, C= yot+2, and y = (Yo pet ae Deo 
as before. 


B. To obtain the solution of 1) satisfying the condition y=yo when x =X: 


a) Make the substitution x-x,) = v, that is, 


d d 
x = VtXo, = = = 
resulting in dy/dv = F(y,y). 


b) Use the procedure of A to obtain the solution of this equation satisfying 
the condition y=y,) when v=0O. 


c) Make the substitution v = x~x, in the solution. 


EXAMPLE 2. Solve y’ = ge 4xt+y+1 satisfying the condition y=3 when x =2, 


First make the substitution x = v+2 and obtain % =u 4 y - 3. We seek the solu- 
VU 


tion satisfying y =3 when v=0; hence, we assume the series solution 


y = 3 + Ayu + Agu’ + Agu? + Agu’ + seceee eee + Anu” + eeeeee aoe 

dy _ 2 3 n=1 
Then aa Ay + 2Aov + 3Agu + 4Aqgu” + eoeeeecee + nAnu + eeeeeoees 

U 
and 

d 

XP y ts = Ay + (24g - Ay)v + (3g - Ap — 1)v? + (4Ag — Ag) Ht tee tere ees 

v 

+ (ndy = Agee 4 weds wees = Oy 


Equating the coefficients to zero, we have: A, = 0, 2A,-~A, = 0 and Ay = 0, 
34,-Ap—-1=0 and Ag = 1/8, 4Ag—Ag = 0 and Ag = 1/12, eerrerees 
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1 : 
The recursion formula A, = An-1 yields 


1 1 : 1 2 


Ans 2*- SLAna = Anes: sees = Age = = nee 3 
n n(n ~-1) n(n -1)(n-2)ereed n! 
2 
Thus, y = 3+ re + i re + eae + eee eeeces 
12 n! 
2 
a ae (x —2)° + Algae f+ fe eecevevevscee + pale Ces + seeeeee 
4! n! 


See also Problems 1-4. 


LINEAR EQUATIONS OF ORDER TWO. Consider the equation 


3) Fyo(x)y" + Py(x) y'’ + Po(x)y = 0 


where the P’s are polynomials in x. We shall call x=a an ordinary point of 
3) if Po(a) 40; otherwise, a singular point. 


If x=0 is an ordinary point, 3) may be solved in series about x=0 as 
4) y = A{series in x} + B{series in x}, 
in which A and B are arbitrary constants. The two series are linearly inde- 


pendent and both are convergent in a region surrounding x=0. The procedure 
for equations of order one in the section above may be used to obtain 4). 


See Problems 5-7. 


SOLVED PROBLEMS 


EQUATIONS OF ORDER ONE. 


d 
1. solve % - 
A oe 


in series satisfying the condition y= yo when x=0. 


Assume the series to be y = Ag + Aqx + Agx? + Agx? + Agx! toteeeee + Ana” 4 vevees 


where Ag = Yo. Then y! = Aq + 2Agx + B3Agx” + 4Agx? + teeeee yt nénx””* eh 029.039 #25 


or 


Substituting «in the given differential equation (l-x)y'’-2x+y = 0, we have 
(1—x) (Ay, + 2Agx + B3Agx” + 4Agx? to see eee + nAne”* + seeees) 


~ 2x + (Ao + Aqx Hoar + Agx + seve + Ana” + eeeees) = 0, 


(Ay + Ag) + (2Ag = 2)x + (3A —Ag)x’ + (4Aq —2A5)x° toeeee 4 [(n + 1) Ang, — (2 -1)Ay) x” + eee = Q, 


(Note. In finding the general term in the line immediately above, we may write a number of 


terms on either side of the general term of the assumed series for y, differentiate each in 
getting y’, carry out the required multiplications, and pick out the terms in x” OR learn to 
write the required term using the general term of the assumed series and its derivative. In 
the present problem we wish the term in x” when the substitutions are made in ylaxy!-xty 


= 0. 


First, we need the term in x” of y’ when we have the term in x”~+, We simply replace n 
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. nn 
by (n+1) in nAnx 
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Equating the coefficients of distinct powers of x to zero yields 


Ay +Ag =O and A, =-Apo, 34g -Ap = 0 and Ag - 54 
24, -22+0 and A, = 1, 4A,-2A, = 0 and Ag= 3A 
n-1 5 
(n+ 1)Angy - (N-L)An = 0 and Ane1 = An» (née 
n+l 
- = = -3)(n-4 
NOW Ais, EE eae eg oe ae 
n n(n- 1) n(n—1)(n - 2) 
Se) Ee da ee 
N(N =-1)(N=D)eeeereeeeeede3 n(n ~ 1) 
2 
Thus, y = Y¥o(1-—x) + es + a + Pa + =a) fo ee eeeee fF Xx 
3 6 10 n(n—-1) 
~ 2 
Syochew ay DDE ae 
n=2 n(n—1) 
7. a 2 Ae A n 1 
Using the ratio test, lim | 2° —| - |x} lim = |xl- 
no Ase noo n+] 


The series converges for |x| <1. 


ol 2 n sas n n 2 
and obtain (n+1)An44x . The remaining terms ~nAyx +Anx are obvious.) 


+ ¢8eveee 


Note. By means of the integrating factor 1/(i-x) the solution of the differential equation 


is y = 2(1+x)In(i-x) + 2x + C(l-x). The particular integral required is 
y = ¥Yo(1~x) + 2(1-x)ln(l~x) + 2, 
2. Solve (1~xy)y’- y = 0 in powers of x. 
Assume the series to be y = Ag + Aqx + Agu? + Agx? + Agx fo teeee dt Anx” + eeeee, Then 
yl = Ay + 2Agx + 3Agx- + 4Agx° fo eeeee dt nAnx” + seeee and 
(1-xy)y' = y 
= (1 ~ Apx - Ax? - Apx? ~ Agx" tee Aga? — eee) (Ay + 2Agx + 3Agx” + 4Agx? + teeee 
+ nAnx” > tives) - (Ay + Aga + Agx? + Agx? toeeee + Anx” + eeee) 
= (Ay-Ao) + (2Ag—-AoA4-A4) x + (BAg —2AoAa -AG Ag) x” + (444 -3AgAg -34yAo-Ag) x? + sees = Q, 


Equating to zero the coefficients of distinct powers of x, 
A, ~ Ap = 0 A, = Ao, 


BAGS Ash oA et 


and 


and A,= 5Aq(1 + Ao) = $40(1 + Ao), 


3Ag — 24gAy ~ AL — An = 0 and Ag = 5(2oAe CACE pe gos 5g + 24a), 


2 
44g -3Apdg -—34AAp -— Ag = 0 and «Ay = = Ao (1 + 1TAg + 264g + 6Ad), 


acer cere sesencen Ce ee 
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2 
Thus, y = Aoll + x + (1 Aint + = (1+ 5Ao + QAa)x° + (1+ 17a + 26 Ag + 6Ag) x" to seeoeee), 


We shali not attempt to obtain a recursion formula here nor to test for convergence. 


9, Solve x '.~y-x-1= 0 in powers of (x-1). 
y 


d : : 
Setting x = z+1, the equation becomes (z+ i -~y-~2z-2 = 0. Since we seek its solution 
v4 


in powers of z, assume the series to be 


y = Ag + Aqz + Anz” + Agz? + A,z" t teeeeeeee + Anz” + seeeeoeee, Then 
a = Ay + 2Aez + BAgz° + 4 Agr? to teeeee ee + NAnz ae eee and 
Zz 

dy 

(zt])" -y-—-z-~ 2 
dz - 
= (Z2+1)(Aq + 2Agz + 3A,2° + 4Agz? + edeee y nAnz” + a) 
a. PS AG Ae He Age” Ane? sone + Anz” + veeee) 


2: AY ed Aa ORS Ne BAGS ADS a Ap OA hk? eens 


+ [(n+)Anag + (M-1)An]z7 + coeceeees = 0, 


Equating to zero the coefficients of the distinct powers of z, 


A, -2-Ap =0 and A, = 2+ Ao, 34, + Ap = 0 and Ay =~ Ag 2-2. 
2A,~-~ 1=0 and A, = 4 4A, + 2A, = 0 ahd Ae Seta, se 
2 pee we : , apes tec 
(1+ Aner + (2 -1)A4n = 0 and Anta = 7 jie An, n22 
n+l 
From Problem 1, An = ey eee = (as aes n2 2, 
N(N ml) eee ceceeeee 43 n(n -1) 
and y = Ao + (2+ Ag)z + 12 — 13 + 1 — fe eeee + (ay cele us py. ee eeee, 
2 6 12 n(n —1) 
Replacing z by (x -1), we have 
1 2 1 3 1 4 
= Agx + Q(e—1) + S(x—1)" -— H(e - 1) + (eH 1) cree nee 
y fe) ) 5! ) ra ) 13° ) 
= 1 
a 
Aye Bee la Sess ety 
n=2 (n~1) 
: F P Ano : n-1 | | 
Using the ratio test, lim | 244] = fz] lim = |zj = |x-12. 
noo Anz” n4m0 n+l 


The series converges for |x —i| <1, 
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4. Solve plead e’ = 0 satisfying the condition y=0 when x=0. 


In view of the initial condition, assume the series to be 


yor Ree ha” BAe” BAe BAS Bese 

' 2 3 + 
Then yl = Ay + 2Agx + 3Agx” + 4Agx” + BAgx + setrereres, 

a 4 1 1 ea tnewr tend 
Also, e = ae a ey ae? mere + 

= 1+ (Ayes Ann? 4 Ag? 4 Aga teens) + a lAhe? 24 yaya? + (Az 4 2AAg)x te eeees 
143.3 2, 4 144 
taka + BAyA ox teoone) oe aan toceee yt ceeees baeee 


] 
= L+Aqx + (Ant stn + (Ag + AqAg + gave 


12 12 14 oy 
+ (A -A A,A —AjAn + —-Ay)x + eee 
ar ea wet 5eite 4 1) 


Substituting in the differential equation, 


2 
(Ay - 1) + (24g-Ay)x + (84g - 1 - Ag - 5 ADs + (444 - Ag — AsAy - 5 ADs 
1 ,2 1 ,2 1 4g 
XGA = Ay - 54s AHS - 5 Aide - 5 Ans dk Teiace ce dieveeo-t iia pre sets 


Equating coefficients of distinct powers of x to zero, 


Ape eSovand Aes. Bae aap so and Ap = 54a = 5) 
1 2 1 1 ,2 2 
Bag Sd Ag Ais Ag 0 and Ree dae es As) mas 
1 ,3 1 1 3 1 
444 - Ag - Ards ~ 5 Ar = 0 and oe ral Re Ta Re 
1,2 1 17 
BARS ae Ale anne Aa 0 and A; Fey ene 
and you x + 1 + 2 3 4 1 + Ws pf a eeereverenes 
2 3 3 60 
LINEAR EQUATIONS OF ORDER TWO. 
5. Solve (1+x7)y"+ xy! -y-=0 in powers of x. 
Here Po(x) = 1+ x’, Po(0) #0 and x = 0 is an ordinary point, 
We assume the series 
y = Ao + Ax + Agx” + Asx? + Ayn" t+ eoesevees godine se eeceone, 


Then y! 


-1 
Ay + 2Agx + 3Agx” + 4Agx? +t eeeeeee + nAnx” + seeeeeoes 


Or ee 
° 


= iO, 


and y" = 2Ao + 6Agx + 12A4x° f eases vee + n(n—1)Anx”? + seenesees | 
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Substituting in the given differential equation, 


(1+2x7)[24, + GAgx + 12A,x° t+ eeee + n(n —1)Anx? + eect] + x(Ay + QAgx + yee 4A4x° teeee 


es t+ see) = (Ag + Aqx + Agx” Fe Agx? + Agx' + eeee + Anx” + esos) = O, 


+ nAnx” 
or (2A, — Ag) + GAgx + (12A, + GAs)" toseee + [(n+ 2)(n + L)Ange + nr? - L)An ]x” teres = 0. 


Equating to zero the coefficients of the distinct powers of x, 


1 
2A,—4g=0 and Ay = 340, CA tha AGG. “PAROS O: Gnd Ayes Slee sere 


oe 
2 n-l 
(n+2)(n+ Ange + (N° -1)An = 0 and Aneto = 7 = An + 
n 
From the latter relation it is clear that Ag = Ag = A, = +++: = 0, that is, Anyo = O ifn 


is odd, If n is even, (n = 2k), then 


Ha te eee _ (R= 3)(2k-5) , 3S) Cited: te eae 1+3+5e+e++ (2k -3) ee 


2k Ok 2k-2 2k (2k — 2) 2k-4 og 


Thus, the complete solution is 


12 14 1 6 5 8 
= Ag(l + = - - a a + senor + A 
# ae Pig ae 128 * : = 
12 A, .. Bl dsBeBeeeoe(Qkh-3) 2b 
= Ag(l + sx° + Siena) See ye Aa 
2 k 
k=2 2k! 
Loo Sin ge eB iger eee COR a3) 28 
= Ao[l + oY - +) a oe ] + Ay. 
k=2 2 °R! 
A ENS 2 n-1 
Here lim |—2+2% | = ,? jim 2=* = x? and the series converges for |x| <1. 
n—- 0 Anx” nao n+2 


6. Solve y" = x?y! -y=0_ in powers of x. 


Here Po(x) = 1 and x=0 is an ordinary point, We assume the series 


y= Ao fe Aqx aa Anx” + Agx? + sevencees + Anx” Ft seeeoeene y Then 
y! = Ag + 2Agx + BAga? + seceeeseee + nAgx + cseevene , 
ne 2 3 ne? 
yo 2A, + 6Agx + 12A,4x + 20 A5x f+ eeeeecene + n(n ~ 1)Anx to seeeeeoes and 
7 2 
es eae 3 
= (24g - Ao) + (64g ~ Ay)x + (124, — Ay - Aya” + (20Ag - 24, - Ag)x° 4. Nes uarees ibteretereiw. eee 
+ [(n+2)(N+ Anse — (N-L)Anag — Aq]x” + coeceseeeeeees = OL - 


Equating to zero the coefficients of the distinct powers of x, 
1 
Qhg=Ao=0 and Ag= 54g, 6Ag-Ay=0 and Ay = wate 1244—Ay-Ag=0 and Ay= Ay + Ay 


Ce | 
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‘ ~1)Aniy + A 
(n+ 2)(n+ LDAnge ~ (N-1)Ano1 - An = 0 and Ante = eee so n2u, 
(n +1) (n+ 2) 


Th lete solution i Gln ers 2S ee Siege ry ) 
e com ete so on is = Ff =X Sete, Se Sioned”, GE ert — ill ta 
y ee 34 x 720 2520 
7 7 
de Og A! seg eae eg yt ae sereeoe) 
12 120 360 5040 


: 2 2 ; ‘ 
7. Solve yy" — 2x y! + 4xy =x + 2x + 2 in powers of x. 


Assume the series to be 


y = Ag + Aye + Ag” + Asx? + Ayx’ + Agx? to tveceees + An” foteteeeees 5 Then 
nel 
yl = Ay + 2Agx + 3Agx? + 4Agx? + 5Agx* toreeeeee + nAnx + teeceene, 
im 
y" = 245 + 6Agx + 12A,x* + 20 Agx” to enesereerecae t n(n —1Anx” to tecones » and 
yu 2 £ 2 rad \ © 4 3 
yor ex yl + 4xy x ~ 2x-2 = (2A, ~2) + (BAg+ 44g ~2)x + (1244+ 244 -1)x” + WA gx? + reeves 


+ [(n+ 2)(n+1)Ange — 2(n-1)Anuy + 4An_y]x” + teeeeee = Q, 
Equating the coefficients to zero, we obtain 
2An~2 = 0 and Ag=1l, 64,+ 445-2 =0 and Ag = 


__2(n ~3) 


(n+ 2)(n+1)Angy — 2(n~3)Ani, = 0 and Ante = Anes 12 3, 


The complete solution is 


3 2 6 2 9 14 alee; 1 lo 
Ee Al Sale ey es = ~ — too eeees + A(x ~~ xe ~— xe ~ Ly — seeeeerves) 
4 On 45 405 } 1x 63 567 
+ oe ae ee ee + ds + — 9 + 1 we t+ reve nrone 
3 12 45 126 405 1134 


8. Solve y"+ (x-ly' + y= 0 in powers of x~2. 


2 
d ‘ 
Put x =v+2 in the given equation and obtain g = + (v+ ye +y = 0 which is to be 
dv - 
integrated in powers of v. Assume the series 
y = Ag + Ayu + Anu” + Agv’ + Ayu" ts eeeereae + Anv™ t see eesees . Then 
dy 2 3 nol 
7, = Ay + 2Agv + 3Agv + 4AgU’ + seceneeee + AAnv +t seeenenon,y 
au 
a? 2 n=2 
z = 2Ao + 6Agv + 12A,v f weve evacene 4+ n(n -=1)Anv- f cevvecee , and 
dv* 
d? d 2 
2 + (wee ty = (24, + Ay + Ag) + (6Ag + 2A, + 2AQ)U + (1244 + 3AQ + BAG) UD + reeeeeee 
dv LU 
+ [in +2)(n + l)Anys + (n+ 1)Ay + (n+ Any ]u” + teeeeeres = Oy 


Equating the coefficients of powers of v to zero, we obtain 
a 1 1 1 1 
Ag =- sorta) Ag = = aaa As) = Beran) Ag = - sea) = qe ae te eeeee 


1 


(N+ 2) (n+ l)Angs + (2 +1)An + (N+ 1)Angy = 0 and Ange 25 ; 
n+ 


(An + Anga)+ 


10. 


IL. 


12. 


13. 


14. 


15. 


16. 
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Thus, noting that v = x —2, the complete solution is 


1 2 1 1 1 1 6 
y = Ao[l wg lea) + a(x -2) + ried = yr = ime? f verece] 


+ AyLoe=2) = 2-2)" - See nay eBay = Fea) eed, 


SUPPLEMENTARY PROBLEMS 


- Solve (l-x)y’ = ay in powers of x. 


Ans. cae tases chee tea ks Digs, lo ee eatin Ges eo ah east 
3 6 10 (n + 2)(n +3) 
Solve xy’ = 1~x+2y in powers of x-1, Also integrate directly. 
Hint: Let x-l=z and solve (z+ v2 = -z+2y in powers of z, 
z 


Ans. y = Ag(h + 2(x-1) + (x-1]) + $4 (e-1 


Solve y’ = 2x? + 3y in powers of x, 


Ans. y = Ag[1 + 3x + 9x7 /2 + 9x°/2 + 27x" /8 bicovete ees J+ (2x°/3 + x /2 + seeeen) 


Solve (x+l)y’ = x oe ty in powers of x. 


Ans. y = Ag(1+x) Bit gem oe 2x°/3 = x'/3 + 2° /5 = on? /15 fivdavere ers 


Solve y"+xy = 0 in powers of x, 


R.F. An = - cin. An-g» 22 3; convergent for all x. 


n(n -1) 
Ane. of SARA SRO) 186 a eet Se Ayes Se AS © 51) sk eS) 


2 
Solve y"+2x°y = Q in powers of x, 


RF. An = - S268 3 An-a; convergent for all x. 


n(n —1) 
Ans, y = Ag(1 ~ x"/6 + x°/168 ~ sesees) + Aq(x -— 2°/10 + 29/360 — covers) 
Solve y"-xy’+ xy = 0 in powers of x. 
R.F. n(n -1)An ~ (N-2)Aneg + Aneg = 0, 12 4. 


6 , 
Ans. y = Ag(1 -— x /12 ~ x°/90 + x°/3360 + veee) + Ayla + 2°/6 = x°/40 — x'/144 — eee) 


Solve (hax*)y"- axy'+ p(p+1)y = 0, where p is a constant, in powers of x. (Legendre Equation) 


(n-2-—p)(n+p-1) 


R.F. An = Anz; convergent for |x| <1. 

n(n- 1) 
Ans, y= Ao(l - BURST) 5? + {p~2)p(p +1) (p +3) 4 — secre eseee) 

2! 4! 
Axe = SE GS oe MESSE ee PM) 8 besahess) 
3! 5! 
2 
17. Solve y"+x'y = (eva in powers of x. RF. An = - mn convergent for all x. 
n(n-1) 

Hey 8, 5 9 

Ans. y = Ag(1—- x /12 + x /672 — ceeee, ) + Ag(x — «9/20 + x°/1440 — «0000e) 


2 F j 
+ 4° /2+ x°/6 + x/12 - ~°/60 - «1/252 - x /672 4 whlses 


CHAPTER 26 


Integration in Series 


WHEN x=a IS A SINGULAR POINT OF THE DIFFERENTIAL EQUATION 
1) Po (x) y” + Py(x) y’ + Po(x)y = 0, 


in which P;(x) are polynomials, the procedure of the preceding chapter will 
not yield a complete solution in series about x =a. 


EXAMPLE 1. For the equation x?y" + (x? — xyy! + 2y=0, x=0 is a singular point since 


P9(0) = 0. If we assume a solution of the form 
(i) Ye Age ASE Kee? AGS? e Gas ie 
and substitute in the given equation, we obtain 
2Ag + Aqx + (2A,+A,)x" + (BAg + 240) x? + seecesese = 0, 


In order that this relation be satisfied identically, it is necessary that Ap = 0, A, = 0, 
Az = 0, Ag = 0, ****; hence, there is no series of the form (i) satisfying the given equa-~ 
tion. 


A SINGULAR POINT x=a OF 1) IS CALLED REGULAR IF, when 1) is put in the form 


1') y" + Ba) oe Sat. 2 eg 
x~-a (x - a)? 


R,(x) and R(x) can be expanded in Taylor series about x=a. 


EXAMPLE 2. For the equation (1+x)y"+ xy’ 3y=0, x=-1is a singular point since 
Po(-1) = 1+ (=1) = 0. When the equation is put in the form 


y” rf Ri (x) y! + Ro (x) y = " ny —3(x + 1) 


y + y 0, 
a (x+ 1)" Fd (x +1)" 
the Taylor expansions about x = -1 of R(x) and Rg(x) are 


Ry(x%) = 2x = Q(x +1)-2 and Ro(x) = -3(x +1). 


Thus, x = -1 is a regular singular point. 


EXAMPLE 3. For the equation x’y"+x*y'+y-=0, x=0 is a singular point, Writing 
the equation in the form 


it is seen that R2(x) = 1/x cannot be expanded in a Taylor series about x = 0. Thus, x = 0 
is not a regular singular point. 
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WHEN x=0 IS A REGULAR SINGULAR POINT OF 1), there always exists a series solution 
of the form 


o 
nm n m m+1 m+2 mtn 
2) yax es Anx = Agx + Ayx + Ayx + seer + Ayx Foseeee, 
n=0 


with Aj #0, and we shall proceed to determine m and the A’s so that 2) sat- 
isfies 1). 


EXAMPLE 4. Solve in series 2y"+ (x+1)y’ + 3y = 0. 


Here, x=0 is a regular singular point, Substituting 


y = Pega Rea a ei Miaae ar ny ae ae err area 
y' = mAgx” > + (m+ 1)Aqx” + (m+ 2)Agx** + coeee + (mHnyAgan + veeee, 
‘s z ~2 
y" = (m -1)mAgx” = m(m+1)Aqx” 2. (m+ 1) (m+ 2)Agx™ teen + (m+ n—1) (mt n)Anx*” tosses 


in the given differential equation, we have 


(4) m(2m = 1)Agx™™* + [Um + 1) (2m + 1)Ay + (m+3)AQ]x”™ + [(m+ 2) (2m +3)AQ + (m+ 4)Ay]a™ 


+ eoeee + [(m+n) (2m + Qn - 1)An + (mt n+ 2)Aner er + ose eesces * = (0, 


Since Ap # 0, the coefficient of the first term will vanish provided m(2m-1) = 0, that is, 
provided m = 0 or m = %, However, without regard to m, all terms after the first will vanish 
provided the A’s satisfy the recursion formula 


m+n+2 
Ags ce! Sot A eg nS a 
(m+n) (2m + 2n -1) is 


Thus, the series 


a a a ea eo (1 
(m+1)(2m +1) (m + 1) (m + 2) (2m +1) (2m + 3) 


(m+4)(m+5) 3 


ee at + se eeecveee | 
(m +1) (m+ 2) (2m + 1) (2m +3) (2m +5) 


satisfies the equation 


(ii) 2x7" + (x41) F! + BF = m(Qm=1)Agx” >, 


The right hand member of (ii) will be zero when m=0 or m=%. When m = 0, we have from 2!) 
with Aj = 1, the particular solution 


¥, = Loe BEE Be Be 18) A sea a. 
and when m = % with Ao = 1, the particular solution 
Yo = We(1 - 70/6 + 21x7/40 ~ 11x°/80 + veeeee), 


The complete solution is then 


y Ay1 + Bys 


il 


A(1 - 3x + ax? — 2x3 /3 +oeeeee) + BVx(1 — %/6 + 21x7/40 - Lix?/80 H eateeel ig 


The coefficient of the lowest power of x in (i), (also, the coefficient in the right hand 
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member of (ii) ), has the form f(m)Ag. The equation f(m)=0 is called the indictal equation, 
The linearly independent solutions y, and y, above correspond to the distinct roots m = 0 
and m= % of this equation, 


In the Solved Problems beiow, the roots of the indicial equation will be: 
a) distinct and do not differ by an integer, 
b) equal, or 
c) distinct and differ by an integer, 


The first case is illustrated in the example above and also in Problems 1-2. 


When the roots m, and m, of the indicial equation are equal, the solutions 
corresponding will be identical. The complete solution is then obtained as 


See Problems 3-4. 


When the two roots m,<m, of the indicial equation differ by an integer, 
the greater of the roots m, will always yield asolution while the smaller root 
m, may or may not. In the latter case, we set A, = By)(m—m,) and obtain the 
complete solution as 


~ oy 
— A + Bo 
y Y | ca = 


See Problems 5-7. 


M= My 


The series, expanded about x=0, which appear in these complete solutions 
converge always in the region of the complex plane bounded by two circles cen- 
tered at x=0. The radius of one of the circles is arbitrarily small while that 
of the other extends to the finite singular point of the differential equation 
nearest x=0. It is clear that the series obtained in Example 4 converge also 
at x=0; moreover, since the differential equation has but one singular point 
x=0, these series converge for all finite values of x. 


COMPLETE SOLUTION OF 
3) Po(x)y" + Py(x)y'’ + Pa(x)y = 


consists of the sum of the complementary function (complete solution of 1)), 
and any particular integral of 3). A procedure for obtaining a particular in- 
tegral when Q is a sum of positive and negative powers of x is illustrated in 
Problem 8. 


LARGE VALUES OF x. It is at times necessary to solve a differential equation 1) for 


large values of x. In such instances the series thus far obtained, even when 
valid for all finite values of x, are impractical. 


To solve an equation in series convergent for large values of x or "about 
the point at infinity", we transform the given equation by means of the sub- 
stitution 

x = 1/z 


and solve, it possible, the resulting equation in series near z=0. 
See Problems 9-10. 
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SOLVED PROBLEMS 


Solve in series Ox? yxy! + (x? + 1)y = 0. 


Substituting 
NS Ae gt ae a lie econ auth ghee nas Sine Eohiie taints Satta 
yl = mAgx™) + (m+1)Aqx” + (mt 2Q)Agx™*) 4 ceeeee Nadeeacite + Re NAgae Or Fao eaaes 
y" = (m= LmAgx? + (m+ LmAyx™ * + (m4 1) (mt Q)Aga™ + teres + (m+n=1)(m+n)Aga "4 0. 


in the given differential equation, we obtain 


(m~1) (2m = 1)Agx”™ + m(Qm + 1)Aqx™*? + {[(m+2)(2m+1) + 1]Ay + Ag}x™t? + veveees 


Mtn 


+ {[(m+n) (2m 4 2n-3) + 1JAq + Aneg ha + eeeeeeee = 0, 


Now all terms except the first two will vanish if Ag,Ag,+**+* satisfy the recursion formula 


1 
1) An = = ee A, on 2 
. (m+n)(2m+2n—3)4+1 ""? 


u 


The roots of the indicial equation, (m-1)(2n-1) = 0, are m= 4,1, and for either value 
the first term will vanish. Since, however, neither of these values of m will cause the second 
term to vanish, we take A, = 0. Using 1), it follows that Ay = Ag = Ag = eeees = 0. Thus, 


as nm 1 2 1 4 

Y = Age (1 ~ ————__~ x* + —_______ ge i ited eeu 
(m+2)(2m+1) +1 [(m+2)(Qm +1) +1} [(m+4) (2m +5) +1) 

satisfies 2x79" = x9 + (x? 41)¥ = (m=1)(Qm=1)Agx™ 


and the right hand member will be 0 when m = p> orme= il, 


. 
. 
. 

~~ 


When m = 3 and dy = 1, we have ¥. = VAC - x°/6 + x /168 - x°/11088 + eeeeees 


and when m = 1, with do = 1, we have Ye x(1 - x’ /10 + x’ /360 - x° /28080 t+ asvceseeee), 


The complete solution is then 


y = Ay1 + Bye 
= Ayz(1 - x7/6 + x"/168 - x°/11088 + +++) + Br(1 - x7/10 + x*/360 ~ x°/28080 + +++). 


Since x=0 is the only finite singular point, the series converge for all finite values of x, 


Solve in series  3xy” + 2y" + x*y = 0. 
Substituting for y, y’, and y" as in the problem above, we have 


m(3m~1)Agx™ "+ (m+1)(3m+2)Aqx™ + (m+2)(3m45)Agx™ 4 [(m+3)(3m+8)Aq + Ag]x™*” 
Me Nel 


+oseoeee + [(m+n) (3m + 3n~1)An + Aneg]x £ Seewes: 2-0, 
All terms after the third will vanish if AgAg,ttte* satisfy the recursion formula 
2 1 > 
An = = Ang, 123. 


(m+n) (3m + 3n -1) 
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The roots of the indicial equation m(3m~1)=0 are m = Q, 1/3. Since neither will cause the 
second and third terms to vanish, we take A, = A, = 0. Then, uSing the recursion formula, 
A, = Ag = Ay = +++ = 0 and Ay = Ag = Ag => = 0. Thus the series 


1) Be hee fie ae Na gg eee ee a ee tats 2 Sauns ) 
(m +3) (3m + 8) (m+ 3) (m+ 6) (3m +8) (3m + 17) 

fs Fs —i Saft 2 mL 

satisfies Sxy + 2¥ + xy = m(3m-1)Aox -. 
6 

For m = 0, with dg = 1, we obtain from 1) ¥. = l- 2/24 + x [2448 — ceeeeee 
and for m = 1/3, with Ag = 1, we obtain Yo = gee - x? /30 + x° /3420 ae i 

The complete solution is 

6, 1, 6 

y = Aya + Byg = ACL = 2°/24 + x°/2448 - coon \ Se BR Se 80 ee? 18400 Hen 


The series converge for all finite values of x. 


ROOTS OF INDICIAL EQUATION EQUAL. 


3, Solve in series xy"+y’-y = 0. 


Substituting for y, y’, and y” as in Problems 1 and 2 above, we obtain 


wage + [(m ety AG = Ag ]x” + [(m £2) Ay = Ayjx"*? 


fo wee eeee + [(m +n)" An Ayelet + evssese = Q, 


All terms except the first will vanish if Ay,A4o,+++++ satisfy the recursion formula 


1) Ans <= + An=1>+ nz. 
(m+n) 
Thus, 
yes Ax" ¢ Se + —— Po weeee eee) 
(m+ 1) (m+1) (m+ 2) (m+1) (m+ 2) (m+ 3) 
satisfies 
2) xy" + 9 -¥ = mdgx™ 


The roots of the indicial equation are m = 0,0. Hence, there corresponds but one series so- 
lution satisfying 2) with m = 0. However, regarding y as a function of the independent variables 


x and m, 
nat = = ee 
OL gs 2 Y) = 2 a) = (2%)! 
om Om Ox Ox Om om 
ana et 2 (2%) ap 2 2%) 3 2%) = (ot 
Om Om Ox Ox Ox Om Ox Ox Ox Om Om 


and we have by differentiating 2) partially with respect to am, 


3) ae Ges Soca gatas ee 
Om m om 
From 2) and 3) it follows that y, = y Wick and Yxg = 2 are solutions of the given dif- 
= mi m=O 


ferential equation. Taking dg = 1, we find 
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OY. x” Inx [1 + x + —_ + # + eee to seeereeeee] 
Om (m +1) (m+1)° (m+2) (m+1)° (m+2)° (m+3) 
ors ae ee (3, +» 4" : fay Sep ey 
(m+1y (m+1)> (m+2)° (m+ 1)" (m+ 2) (m +1) (m+2) (m+3) 
i : 2 $e? Ly teduecteeel| 
(m +1)" (m+ 2) (m+3)7— (m+.1)* (m+ 2)* (m 4+39? 
> Yinx - [+2 + (+ + — 
(m+1)° (m+ 1) (m+2)> (m+ 1)" (m+2y° 
+ (———+__ + 1 oP teed, 
(m+1)) (m+2)° (m+3)° — (m+1)° (m+ 2) (mt3)” (m+ 1)" (m+ 2)* (m4 8)? 
2 Pa 
Then yy = yf = l +x + + Homie aves F 
lec cay? any’ 
Yo: = oy = y,Inx - 2[x + l (1 + ee + 1 rae + c + ae + aeaeeeves j, 
Om |m=0 (2!) 2 (3!) 2 
and the complete solution is 
y = Ays + Bye = (A+ Binx)[1 + x + = a ~ eo Biveseer| 
(2!) (3!) 
cs Be ne: Se ey sae de By? dS isereaa sy, 
(2!) 2 (3!) 2 


The series converge for all finite vaiues of x # 0. 


Solve in series xy"+y!+x"y = 0. 
Substituting for y, y’, and y”, we obtain 


m Ax” > + (m+1)Aqx™ + (m+ 2)°Aox™*? + [(m+3)°Ag + Ag] x”? 


Ft wee e reves eeneere 


+ [(m+n) An EAgglee eames coos = OQ 


The two roots of the indicial equation are equal. We take Ag = 1, Ay = A, = 0, and the re- 
1 


maining A’s satisfying the recursion formula An = ~ —-——— Anus. 
(m+n) 
Then Ay = A, = Az = ++. = 0, Ao - As = Ag = «++ =0, 
¥ = x" & to + ——- :* = ~~ + + ee oeeeeee) 
(m+ 3) (m+3) (m+6) (m+3) (m+6) (m+9) 
and, following the procedure of Problem 3 above, 
2 = Ylnx + 2" —— ee ee ne aor te yx? + 
7 (m +3) (m+3)°(m+6) — (m+3)* (m+6)° 


( : 2 ria 2 : 27 2 ; 2 dx” nase | 
(m+3) (m+6) (m+9)° (m+) (m+6) (m+9)*  (m+3)* (m+6)" (m+ 9)? 
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Using the root m = 0 of the indicial equation, 
= 1 3 1 6 1 9 
yi = YY Ss] es ee ae ee ar, Sa eS a ay rr 
= 6 2 
ly 0) 32 3°21)? 3° (3!) 
y 1 
and yo = = yy nx + ota? - : s+ 5x + nt St De? ee 
The complete solution is 
y = Ayr + Byg = (A+Binx)(1- =x? +x! -- a? + waded ea 
3 3 (2!) 3° (3!) 
+ op (+ x3 - at Ss" + ai 52? sites aaigh erteetel) 9 
3? 3° (2!) 2 3/(3!) 3 


The series converge for all finite values of x # 0. 


ROOTS OF INDICIAL EQUATION DIFFERING BY AN INTEGER. 


Ae 


Solve in series xy"”-~3y’+xy = 0. 


Substituting for y, y’, and y" we obtain 


(m=4)mAgx™ > + (m—3) (m+ 1)Aqx™ + [(m—2)(m+2)Ao + Ag]ar 4 cereceee 


+ [(m+n~4)(m+n)An + Aes + teeeeeee = Q, 


The roots of the indicial equation are m = 0,4, and we have the second special case men- 
tioned above since the difference of the two roots is an integer, We take A, = 0 and choose 
the remaining A’s to satisfy the recursion formula 


Hi Re x aston Se Anegs 2 2, 
(m+n—4) (mtn) 


It is clear that this relation yields finite values when m = 4, the larger of the roots, but 
when m= 0, Ag+. Since the root m = 0 gives difficulty, we replace Ag by Bo(m — 0) = Bom 
and note that the series 


y = Agx” [i= <a ee + ier She ot, pe oe puere nena: seer ame Py 
(m —2) (m+ 2) m(m—2) (m+ 2)(m+4) m(m~ 2) (m+ 2)" (m+ 4) (m+ 6) 
+ see es ey" = rat rea | 
m(m—2)(m+ 2) (m+4) (m+6)(m+8) 
= Box” [m — tne ies Stee ee a geo ee x 
(m — 2) (m + 2) (m — 2) (m+ 2) (m+ 4) (m—2) (m+ 2) (m+ 4) (m+ 6) 
+ oa er ee seseee | 


(m ~2) (m+ 2)" (m+ 4)" (m+6)(m+8) 


satisfies the equation ‘ ‘ ‘ 
xy" -3y' + x¥ = (m=4)mAgx”™” = (m—4)m Box”. 


Since the right hand member contains the factor i, it follows by the argument made in Problem 3 
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that y and 2, with m= 0, are solutions of the given differential equation. We find 


m 
oy m4 4 2 i 1 1 Los 
ee = y Inx + Box” [i + eX a fe th + 4 )x 
on [(m 2) (m+ 2)]° (m-2)(m+2)(m+4) m~2 m+2  m+4 

+ ee + 2 + 1 + ae 

(m—2)(m+2)*° (m+4)(m+6) M-2 m+2 m+4 m+6 
1 1 2 2 1 1 
7 . ; ( + + + aS i JX + teas ] 
(m - 2) (m+ 2)" (m+4)° (m+6)(m+8) M—2 m+ med m+G m+B 
Using the root m = 0, with By = 1, we obtain 
= 1 4 1 6 - 8 
yy. = Tle = = x + ; x= = Se ae 
= 26264 202 +466 2°2 °4 +68 
and 
y 6 
Ye oy = y,inx + 1 + ee + & Pare ———atieds 
omies af ime a) 14 2 3 
8 1 
z [a+ stata) t ax - plas Seog + Gtalk” to ana 
2 4! 2! 2 4 2 2° 51 gr 


The complete solution is 


y = Ayr + Bye 
= (A+ Blnx){- Bia R sh ae —— «* 4 AAV aie 
BP cay 2 at a 2° 4! 2! 
1 
+ B{1l + 4% + : x a rears £ ates + : 1 ies re 
2 5 2h ordeal 2° 41 2! 342 
= a het ee pA eeelexal, 

2) sy 23 4°55 2 3 

5! 3! 


Tre series converge for all finite values of x # 0, 


Solve in series (x ~ x7 )y" — By! + 2y = 0. 


Substituting for y, y’, and y”, we obtain 


(m—4)m4gx™"" + [(m—3) (m+ 1)Aq— (m= 2) (m+ LAg]x™ + [(m—2)(m+2)Ay—(m—1) (m+ 2)A,]2™* 


+ seeccoes + [(m+n 4) (m+n)An — (m+n —3)(m+n)An—4]x + seeevese = Q, 
The recursion formula is 4, - "173 An-1 80 that 
mtn-4 
1) i Age Tt Bees g Rte pi ae gee Etsy? oe 7 oo] 
m-3 m-3 m—3 m—-3 n—-3 n-3 


satisfies the differential equation 


(x ~x7)y" - 3y'+ 2¥ = (m—4)mAgx™, 
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The roots m = 0,4 of the indicial equation differ by an integer. However, when m=0 the ex- 
pected vanishing of the denominator in the coefficient of x* does not occur since the factor m 
appears in both numerator and denominator and thus cancels out. Note that the coefficient of 
x) is zero when m = 0. 


Thus, with Ag = I, 


i 


6 7 
yn = F 14+ 2/3 + 27/3 + 0 —x°/3 — 20/3 ~ Bx /3 — 4x//3 — correo 


and 


3 


Yo = Y = x (1+ Qn + Bx" + 4x + eeecevoe ) 


so that y, = (1+ 2/3 + x7/3) - yo/3. 


The complete solution is y = Cyy,+ Coye = Cy(1 + 2x/3 + x”/3) + (Co -— C1/3)¥2 


= A(x? + 2x +3) + Bu’ (1+ 20 +3074 4x? + seeeee) 


uy 
A(x? + 2x +3) +p“. 
(1-x) 


u 


There are finite singular points at x =0 and x=1,. The series converge for | x | <i, 


Solve in series xy"+(x-l)y’-y = 0. 


Substituting for y, y’, and y”, we obtain 


(ns Onde + [(m —1)(m+1)Aq + (m—1)Ag]x” + [m(m + 2)A_+mAq]x"* + teeevens 


+ [(m4+n—2)(m+n)An + (m+n =2)Aneg 7 to seeeeeee = Q, 


The roots of the indicial equation are m = 0,2 which differ by an integer. We choose the 
A’s to satisfy the recursion formula 
mt+tn—-2 1 


(m+n —-2) (m+n) min 


At this point we see that no A; - © for m= 0, the smaller root, as in Problem 5. This is 
due, of course, to the fact that the factor m+n-2 cancels out. Thus, since 


y = Aox” {1 - 1 7 Se ees y se] 


” (e+ b(m+2)(m+3) 


x + ———————— x 
m+ (m +1) (m+ 2) 


satisfies a" Re Lay" ee (coy 


we obtain, with Ag=1 and m=0, m=2 respectively, 


¥. = 7 = L—x + x7/2! ~ x°/3! t+ eeccseseee = eo 
m=0 
and 
iy oy ee a ox? = Qe /Bl + Qe /4! — 2e°/BL + sccceseene = Be +x-1), 
The complete solution is y = Cye” + Cy[2(e-*+x-1)] = Ae” + B(1-x), convergent 


for all finite values of x. 


bo 
wa 


INTEGRATION IN SERIES 


PARTICULAR INTEGRAL. 


8. Solve (x? — xy" + By’ — 2y = x + 3/x" near x = 0. 
Substituting for y, y’, and y” as in Problem 6, we obtain the condition 
mel ™ 
1) m(4 —m)Aox + [(m+1)(3-m)Ay + (m4+1)(m—2)Ag]x + cree tenes 
m+nel 


+ [(m+n)(4—m-—n)An + (m+n) (m+n —3)An-,]x $ teen neneee = x + 3/x. 


To find the complementary function, we set the left member of 1) equal to zero and proceed 


as before. 
The recursion formula is A, = oe An-1» and thus 
mtn—4 
y = Agx™(1 + eae + Ree pes ge 5p Lan $b eeeeceene ) 
m-3 m-3 m—3 m—-3 

satisfies 

- = = +1 
2) (7 x7" + 3y/ - 2y = m(4—m)Aox” . 


The right hand member of 2) will be 0 when m = 0,4. For m = 0 with dg = 1, we have 


Ve © 14 B/8 4 27/3 ~ x! /3-< 22" /8 = 34° /9 = 44! Ja aver Xernas inet 


and for m = 4 with Ap = 1, we have 
Ye 2 ae eo ae hae RE OR aaa avy, 


Then yy = (1+ 2x/3 4+ x” /3) ~ ¥2/3 and (See Problem 6) the complementary function is 
y= A(x? + 2x +3) + Bx* /(1-x)?. 
In finding a particular integral, we consider each of the terms of the right member of the 
given differential equation separately, Setting the right member of 2) equal to x, that is, 


-1 
m(4 —m)Agx” =x, identically, 
n-l 


we have m = 2 and Ag = 4. For m = 2, the recursion formula is Ay, - 5 Ano.1; thus, Ay = As 
n- 
= Ag = eeeee = 0. The particular integral corresponding to the term x is x? /4. 
Again, setting the right member of 2) equal to 3/x?, that is, 
m(4—m)Agx” " = 3/x*, identically, 
we have m= -1 and Ao = -3/5. For m=-1, An = ne Anes; thus, A, = Ao. Ag= 5h Ag = 


7 Ao, A, = Ag = Ag = se+e+ = O. The particular integral corresponding to the term 3/x? is 


~1 
- s# (1 + oe + se + at), The required complete solution is 
y 
3 
y = A(x? + 2x +3) + ts 6 ee aces rae 
(1-2) 5x 20 10 10 
4 
= C(a? + 2x +3) + a, + ay - = 
(1-x) 4 Ox 


Note, A partial check of the work is obtained by showing that the particular integral y= 
x”/4 ~ 3/5x satisfies the differential equation. 
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Since x = 1 is the only other finite singular point, the series converge in the annular re- 
gion bounded by a circle of arbitrarily small radius and a circle of radius one, both centered 


at x = 0. 


EXPANSION FOR LARGE VALUES OF x. 


9. Solve 2x?(x-1)y" + x(3x+1)y’ - 2y=0 in 


The substitution 
‘ dy dz 


b > = 


z Mi ate 


dy 
dz 


1 

oot =-2 
2 

x 


transforms the given equation into 
2 


a= 2?) 2% + (1- 


dz 


for which z = 0, the transform of x is a 


ries solution 


=, 


M+2 


m n+l 
y = Aoz + Aqz + Agz 


and obtain the condition 


m(2m —1)Agz™ > + {(m4+1)(Qm+1)Ayq — (2m? + 3m+2)AQ}z” + 


+ {(m+n)(Qm+ an -1)Ay - 


™ 
+ ceoveses + Anz + one 


omen = (mtn)+1 


series convergent near x = ©. 
2 2 
yoo 2h, Ady. Soy, a a 
2 x dz dz” @ 


dy 
5z)-—- - 2y = 0 
ae Y 


regular singular point. Wenext assume the se- 


+n 


eo ereoresene 


[2(m+ ny? — (m+n) + iis + 


The recursion formula is Ay, = An-1, and thus the series 
(m+n) (2m + In -1) 
2 2 2 
is Aa am + 3m+ 2 2m + 3m+ 2 am + Im+7 2? faneeeiey 
° (m + 1) (2m + 1) (m+1)(2m+1) (m+2)(2m+3) 
satisfies 
2.d°¥7 dy n-1 
2(z+z )— + (1-5z)— - 2¥Y =) m(2m-1)Apz 7 
d 2 dz 
Zz 
For m = 0, with Ag = 1, we have ¥. = Lt 2z + 7127/3 + 1122°/45 at 8S 8 Sree 
2 7 112 
= J] + = + oa + + seeesesoeee , 
x 3x? 45x? 
3 2 5 
and for m= 4, with Aj = 1, we have yo = z°(1 + 42/3 + 22z°/15 + 484z°/315 + ceeveeee) 
= x 71 + 4 4 22 eee Bo ae aeons) 
3x 5x” 35a 
The complete solution is 
at 
y = Ay, + Byg = A+ Fay Bee ieee + Bx Zi eee ae ene seoee), 
* 3x? 45x? 3% 15x” 315a° 
The series in z converge for | 2 | <1, that is, for all z imside a circle of radius 1, cen- 
tered at z = 0. The series in x converge for |x| >1, that is, for all x outside a circle of 


radius 1, centered at x = 0. 


INTEGRATION IN SERIES 217 


aun 1 bee, sade 
10. Solve x yor x(l-x)y'’ + y = 0 in series convergent near x = w, 


Making the substitution x = 1/z as in Problem 9, we obtain 


2 
1) 2D Grit aye 
dz dz 


for which z = 0 is a regular singular point. We next assume the series solution 


y= Agz + Ay2™** + Anat? fe SNS Ni eseaseue + Anz *” fe va ane Werees 2 
substitute in 1), and obtain 
m(m+2)4gz" + [(m41)(m+3)Aq = (m—1)A]2” + [(m+2)(m44)Ay — mA,}2" > + beeen eeaaes 
~1 
+ [(m+n)(m+n+2)An - (m+n—2)Aney}2"*” to seeveeeseese = QQ, 


The roots of the indicial equation are m = 0,-2 and differ by an integer. From the recur- 


sion formula Ay = PNAS er Anei it is seen that A, +o when m= -2. We replace Ag 


(m+n)(m+n+ 2) 


by Bo(m +2) and note that the series 


ae Baz" (m+ 2) a (m~ 1) (m + 2) Bort een (m—1)m 2 " (m—1)m > 
(m+ 1)(m+3) (m+1)(m+3)(m+4) (m +3)? (m+4)(m+5) 
(m—1)m(m + 2) 4 


+ Sa ee Se deveatrececsted siete? | 
(m+3) (m+4) (m+ 5) (m+ 6) 


satisfies the equation F 


z oa + (3 22) 2% +y = Bom(m + 2)° 27", 
dz dz 
Hence, 
oy Stee. & ieee a oe 2n+1 _ (m-1)(m+2), 1 i 1 ee 
Om (m +1) (m +3) (m+1)(m+3) m+1  m+3 
an ~1 = (m—1)m ( 1 " 1 re 1 yz? ri 
(m+1)(m+3)(m+4) (m+1)(m+3)(m+4) m+1 m+3 mt+4 
a " eave ( 2 eck gy ]z2° “f 
(m + 3)° (m+4)(m +5) (m+3)° (m+4)(m+5) m+3  m+4  mt+5 
2 
[ ; 3m oe = eee ( 2 ‘ 2 n : : Esiy* 
(m +3) (m+ 4)? (m+5) (m+ 6) (m+ 3)" (m+ 4)" (m+5)(m+6) M+ 3 mtd m+d m+ 
di aa eae tie fecal } also satisfies this equation. 


Using m = -2 with Bp = 1, we find 


| t3 and 
oy ~2 2 z, 4 
Ye oor = y,inz + z (1+ 32 + 42° ~ 11z°/3 + 2/8 + eoeee) 
Mims 2 
= 4 in + + x? + Bx + 4 - 11/3x% + 1/8x° + seesessece, The complete solution 
is y = Ay, + Byg = (A+ Bnd) (1/x - 3) + Bix? + 3x4 4 ~ 11/3 + 1/8x” + av eee oe i 


The series converge for all values of x # 0, 
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SUPPLEMENTARY PROBLEMS 


Solve in series near x=0. 


11. Q(x +x? yy" - (x ~3x7)y! +y = 0. 
RF. An = — Anuy 


Ans. y = (Avex +Bx)(l-x + eo oe eeese),  Converges for |x| <1. 


12. 4xy" + 2(1-x)y’ -y = 0. 


1 
R.F. An = ———— Ane 
n 2(m +n) Net 
a x? x x? x 
Ans. y = A(1 + reed + toceoe) + BYx(1 + “+ Shi a acs Le 
261! 22.91 23.31 16300 1035) 1°3+5+7 
Converges for all finite values of x. 
ocle oat Dt 8 
13. axvy xy’ + (l-x")y = 0. 
R.P. An = eae cle sees oo Re » neven; Ay, = 0, n odd. 
(m+n —1)(2m + an ~—1) 
x? x* x? 
Anse y = Ax(L + 2 + ———— + ——— $-_ reccseeeovveeee) 
255 24259 = + 4+ 65+ 9913 
x? x! z 
Bo SV AG Ge en ee ee ee eee eT 
2°93 -2e4e3+7 =. 29 4° 63+ 711 
Converges for all finite values of x. 
14. xy” + y' + xy =0. 
RF. An = ay eet coe Cee neven; Ay = 0, n odd, 
(m+n) 
x? x x 
Ans, y = (A+ Binx)(1 iar + ae a aa Ee ce aera Viee-e'e ) 
2 2°4 2°4°6 
2 4 6 
+ B(= - = meer ce x 5b 5 +5) = sreecences] « 
2 24 2°4-6 
Converges for all finite values of x # 0. 
15. x?y" — xy!’ + (x? +1y = 0. RF, An = - pa An-o» nmeven; A, = 0, n odd. 
(m+n—1) 
x? x" x 
Ans. ye AS Boney Lo ea ee a erateba eaters ) 
a? etary aly? 
2 4 6 
x x 1 x 1 1 
+ Bx[—= — ———(1++) + ———(1 += +) + siersisiels dateiea] & 
qatar? 2 Pegi? 2 8 


Converges for all finite values of x # 0. 
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16. xy” - 2y’ +y = 0. R.F, | Oe oe eee eee 
(m+n~3) (m+n) 
3 4 5 2 3 4 5 
Ans, y = (A # Ble) (sn dee eet Bieta a Bye Eo GeN ae os Aes — tee 
12 48 480 2 4 36 576 28800 


Converges for all finite values of x # 0. 


1 


17. xy” + Qy' + xy = 0. RF. Ay = —- ———————— Ay_,, neeven; A, = 0, n odd, 
(m+n) (m+n+1) 
1 Pg x z x 
Ans. y = Ax (1 -— +2 -......) + BL = + + weaeeey, 
2! 4! 3! 5! 


Converges for all finite values of x # 0. 


18. x (x tlj)y” + x(x +1)y’ ~y = 0. 


Singular points: x = 0,-1. R.F. An = = mo) Anet « 
m+n+1 


Ans. y = Ax(1 - x/3 + x7/6 - x°/10 + eveceeee) + Bx (1 +X). 


Converges in the annular region bounded by a circle of arbitrarily small radius 
and a circle of radius one, both centered at x = 0. 


1 
(m +n) (2m + 2n -~1) 


19. Qxy" + y! -y =x +1, R.F. An = net 


Ans, y = A(1 +x + %°/6 + 29/90 + esee) + Byx(1 + x/3 + x7/30 + 29/630 + eeeeeee) 
+ ar + x/15 + x? /420 + x’ /18900 toseveeee) - 1, 


Converges for all finite values of x, 


Solve in series near x=o. 


20. Oxy" + xy! + ye 0. RF. An == Bitlet TS a Anu 
(m+n) (2m +2n +1) 
Ans, Viet Re weg Leer tases) + BF = 24+ - 1 + seeoee), 
3x 30x? 30x? 6x? 90x" 
Converges for all finite values of x # 0. 
Bn 2 ' -_} 
21. x°y" + (x +x)y! - y = 0. RF. An = Anu1 
mtn 
Ans. y = (A #Bindy(1+ i+ + ee tees) + B(+ + Beds + Bees tks +oee], 
* on? gy? a® 2 g 2 3 


Converges for all finite values of x # 0, 


CHAPTER 27 


The Legendre, Bessel, and Gauss Equations 


THE THREE DIFFERENTIAL EQUATIONS to be considered here are solved by the methods 
of the preceding chapter. The first two have important applications in math- 
ematical physics. The solutions of all three have many interesting properties. 


THE LEGENDRE EQUATION 


(1-x7)y"-2xy' + p(pti)y =0. 


A solution of this equation in series convergent near x=0, anordinary point, was called 
for in Problem 16, Chapter 25, Under certain conditions on p which will be stated later, we 
shall obtain here the solution convergent near x - wo. Using the substitution x = 1/z (see 
Chapter 26) the equation becomes 

2 
Ce 22) 4 + 2z 
dz” 


d 
7 + pipty = 0 
dz 


for which z=0 is a regular singular point. 


+1 +2 +n 


Putting y = Agz™ sage + Anz” + eeeee + An 2" t+ scene, we have 


{=m(m—1) + p(p+ 1 }Ag2™ + {-m(m+1) + p(ptD}Agz™”? 4 {{-(m+1)(m+2) + p(p+l))Ae 


+ m(m + 1)A9}2"*? toceeee + {[-(m+n)(m+n-1) + p(pt+1)]An + (m+ n—2) (m+n=1)Anen}z"*” 


We take 4y = 0 and An = 2a ee Anwo » and see that 
(m+n)(m+n-1)-p(p +1) 


¥ = Agz™ [1 t (m+ 1) pe os m(m + 1) (m+ 2)(m+3) _* 
(m+ 1) (m+ 2) —p(p+) [(m +1) (m+ 2) — p(p+1)][(m+3)(m+ 4) -p(p + 1)} 
n m(m +1) (m+2)(m+3)(m+4)(m+5) pet ee alee } 
[(m +1) (m+ 2) ~p(p + 1)][(m+ 3) (m+ 4) - p(p + 1)] [(m+5) (m+ 6)- p(p+ 1] 
satisfies the equation 
4 2d¥ dy 
(2 ~2 <2 + 22° 2 + p(p+hy = [ —m(m—-1) + p(p +1)]Aoz” = (m+p)(-m+p +1)Agz™. 
dz & 


For m=—p with Ao =1, we obtain 


t) ¥, = Yih _ P(ip-1) 42, P@-1)(P-2) (P-3) 4 p(p - 1) (p - 2) (p - 3) (p = 4) (P 5) 6 
2(2p -1) 2°4(2p -1) (2p - 3) 2° 4+6(2p —1) (2p -3) (2p - 5) 
4H eSh ee ei al 
i ett a RPS ere, Bie ye ee gt. Pe ee eee 
2(2p -1) 2°4(2p - 1) (2p - 3) 2° 4+6(2p — 1) (2p ~3) (2p -5) 
Hngiceawacaies te. 
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For m= p+i with Ajg=1, we obtain 


ptl 4 


; (p + 1) (p + 2) 2 


2(2p + 3) 


A (p +1) (p+ 2)(p+3)(p +4) ‘ 


[1 + 
2-4(2p +3) (2p +5) 


2) 


Yeo 


n (p + 1) (p + 2) (p +3) (p +4) (p +5) (p + 6) gb 
2+ 4+ 6 (2p + 3) (Qp +5) (2p +7) 


ere rae ] 


(p +1) (p+ 2) pee 
2(2p + 3) 


(p + 1) (p + 2) (p + 3)(p+4) 4 
2+4(2p + 3) (2p +5) 


ge [1 + 


(p + 1) (p + 2) (Pp + 3) (p + 4) (P +5) (P+ 6) -6 
2+ 4+ 6(2p + 3) (2p +5) (2p +7) 


+ + Le eeaieenee’| 


y = Ayr + Bye 


is the complete solution, convergent for |x| > 1, provided that p # 1/2, 3/2, 5/2, ****° 
or p # -3/2, -5/2, + 


Thus, 
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Suppose p is a positive integer including 0 and consider the solution y, which is a poly- 


nomial, say Up(x). Putting p = 0,1,2,3,°°*** in 1), we have 


Ug (x) = 1, u,(X%) = x, Ug(x) = x’ - 1/3, Ug(x) = x? — 32/5, peer erececeere we 
(#] k(k-1 (k-2n+1 k-2 
n _ eeeevece - -2n 
un(x) = > (-1) ree cee en aE , vee ee, 
ned Q” nt (Qk —1)seeeeee (2kR-24+1) 
where [$k] denotes the greatest integer $ $k (i.e., [Sk] = 3 if k-7, [4k] = 4 if k =8). 
The polynomials defined by 
3) Py (x) = SP) u,(x) = Bese pa) uy(x), pe 0, 1, 2, ereee, 
2? (p!) Pi 


are called Legendre polynomials. The first few of these are: 


Po(x) = ue(x) = 1, 
Py(x) = u(x) = 4, 
1-3 3 2 1 
Pa(x) = Mpa ig he sg? 
1-3-5 5 3 3 
Pg(x) = 31 Ug(x) = a a al 
1°3°5°7 5*7 4 3-5 2 1-3 
Py(x Ug (x a) ge es pa fe eS 
a“ 4! ae 24 24 24 
1+3+5°7°9 79 5 5:7 3 3°5 
P —_—_———. = ——x — 2 + —<=x, 
5 (x) 51 Ug (x) 24 > 4 x oa 
Pity. = 1-3+°*°11 gtx) 2» 79-11 Pg = go 9 x" 332507 x2 1-3°+5 , 
6! 2°4°6 2°46 2°4°6 2°46 
Py (x) dsSe5 sts uy (x) = 9-11-13 7 = LL ete qe x - SET i. etc, 
ve 27496 2°4°6 2°4°6 2°4°6 


It is clear from 3) that Py (x) is a particular solution of the Legendre equation 
(1-x7)y” — Qry! + p(p +1) = 0. 


See Problems 4-6, 
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THE BESSEL EQUATION 


x?y"4+ xy!’ + ak yy = 0. 


It is evident that x=0 is a regular singular point. To obtain the solution in Series, 
convergent near x =0, we substitute 


mrt2 men 


a1 
+ Aox + caves oe + Anx + seevene 


ye Aox” + Ax” 


and obtain 


(m?—k?)Agx™ + {(m4 3) —R SAgx™*? 4 {[(m 42) — 7] Ay + Ag}x?t? 4 veneers cree 


+ {[(m+n)* — 7} An + pe i + oteeeeee = 0. 
We take A,=0 and Ay = = te Anne and see that 
(m+n) —kR 
Y= doe {1 - —— x” + ——_ 
(m+2) -k [(m+2) -k ]f(m+4) —k°] 
= a ens ee re + ceveeceece } 


[om +2)” — k?] [cms 4)” ~ 7] [cm + 6)" — k?] 


satisfies the equation x yi Het 4 (x7 = k?)5, : ie ae ea 


For m= k with Aj =1, we obtain 
¥_. 2 a” hes, i : a Senet ee = aS Se SI ee tase + seeecece } 


x 
4(k +1) 47.2! (k +1) (k +2) 4.3! (k +1) (k + 2)(k +3) 


and for m=~k with Ag =1, we obtain 
- 1 
Yo a 6 ee ae + a Ny 7 Gt s pee te = ee + ceevceeeh, 


2 
4(1-k) 47-2) (1—k) (2-k) 4°+3!(1—k)(2-k)(3-k) 
Note that yo = y, if k=0, y, is meaningless if k is a negative integer, and y, is meaning- 
less if k is a positive integer. Except for these cases, the complete solution of the Bessel 
equation is y = Ay, + By,, convergent for all x # 0. 


The Bessel functions of the first kind are defined by 


ak, 1 X.2 1 x4 1 x6 


1 

J = Se ase ES a EE EEN Ss ae (een 

ni) 9. bt ao o Ps ink 1y! 2 * Or(k+ 2)! my Bi(k+3)1 2 ° t, 
Jy(x) = (-1)"J, (2), where k is a positive integer including 0. 

Of these, Jo(x) = 1 - ogy fe I ia 1 (3) pe Setieleseaiere ces . 
ay ? an? ay 2 
1 x2 1 x4 1 x6 
and J ae —-(= L(y ae ako $f elew eee ales 
n 1(%) A TET ) TETAS Y Sar D } 


are more frequently used. 
See Problems 7-10. 
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THE GAUSS EQUATION 


(x —x*)y" 4+ ly-(a+Bt1)xl]y’ - afy = 0. 


To obtain the solution in series, convergent near x =0, substitute 


™ mi mM+2 
y = Agox + Aqx + Aox + sasecenn + Anx be Lote Boek eaten 


and obtain 


m(m+Y -VAgx + {Cm 41) (me y)Ag — [mlm4 as B+ aBlAo}x™ + ceeereeees 


mtnel 


+ {(mtn)(mtn+y-DAn - [(m+n-1)(mtn+a+B-1)+ a8] Anea}x f seen = 0. 


; (m+n —~1)(m+nt+a+B-1)+a8 
(m+n)(m+nt+y ~-1) 


We take Ay An-z and see that 


oe alee mm+a+B)+aB : mm+at+S)+a8  (m+1)(mta+h+1)+a6 2 


(m+ 1) (m+¥) (m+1)(m+/¥) (m+2)(m+y +1) 
, mnt a+ B) +08 (m+1p(m+a+h+1)+a8 (m+ 2)(m+ath+2)+ a8 3 A cueshehells } 
(m+1)(m+vy) (m+2)(m+y +1) (m+3) (m+ + 2) 


satisfies the equation m1 
(x-2°)9" + [y~(at B+ Daly! - BF = m(m+y—-1)dox™™”. 


For m = 0, with Ag =1, we obtain 


a8 | a+ AB+l) 2 , afat bat 2A(B+1)B+2) 3 
ley 1+ 2-y(y + 1) 1+ 20 3ey(y +1) (y + 2) 


t+ teeeeeee 


and for m = 1~y, y # 1, with Aj =1, we obtain 


Mey, GoytMB-YtY, , nyt Ne-y+HB-y+ DB-y+B ,? 
1(2-y) 1-2(2-y) (3-¥) 


Yo = % 
Pee cial a NM eee Ae oa Ba) at Ru lia) ae alee oN) ee Ce a 
1+ 2+3(2-) (3 -y) (4 -y) 


The series y,, known as the hypergeometric series, is convergent for |x| <1 and is repre- 
sented by 
Ya =. Fa, BY, x). 
Note that Yo = ger Fa-yt+l, B-y+l, 2-y, x) 
is of the same type. Thus, if y is non-integral (including 0), the general solution is 


y = Ay, + Byp = AF(a, By, x) + Bx” Fa-y+1, B-y+l, 2-y% x). 


There are numerous special cases, depending upon the values of a, 8, and y. Some of these 
will be treated in the Solved Problems. 
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SOLVED PROBLEMS 


THE LEGENDRE EQUATION . 


6 lian ee 
1. verify that 2” p! P(x) = —(@ -1l). (Rodrigues’ Formula) 
p p 
dx 
p PS ‘ 
By the binomial theorem, (x? - 1? = > (-1) fe er : Then 
= ni(p-n)! 
i? , [29] ; ; ‘se 
= 5 - 
Sa aah = ty ap - my (2p -2n-Ayrreree (p-2n + 1)x 
dx? n=0 ni(p—n)! 
lee] 2 1 2n 2 2n-1 1 ! pan 
z > (-1)” ep (2p-1)e** p= +1) 6, on) (2p-2n=1) +++ Pe cc it pee cee d 
n=0 2p(2p-1) +++ (2p-2n +1) (p—2n)(p—2n-1l)ee1 ni (p-n)! 
Now (in the denominator) 2p(2p~—1)++*(2p~2n+1) = 2" [p(p-1) ++ pn +1)] (2p -1)(2p-3) + + (2p—2n+1)] 
and when multiplied by (p—n)! yields 2" p! [(2p -1) (2p -3)e¢9* (2p ~ ant 1)]. Hence, 
a? 5 (26) Qn)! p! 2 
Se ay? s Set: ere gpree 
dx . 70 2p! [(2p - 1) (2p -3) 08+ (2p - N+ 1)] (p~ An) In! 
7 = is" py p(p —1)+++(p —2an+ 1) yb?" 
2” nl! p! (2p -1) (2p -3) +++ (2p - 2n + 1) 
(2p)! _ oP, 
ar uy (x) = 2 PLP, (x). 
ze] nae 
2. Show that P,(x) = pie ene reer ae A ee aaah From Problem 1 above, 
n=0 oP n! (p-n)! (p=2n)! 
ae 2 p sa ! 
tay? = DY ery —Phinap =a (op <n 1) (pean ays 
ae n=0 ni(p—n)! 
(2) 
= > (ais Op xian) open yee oe pe Pas 
n=0 (p-2n)! ni(p-n)! 
[29] 
=. 1 ~ 
= > ted. (2p — 2n)1 pt at 
n=0 n!(p-n)!(p—2n)! 
? ) 
— ! - 
Hence, Py (x) ae Bee eth 7 > (o1y" PO i 6d) a 
2? p! ie? n=0 2? n! (p-n)! (p—2n)! 
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1 
3, Evaluate fi P(x) Px) dx. 
F : 


Using Rodrigues’ 


formula (Problem 1), 


225 


a l aa e 
i Pox) Boxy de = oor Earean aie - 1)": nae - 1° dx, 
~1 a7 rr gt “Hl dy’ ax® 
r Ss 4} sel 
ae ae Pn Aha ae Se say a then ye Se a= de, ae (=), 
dx” dx dx” dx° 
awe x=1 xz1 
and be udv = uv - v du 
gael yon x=-l1 
T sel 1 1 T+: S-1 
2 2 
= Boe 2a (x? -1) = ci a(x = 1) (x ~1)° dx. 
dx oy: wl dk 
a. 45 1 
Now (x = 1)° = 0, for j = 1,2,+++,s-1; hence, after one integration by parts, 
dx? 4 2 
1 1 or4l sel 
1 
‘i P(x) Px) de =~ f d ae =)". i -(x ~1)° de, 
wi 2 ris} “cl dx dx> 
A second integration by parts yields 
P(x) P(x) dx = (x -1)+ (x° ~1)° dx 
age s Pe gt 1 att? dx "2 
and, after s integrations by parts, we have formally 
ay i Ss a 
A) if P(x) P(x) dx = (-)) Go aay (x? ~ 1)" dx. 
~l r Sy 4S ead T+S 
2 ris! 
2 r ar 2r-2 r ee r 
Suppose s>r. Then, since (x ~1) = x -— rx “+ eeevee + (-1), ren -1) =90 
$ 


1 
and f P(x) Po(x) dx = 0. 
when r>s. Thus, it holds when r # 


Suppose s =r, 


Since r and s enter symmetrically, this relation holds also 


Ss. 


Then A) becomes 


7 r 1 ar 
B) i Pex) de = OD al (ety a aay de: 
-1] 2°” crt)? fen gee 
27 L r 
2 = 
Now (x* 1)" = (2r)!. Hence, He Paves = £2 
ee -1 oF nts 
(-1)’ (2r)! 2m artl (2r)! gi tt rt! 
—+( pre f sin 6 dé 2S pe Se 
YT ry’ 0 oF iy? UsBee (r+ 1) 


226 THE LEGENDRE. BESSEL, AND GAUSS EQUATIONS 


4 
aT 


1 
substitution x = cos @ and Wallis’ Formula i Sin Gao = See 
0 


4. Express f(x) = n+ ax? + oe ag = 8 in terms of Legendre polynomials, 


Since P,(x) = a} = eee + 23 then a? = lee ff 6 2 2 3 and 
8 4 8 35 7 35 
8 6 2 3 3 8 z 20 2 108 
= (—P = ~~ oe -3 = —P pea pour pa pe eee 
f(x) ee a(x) + ae Ee) + 2x + Ox x = a(x) t+ + : x x a 
Now x = = Pa(x) + 2H and f(x) = —— Py(x) + = P(x) + a =x ag oe 
2 
ee = Pe (x) “3 and f(x) = cle We) + =Pa(x) + m Pata) + s* - = 
8 4 40 1 224 
= gars” + 5 Pat) + Pia sen + Bie) - fon (oN? 
can 
5. Show that (1-2xt+ oe 2. Po(x) + Py(x) t + Po (x) ra f teense + Py(x) e fe eeee, 
od wl 
Now (1-2xt +t?) 2 = (pacerct)]-* = ra size = 0") + DD cant 17 4 ee 
SS apart? - ES RAD cant 1? )F 7 + PBR Deaet 17) Piet: 
2”? (k ~ 2)! 2° tk -1)! 2” RI 
But (opel Ss” = BES Sh; 
cont t?yP = caey Py (ary Pte eee, 
peste? a fay oes Ban es BBO RD (age mw teeee, ete, 
Hanees. Vesey = eee ee Oe eee se seoes Sy [a gt 
2 2 k 
2k! 
Le3eee (Qk- “2 ke +3eee(Qk- a = “4 ke 
_ EBRD yah tyht , LR) DARD ey thy seen 
20 (k= 1)! Boh = iit 2! 
= Ll + xt + Ce sar f aisleia srereve aioe 68 13 (2k = 1) [ k 
: 2 k! 
_ RR HV) ke? | R(R~ 1) (R= 2)(R=-3) how ae 
2(2k - 1) 2+4( 2k — 1) (2k -3) 
= Po(x) + Py(x)t + Po(x) t? + eeeees + Py (x) gO nee, 
6. Show that P,(1) = 1, p= 0,1,2,3,s¢eerreees : 


Put x =1 in the identity established in Problem 5, Then 
oh 
(1-2t+t’) Swe (1-ty> = 10 ep os Weer te ee eeceee 
2 
= Po(l) + Py(lyt + Pel) to +t reeee + Py(1) t + seeee, identically. 


Hence, Po(1) = Pi(l) = trees = P,(1) = seers = dy 


%. Prove = Joon = = Jy (x), 
= 1 2 
x 
Joe) = & (-" Gy" 
n=0 (nt) a 
ede ae) SP pees Cat AG? tee 
(2!) (3!) [(n + 1)!] 
and 
d x 1 x3 5 n+l 1 x 2n4+1 
ad, ae os eS a (=m) + tees a1 Serrano neater os MO GRE th 
woe)  * tar® aap a ES ea 
x 1 x3 n 1 x 2n41 
= ar = —)% + ee vecee -1 ees (ee + #eeeeee 
5 Tay * rr ni(n+1)! 2 } 
= 1 
=. 3 > Ri oes %2nt1 Pe 
Ae o ni(n +1)! 2 
More briefly, 
as 1 d ~ 
2 
~ Jo(s) = = 3 (-1" oe = [1+ pe 5)" ] 
n=0 (n!) n=l (nt) 
d ~ 1 2 = 2 
= 2 pes ey ee nee Rented yx 
a | x ((n+1)!]? 2 - Xt eae 2 ae 
dek k d FS 
8. Prove a) re aod, (%) = x Jy (*)s b) - pi) = ~% Spy), 
where k is a positive integer 
is) 
d ok d n 1 2k +2n 
a) xed (x) = = (-1)° ———_——_——- x 
dx ax nag oht2n (ken)! 
408) b+ 
: > ey” - 2h + mn oe 2nd 
n=0 gnten ny (R+ ny)! 
= 1 2k+2n-1 
n ne 
> 2 x 
n=0 ge ici 
k = 1 k 
n x +2nNea1 
5 0p SY = J : 
i = ence e pe @) 
a 
eae x Sx) = @ > (=i) ——— Pa 
dx nso 2 ni (k+n)! 
_ ad 1 = n 1 2n+2 
dx ak = > (1) k+2n+2 * j 
2 k! n=0 2 (n+1)! (k+n+1)! 
oO fo) 
> ay 1 gent _ fee > ey 1 ZX, k+2nt1 
Rone 
n=0 2 n! (k+n+1)! n=0 
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-k , 
nl (ktn+ly} 2 Me veg 
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d 2k 
9. Prove a) J, (4) - Jy) = ere er 6) Jy) + Jy) = ano 
where k is a positive integer. 
From Problem 8, 
d ek kd ke k 
A) a xd p(x) = x a Ji (%) + kx? Ji(x) = & Jy) and 
d «= ~-k d ~Re ~R 
B) x I(x) = x & Syn) ~ be EDGY Sa dg Gs 
Then from A), d 
1) Pred Ge - = Jy (x) ; Jn (X) 5 
and from B), d 
2) aa) - - J, (x) 7 — J, ()- 


When 1) and 2) are added, we have a); when 2) is subtracted from 1), we have b). 


Note that when 6) is subtracted from a), we have 


d 2k d 
2 a J, (x) ae J, (x) = ~2 Joy (x) or a J (Xx) 


k 
ae J, (x) - Jy 41 (%)> 


Note also that 6) is a recursion formula for Bessel functions. 


an = 
10. Show that 2”? Hn Jy (a) + th (a) + coeee + t* DG eee 4 Sd) $oeeee 
1 +@ 
+ oF Jo p(X) f voecneee = >, AG Jy (4) + 
t nm=-0O0 
} tL es 
e2rttet) : PL x/2t 
2,2 4 3 non 2 
etree Fi Fi 4p PE ey ti- 2+ 4 
2 2 2! 2° 3! 2” nt t oF at 
5 n 
x 
- 5 + e8eee + (-1) > + -i. 
2° 31 t 2" nt t 
In this product, the terms free of t are 
x2 1 x4 1 6 1 (x.2 
1- Gy + Go- aaGP tee +e CD * = Jo(e)y 
(2!) (3!) (n!) 
the coefficient of t” is 
k k+l k+2 2 k+3 3% 
ed Bo ces Ee ae A A ee A oe 
oer oo eaayt 2  2P*® eeayr 2% 2 9 2” (eazy! 27 3! 
xR 1 X R+2 1 x Rt+y 1 x R+6 
= = (-) 9 a fin TT acetates BoE 2h a of ES + eeeeece 
k! 2 (k+l)! 2 Ck +2)! 2 31(k+3)! 2 
ba 1 k 
Sey ee. ea and the: eeetfieient' 6 4s 
oe ni(ktn)! 2 


t 
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R R4+1h R+2 2 R+% 35 
(yt x x _% a x __* _ x ts E: 
R 
DE) BPA penne Bo hte ae Sue tg gh Ad (k+3)! 273! 
Seay ree ae 7 a x k+2 it als x R+y és Pee Loree gyre ef 
kt 2 UW(k +4)! 2 2!(k+2)! 2 3'(kR +3)! 2 


= (-1)" Iy(z) = Jy (x). 


THE GAUSS EQUATION. 


i 
Oo 


1 
11. Solve in series (x x7 yy" + G - 2x)y’- ay 


Here a+8+1=2 2, y= 3/2, a= 1/4: thusa - B= 1/2, and y = 3/2, 


2 3 
: 1 1 3 x 3x 5x 
Then = Fa,b,y, = F(=,-,2-, SD eS ae es a nee ee 
a (Pix) 3'3'” 6 40 112 
mets 
and Ye 2 PO-¥+1, Bey +l) Boy, 2) = x 7F(0,0,5.2) = Ik, 
. . I 1 3 
and the complete solution is y = AF. 5 3°%) + Bw. 


12. Solve in series (x =x? yy" + 4(1~x)y’ - 2y = 0, 
Here a+6+1=4, y-=4, af = 2: then a=i1,6=2, y=+4 or a=2,P=1, y 
For either choice, y, = F(1,2,4,x) = F(2,1,4,x) 


3x7 i x" 4 
+ —— + — + — + A ft teen 
10 5 7 
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Since y = 4, the fourth term in Ye has zero for denominator. However, one of a-y+2 or 


8-y+2 in the third term is zero so that 
= <3 m <5 = =3 
Ye = x ° F(~2,-1,-2,x) = x F(-1,-2,-2,x) = x “(1-x) 


and the complete solution is oo 
y = AF(1,2,4,x) + B . 


x 


13. Show that a) F(a,B,8,x) = (1-x)7%, b) xF(1,1,2,-x) = In(1+x). 


1+ Uh, , aa+nBB+1) x2 


a) F(a,6,6,x) ; 
1.8 1-2-8 (8 +1) 


+ ee eavee 


a(a+1) Be a(at+i1)(a+2) Pe 
2! 3! 


b) xF(1,1,2,-x) = x [1+ pate + ae an + peers ES tee + veeeeee | 


1-2 1+ 2+ 2-3 1+ 2+3+2+3+4 


1 1 2 ly 
= x(1- - + = —- Xx + wanecas = In l+x). 
( ae oh ) ( 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


ai. 


22. 


THE LEGENDRE, BESSEL, AND GAUSS EQUATIONS 
SUPPLEMENTARY PROBLEMS 
Compute a) P,(2) = 55.3750, 6) Jo(1) = 0.7652, c) Jy(1) = 0.4401, ad) F(1,1,10,-1)= 0.9147. 
verify each of the following by using the series expansion of P, (x). 
a) (x -1)Py(zy = (P+ APh yy) — P(x] = ple Pye) - Py], 
by Phy) = xP, (x) + (p+ LP, (x). 
©) (2p + 1)Py(x) = Poy te) - Py) = slp +P, () + Ppl. 
If P,(2) = a and P,(2) = b, show that 
t i ' 7 ae ad ' 1 
a) Py(2) = 3(b=2a), 6) P,(2) = g(2b-a), c) Pe (2). = g(30b- 7a), d) Py(2) = 3(52b- 14a). 
If Jo(2) = @ and J,(2) = 6, show that a) J,(2) = b-a, 6) Jy(2) = a-4$6, c) Jg(2) =a, 
Show that the change of independent variable ae = t reduces the Legendre equation to a Gauss 
equation, 
a) Show that the change of dependent variable y = ey transforms y"+y=0 into a Bessel equa- 
tion, 
b) Write the solution of the Bessel equation as y = Cx) + Cox" yx) and show that 
Jy (x) and Jy () may be defined as dx six and bx” ” cos x respectively. 
c) Show that if the relations of Problem 8 are to hold fork = +4, thena = b. 
Note, These functions are defined with a =V2/n. 
Use the substitution y = x? and then x = (3/2? to show that y"”+xy=0 is a special 
case of the Bessel equation, and solve, 
Hint: 2” + tz! + (t?-1/9)z = 0. 
3 6 9 
Wri, Te. SA ss Dk ah ce gig] 
273 91 97 37 7 at 2? 3) q10 
x 6 a 
OSB ala: as le ee a I a ce siai ace sieve sooeel, 
3.2 2137 25 381 8? 26568 
Solve (x? - 3x+2)y" + 4xy’ + 2y = O after reducing it to a Gauss equation by a substitution 


of the form x =&z+7. 


Hint: y =AF(1,2,-4,x-1) + B(x- 1) F(6,7,6,x-1) is not a complete solution since the:+sixth 
term of F(1,2,-4,x-1) becomes infinite. 


Ans. y = AF(1,2,8,2-x) + B(2—x) | F(-6,-5,-6, 2-x) 


Express each of the following as Gauss functions. 

1 
a) = F(1, 8, 8, x) dye = lim F(a, 1,1, x/e) 

—Xx ao 
b) are sin x yee ee 2 

2 2 2 ; F 3 x 
e) Sinx = lim x Fa, f,=,- )- 
1 3 2 a+o 2 408 

c) arc tanx =2xF (1, =, =» -x ) Broom 


2 2 


CHAPTER 28 


Partial Differential Equations 


PARTIAL DIFFERENTIAL EQUATIONS are those which contain one or more partial deriv- 
atives. They must, therefore, involve at least two independent variables. The 
order of a partial differential equationis that of the derivative of highest 
order in the equation. For example, considering z as dependent variable and 
x,y as independent variables, 


1) eat & = Zz or 1') xp+t+yq=z 


is of order one and 


2 2 2 
2) Berg oe a eG or «6 aI) # + Bet ESO 
ax? aoy dy” 
is of order two. In writing 1!) and 2!'), use has been made of the standard 
2 2 2 
notation: p = oa, = ge = oz. s= 3 ag ba See 
Ox oy Ox? Ox OY ay? 


Partial differential equations may be derived by the elimination of arbi- 
trary constants from a given relation between the variables and by the elim- 
ination of arbitrary functions of the variables. They also may arise in con- 
nection with geometrical and physical problems. 


ELIMINATION OF ARBITRARY CONSTANTS. Consider z to be a function of two independent 
variables x and y defined by 


3) &(x,y,z,a,b) = 0, 


in which a and b are two arbitrary constants. By differentiating 3) partially 
with respect to x and y, we obtain 


45 ae, de Be, ee _g 
Ox Oz ox Ox Oz 

and 

5) OE OBOE, (88: ie. SAGs 
oy oz oy oy Oz 


In general, the arbitrary constants may be eliminated from 3), 4),5) yielding 
a partial differential equation of order one 


6) f(x, y,z,p,q) = 0. 


EXAMPLE 1. Eliminate the arbitrary constants a and b from z = ax*+ by? + ab, 
Differentiating partially with respect to x and y, we have 
Oz Oz 


— = p = 2ax and 


= q = Qby. 
Ox oy ” 


Solving for a and 6 from these equations and substituting in the given relation, we obtain 
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(3 el + (4 are: 2) or pq + Qpx?y + agxy” = 4xyz, 


a partial differential equation of order one. 


If z is a function of x and y defined by a relation involving but one ar- 
bitrary constant, it is usually possible to obtain two distinct partial dif- 
ferential equations of order one by eliminating the constant. 

EXAMPLE 2. Eliminate a from z = a(x+y). 


Differentiation with respect to x gives p=a, so that the partial differential equation 
z = p(x+y) is obtained, Similarly, differentiation with respect to y gives gq = a and the 
equation z=q(x+y). 


If the number of arbitrary constants to be eliminated exceeds the number 
of independent variables, the resulting partial differential equation (or 
equations) is usually of order higher than the first. 

EXAMPLE 8. Eliminate a,b,c from z = ax+ byt+ecxy. 

Differentiating partially with respect to x and y, we have 

(i) p=atcy and (ii) q = btex. 
These, together with the given relation, are not sufficient for the elimination of three 


constants. Differentiating (i) partially with respect to x, we have 


—p = a F re 0, 


a partial differential equation of order two, Differentiating (ii) partially with respect 
to y, we have 


2 
ca = es t = 0, of order two. 
oy ay? 
Differentiating (i) partially with respect to y or (ii) with respect to x, we obtain 
g =P = aes = oe BE gS 36 
oy Ox Ox Oy ‘ 


From (i), p = at+sy and a = p-sy; from (ii), b = q~sx. 
Substituting for a,b,c in the given relation, we obtain 


zZ = (p-sy)x + (q-sx)y + sxy = px + Qy — Sxy, 
of order two, 


Thus, we have three partial differential equations r=0, t=0, z=px+qy-sxy of the 
al ini d jated with the gi tion, ; 
same (minimum) order associated with the given relation See also Problems 1-4. 


ELIMINATION OF ARBITRARY FUNCTIONS. Let u=u(x,y,z) and v=v(x,y,z) be independent 
functions of the variables x,y,z, and let 


7) p(u, v) 


be an arbitrary relation between them. Regarding z as the dependent variable 
and differentiating partially with respect to x and y, we obtain 


8) S(= + p=) + S(— + p—) = 0 and 
u x Zz 
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op,ou ou op ,OV ov 
—(— +q—) + S(—+9q—) = 0. 
“ Sa Oy as Belay Se 
Eliminating oe and st from 8) and 9), we have 
u Vv 
».¢ vA x Zz 3 
(Se py M4 — SH gh Xe p™ 
Bu Qu av av Ox Oz oy Oz oy OZ OX OZ 
aes! Po pain pen 
By ee. aye ae 
_ dudy dua, au av _ way , au aw awa _ 4 
Ox oy Oy ox oz Oy Oy Oz Ox Oz OZ OX 
Writing \p = 24 ov _ ou av = BOY OH OY pee Ov 9 8 Oy | 
oy oz oz oy Oz Ox Ox Oz Ox Oy Oy Ox 
this takes the form 
Pp + Qq = R, 


a partial differential equation linear in p and q 
function (u,v). 


and free of the arbitrary 


EXAMPLE 4. Find the differential equation arising from p(z/x>, y/x) = 0, where @ is 


an arbitrary function of the arguments, 


We write the functional relation in the form P(u,v) =0 
ferentiating partially with respect to x and y, we have 


fe) 
8h S oy fe Ob 2) -0, ob 4) Ry 
Ou ys yf Ov x2 Gu x3 
The elimination of op and op yields 
u v 
p/x? = 32/x" ~y/x* 
= p/x* - 32z/x? + qy/x? = 0 or 
q/x? 1/x 


The arbitrary functional relation may also be given by 


f is an arbitrary function of its argument, Using v = y/x 
with respect to x and y yields 


p = 3x? fv) + x df ou = 3x” f(v) + pa 
du 0x dv 
3 df av 3 df. 1 2 
q xe SLE =y(=) = : 
dv oy 7 er @ ee 
When f’(v) is eliminated from these, we have 
px + qy = 3x° f(v) = 3z 
as before. 


with u=2z/x> and v-y/x. Dif- 


op, 1 
=“(=) = 0, 
aye 
px + qy = 32. 
S = f(%) or z= x (2), where 


and differentiating z = x f(v) 


y(~ 2) = 3x7 f(vy — xy flv), 
x? 


See also Problems 5-8. 
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SOLVED PROBLEMS 


eae Eliminate a and b from z = (x74 a) (y? +b). 


Differentiating partially with respect to x and y, p = a (y* + b) and q = Qy (x? + a). Then 


P 2 aye! was 
Merb =e Ly, x +a =, and z= (x +a)(y° +6) = (+) (—) or pq = 4xyz. 
y ox ( y ) Dy oe Pq y 


We could also eliminate a and b as follows: pq = 4xy(y? + b)(x* +a) = 4xyz. 


j2s Find the differential equation of the family of spheres of radius 5 with centers on the plang 
xX=yY. 
2 2 2 
The equation of the family of spheres is 1) (x -a) + (y-a) + (z-6) = 25, a andb being 
arbitrary constants. Differentiating partially with respect to x and y, and dividing by 2, we 
have 
ae (x-a) + (z-b)p = 0 and (y~-a) + (z-b)qg = 0. 
Let z-~b =-m; then x-a=pm and y-a=qm, Making these replacements in 1), we get 
nm’ (p?+q? +1) = 25, 


2 
, m-(p* + q” +1) = Be pag +1 = 25, and the 
(p ~9) 


oy 
Now x~-y = (p-q)m. Then m = 
y p p-q 


required differential equation is (x eye (p” + q° +1) = 25(p aay . 


3. Show that the partial differential equation obtained by eliminating the arbitrary constants 
a,c from z = ax + h(a) y + c, where A(a) is an arbitrary function of a, is free of the vari- 
ables x,y,z. 


Differentiating z = ax+h(a)y+c partially with respect to x and y, we obtain p = a and 
q = h(a). The differential equation resulting from the elimination of a is q=h(p) or f(p.q) 
= 0, where f is an arbitrary function of its arguments, This equation contains p and q but 
none of the variables x,y,z. 


v 4. Show that the partial differential equation obtained by eliminating the arbitrary constants a 
and 6 from 


z=ax + by + f(a,b), 
the extended Clairaut equation, is 
z= px + qy + f(p.q). 


Differentiating z= ax+by+f(a,b) with respect to x and y yields p=a and q=6, and the 
required differential equation follows immediately, 


|. Pind the differential equation arising from (atytz, a ty 2°) = 0. 


Let u=xt+yt+z, v=x*+y*%~z? so that the given relation is (u,v) = 0. 


Differentiation with respect to x and y yields 


014 p) + 20 ox — 22p) = 0 and 260149) + (ay — 22q) = 0. Eliminating ob and oP, we have 
Ou Qu Ou Ov ou 


Ov 


l+p 2x-2zp 
= 2(y-x) + Qply+z) - 2q(z+x) =0 or (y+z)p - (x+z)qrx-y. 
l+q 2y-2zq 
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6. Eliminate the arbitrary function p(x+y) from z=P(x+y). 


Let x+y=u so that the given relation is z= $(u). 


dp 


Differentiating with respect to x and y yields p = ee o'(u) and gq =¢'(u). 


Thus, p = q is the resulting differential equation. 


x=%0, Y~Yo) - , 


, %. The equation of any cone with vertex at P3(%o,¥o,2%o) is of the form PS Ga ae 
—20 — 20 


Find the differential equation, 


Let ~=%0 = Y=Y¥O = y so that the given relation is (u,v) = 0. 


Z=—29 "229 


Differentiating with respect to x and y, we have 


5 E 
St - p+ Le» yrye-) = 0 
" 2 (a2) RS SGesete) 
SP qa%=%0-) + Poot q Y~ Yo »)=0. 
4 (z=29) : ° (z =Z0) 
Eliminating = and op » we obtain p(x-xo) + q(y-Yo) = 7-20. 
u Vv 


\ 8. Eliminate the arbitrary functions f(x) and g(y) from z= yf(x) + xgy). 


Differentiating partially with respect to x and y, we have 


1) p=y fx) + gy) and 2) qg= f(x) + xg'ty). 


Since it is not possible to eliminate f,g,f', g’ from these relations and the given one, we 
find the second partial derivatives 


3) r=yf"x), s = f'(x) + gly), t=xge"(y). 


From 1) and 2) we find f!(x) = vip -e0] and g'(y) = zla-fin). Hence, 


1 1 
5. GOS BY) = peel * cla ate) 


Thus, xys = x[p-g(y)] + yla-f(x)] = px + gy - ly f(x) + xgCy)] = px+ay-z is the 
resulting partial differential equation, 


Note that the differential equation is of order two although, in general, a higher order is 
expected. However, since one of the relations 3) involves only the first derivatives of f and 
g, it is possible to eliminate f,g,f',g’ between this relation, 1), 2), and the given relation. 


/ 9. Find the differential equation of all surfaces cutting the family of cones a?yy?- a®z* = 0 


orthogonally, 


Let z = f(x,y) be the equation of the required surfaces, Ata point P(x,y,z) on the surface, 
a set of direction numbers of the normal to the surface is [p,q,-1]. Likewise, at P a set of 
direction numbers of the normal to the cone through P is [x,y,-a*z]. Since these directions 
are orthogonal, 
px + qy + a*z = 0. 


The elimination of a* between this and the given equation yields the required differential 


equation 
Z z(px+qy) + x? + y* = 0. 
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10. A surface which is the envelope of a one-parameter family of planes is called a developable 
surface, (Such a surface can be deformed (developed) into a plane without stretching or tear- 
ing.) Obtain the differential equation of developable surfaces, 


Let z = f(x,y) be the equation of a developable surface, 
The tangent plane at a point (%0,Y¥o,2Z 9) of the surface has equation 


1) Fo = (x-x9)p + (¥-Y¥o)q - (2-2) = 0. 


Now when p and q satisfy a relation (p,q) = 0, 1) is a one-parameter family of planes 
having z = f(x,y) as envelope. Thus $(p,q) = 0 or g=A(p) is the required differential 
equation, 


The cone of Problem 9 is a developable surface since p = = > ge a satisfies d(p,q) 


a°z a°z 
= a? (p* + q?) ~1 =0. 


11. Eliminate the arbitrary functions py and Peo from 
z= daly t+ myx) + holy t+ mex) = dy(uy + Po(v) 


in which m, # my are fixed constants, 


Differentiating partially, we obtain 


2 2 2 ; 
r = me ods , ge Ade, Sete Heed 2 d de t ddr , d de 
1 2 et 2 
du? dv* du? * dv? du® dv* 
2 2 
v2 £ Ms Ms r 
ant F g 2 
Eliminating oes d be we have |[m, my s} = (m,—m,)r - (m. — mys + (mm, — mma) t = 0 


du® dy” 
or, Since m, # Mes, ro— (my+m,)s + mymit = 0. 


12. Show that (a) z= ax? + by? and (b) z = ax? + bx?y + ex 2d * hx give rise to the same dif- 
y y y 
ferential equation, 
a) Differentiating <z = dx? + by? partially with respect to x and y, we have 
p= Bax? and q= aby”, 


Thus, px+qy = 3(ax> + by’) = 3z is the resulting differential equation. 


b) Differentiating z = ax? + bx? y+ cxy? + dy"/x partially with respect to x and y, we have 
p = Bax? + Qbxy + cy? - dy" /x? and q = bx? + 2cxy + 4dy?/x. 
Thus, px+qy = 3(ax? + bx?y toxy? + dy*/x) = 3z as before. 


The fact that these two equations, one with two arbitrary constants andthe other with four, 
give rise to the same differential equation will indicate the subordinate role which the ar- 
bitrary constant will play here. In its place we will have arbitrary functions. Since (a) may 
be written as 


z = axd+ byS = x3[a+b(y/xy] = x-gly/x), 


while (b) may be written as 


z = x lat b(y/x) +c(y/x) + d(y/x)'] = x «h(y/x), 


each is a particular case of z = xf (y/x) conSidered in Example 4. 
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SUPPLEMENTARY PROBLEMS 


Eliminate the arbitrary constants a,b,c from each of the following equations. 


13. 


14. 


15. 


16. 


17. 


18. 


Eliminate the arbtirary constants a,b 


19. 


20. 


28. 


29. 


30. 


(eaay ¥* (aby 


N 
te 


axy + 6 


N 
i) 


ax + by + cz =1 


2 2 
z = axe’ + sae Y 4h 


27 xy t yvx? — a2 +b 


2 2 


+ y? /b? + 27 /e = 1 


x? /a 


Ans. 


z = x'd(x-y) or W(z/x", x-y) = 0 


xyz = p(x+y+z) 


N 
I 


(x+y) d(x? — y*) 


N 
4 


f(x) +e” g(x) 
x = f(z) + gy) 


z= f(xy) + gxty) 


N 
u 


f(x+z) + g(x+y) 
2 
z= ax + gy) 


zs b(a” 42)x" + axy + bx + dly+ ax) 


Ans, 


4z =p +9 


2 


xp - yq = 0 


2 
= xp +p 


Pq = xp + yq 


xzr+xp°-zp = 0, yzt+yq° -2q = 0, or zs+pq=0 


and the arbitrary functions ¢, f,g. 


Ans, 2z = xp + xq 

x(y~2)p + y(Z—-x)q = 2(x-Y¥) 

yp + xq = 2 

t-q=0 

ps ~ qr =0 
x(y-x)r = (y= x")s + y(y-x)t + (P- | (ety) = 0 
Ans, qr —- (1l+pt+q)s + (1+p)t = 0 


p-xr=0Q0 or s=Q 


2 
r-2t+rt-s =2 


Find the differential equation of all spheres of radius 2 having their centers in the xOy 


plane. Hint: Eliminate a and b from (x~ay + (y-by 14% 4. Ans, 2 (p+ q° +1) =4 


Find the differential equation of planes having equal x- and y-intercepts. Ans, p-q=0 


Find the differential equation of all surfaces of revolution having the z-axis as axis of 


rotation, Hint: Eliminate ¢ from z = d(x? + y? ) 7 Wx? + y?), Ans. yp—-xq = 0 


CHAPTER 29 


Linear Partial Differential Equations of Order One 


THE PARTIAL DIFFERENTIAL EQUATIONS of order one 


11) px + qy = 32 and Ig) px’ + qy = 2° 


are called /inear to indicate that they are of the first degree in p and q. 
Note that, unlike linear ordinary differential equations, there is no restric- 
tion on the degree of the dependent variable z. 


All partial differential equations of order one which are not linear, as 
23) p? 4 q@ = 1 and 25) sp Ine e275 


are called non-Jinear. 


LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF ORDER ONE. Equation 1,) was obtained in 
Chapter 28, Example 4, from the arbitrary functional relation 


3) $(z/x*, y/x) = 0 


or its equivalent z/x> = f(y/x). This solution, involving an arbitrary func- 
tion, is called the general solution of 1,). 


The differential equation was also obtained (Chapter 28, Problem 12) by 
eliminating the arbitrary constants from 


4,) z= ax? + by? 
and from 
4.) z= ax? + bx*®y + cxy? + dy'/x, 


A study of the problems of that chapter indicates that relations involving two 
arbitrary constants usually yield non-linear partial differential equations 
of order one, while those involving more than two arbitrary constants yield 
equations of order higher than one. However, as was pointed out in Chapter 28, 
Problem 12, both of these relations are particular cases of the arbitrary 
functional relation 3). Itis clear then that the general solution of 1) yields 
a much greater variety of solutions than that obtained (in the case of ordi- 
nary differential equations) through the appearance of arbitrary constants; 
for example, 


z/x’ = Asin(y/x)? + Bcos(y/x) + C ln(y/x) + De?* + E(y/x)?? 


is included in the general solution 3). 


THE GENERAL SOLUTION. A linear partial differential equation of order one, involv- 
ing a dependent variable z and two independent variables x and y, is of the 
form 


5) Pop +Qq=R 
where P,Q,R are functions of x,y,z. 


If P=0 or Q=0, 5) may be solved easily. Thus, the equation 2 = 2x + 3y 
».¢ 


has as solution z = x? + 3xy + d(y), where ¢ is an arbitrary function. 


238 


> 
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Lagrange reduced the problem of finding the general solution of 5) to that 
of solving an auxiliary system (called the Lagrange system) of ordinary dif- 
ferential equations 
dx _ dy dz 
P Q R 


8) 


by showing (see Problem 7) that 
7) g(u,v) = 0, (f, arbitrary) 


is the general solution of 5) provided u=u(x,y,z) =a and v=v(x,y,z)=b are 
two indépendent solutions of 6). Here, a and b are arbitrary constants and at 
least one of u,v must contain z. 

Bin EY ee Ne 


-—> EXAMPLE 1. Find the general solution of 


1) px + qy = 32. 
The auxiliary system is dx =. dy = dz . 
x y 3z 
dx ad 
From ad = , we obtain u = z/x? = a; and from — = °Y, we obtain v = y/x = b. 
x z x 


Thus, the general solution is $(z/x°, y/x) = 0, where ¢ is arbitrary. 


Of course, from dy = —- we obtain z/y° = c, and we may write 
y z 
W2/x*,2/y°) = 0 or Mz/y>,¥/) = 0, 


where y and A are arbitrary. However, these are all equivalent and we shall call any one 
of them the general solution. 


The above procedure may be extended readily to solve linear first order 
differential equations involving more than two independent variables. 


EXAMPLE 2. Find the general solution of 


z being the dependent variable. 
The auxiliary system is 


We obtain readily u=x/y=a, v= t/y = 6. 
A third independent solution may be found by using the multipliers yt, xt, xy, -3. Since 


x(yt) + y(xt) + t(xy) + (xyt)(-3) = 0, 
yt dx + xtdy + xydt - 3dz = 0 
and xyt — 3z = Cc. 


Thus, the general solution is $(x/y, t/y, xyt-3z) = 0. 


w 


4 


' 
a 
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COMPLETE SOLUTIONS. If u=a and v=b are two independent solutions of 6) and if 


a,@ are arbitrary constants, 

8) Seen 

is called a complete solution of 5). Thus, for the equation of Example 1, 
z/x’ = a(y/x) + B 

is a complete solution. 


A complete solution 8) represents a two-parameter family of surfaces which 
does not have an envelope, since the arbitrary constants enter linearly. It 
is possible, however, to select one-parameter families of surfaces from among 
8) which have envelopes. As shown in Problem 8, these envelopes (surfaces) 
are merely particular surfaces of the general solution. 


SOLVED PROBLEMS 


1. Find the general solution of 2p + 3q = 1, 


The auxiliary system is de = dy = dz 
3 1 
From ~ = ge » we have x-—2z = a; and from by = 2, we have 3x—-2y = 6b, Thus, the gen- 
1 
eral solution is P(x -22, 3x -2y) = 0. 


The complete solution x -2z = a(3x-2y)+ 6 is a two-parameter family of planes. The one- 
parameter family determined by taking 8 = a? has equation 


A) x -2z = a(3x -2y) + a’, 
Differentiating A) with respect toa yields 0 = 3x-2y+2a or a= - 4 (3x ~ 2y). 


Substituting for a in A), we obtain the envelope, a parabolic cylinder, x -2z = - 4 (3x — 2y)" - 
This cylinder is clearly a part of the general solution. 


2. Find the general solution of y’zp - x°zq = x’y. 


The auxiliary equations are ca =e = 


From es Sy, JY or zdz+ydy=0, we have y?+2° =a; from ce = 2, we have arty r= b. 
MY x2 y*z “x2 
Thus, the general solution is ply? +2 x+y) = 0. 
» 3. Find the general solution of (y-z)p + (x-y)q=2z~-%. 
wae EEN Ma gdocdy 
The auxiliary system is OE 2, NS ue ~ gr TS ee 


yr2 x—-y zZ-%x Z + yey rte ue 


Since (y-z)+(x-y)+(z-x) = 0, dx+dy+dz=0 and x+y+z=a, 
Since x(y-z)+z(x-y)+y(z-x) = 0, xdx+zdy+ydz=0 and x?+2yz = b, 


Thus, the general solution is b(x*+ Qyz, xt+y+z) = 0. 


The complete solution x + Qyz = a(x+y+z) + 8 represents a family of hyperboloids, 


oA, 


“e 
Sr t 
. 
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Find the general solution of (x? ~y? — 2? )p + Qxyq = Qxz. 


The auxiliary system is eee = ay 7 ae 


x? wy? _ 2? axy 2Qxz 


From nape Be we obtain y/z =a. 
axy = 2xz 
fear dz xdx +ydy+zdz _ xdxtydy+z dz ae dz _ 2(x dx +ydy +z dz) | 
2xz x(x? ~y? —27) + yay) + 2(2xz) x(x? + y? 4 2%) € xe ty? +2? 
eT ae ea 
we obtain ~2Y 7? = 5, 


z 
2 2 
y +z 
z 


2 
Thus, the general solution is oc, oles )=0. 


The complete solution x? + y? +2? 


centers on the plane y0z, 


= ay+6z consists of the spheres through the origin with 


Solve ap + bq+cz=0. 
The auxiliary system is dhe 7 dy = ae From dx 7 dy we obtain ay-bx =A. 
a b -cZz a b 
dz dx ; c ~cx/a F 
Ifa#o0, ears yields Inz=- ale! +InB or z= Be , and the general solution 
~ - b 
may be written as z =e eee Pay - bx). If 5b #0, Be = wy yields z=Ce oy/ , and the 
: : -cy/b 
general solution may be written as z =e W (ay - bx). 
Solve 1) 2p+q+z=0, 2) p-3q+2z=0, 3) 2p+3q+5z=0, 4) q+2z=0. 
1) Comparing with Problem 5 above, a=2, 6=1, c=l, 
The general solution is z = e788 (onyx) or ze y(2y-x), 
: ; - 2x 2y/3 
2) Here, a=1, b=-3, c=2. The general solution is 2z =e Py + 3x) or z=e wily + 3x). 
3) The general solution is 2z = gt pecan or z= en bMS W(2y - 3x). 
4) Thé general solution is z = e bex) 7 eo W(x). 
Show that if u=u(x,y,z) =a and v=v(x,y,z)=6 are two independent solutions of or 
P 


where P,Q,R are functions of x,y,z, then (u,v) = 0, with d arbitrary, is the general solu- 
tion of Pp+Qq=R. 


Taking the differentials of u=a and v=b, we have 


ou ou Ou Ov Ov Ou 


—dx + —dy + —dz = 0, —dx + —dy + —dz = 0. 
ox oy Oz Ox Oy Oz 
Since u and v are independent functions, we may solve for the ratios 
dx : dy: dz = (St Se _ Cau, (Su Ou Gu Ou, Or Ou Oe Oy, = P:Q:R. 


oy oz Oz Oy Oz Ox Ox Oz Ox Oy ody ox 


But these are the relations (see Chapter 28) defining P,Q,R in the equation Pp+Qq=R whose 
general solution is ¢(u,v) = 0. 
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8. Let u=av+$8 be a complete solution of Pp+Qq = R. From this two-parameter family of sur- 
faces, select a one-parameter family by setting $=h(a), where h is a given function of a, 
and obtain the envelope. 


The envelope of the family 
1) uz=av+ h(a) 
is obtained by eliminating a between 1) and 
2) O=v+h'(a). 
Solving 2) for a= yu(v) and substituting in 1), we have 
3) u = ve(v) + Alu(v)] = AW). 


Now 3) is a part of the general solution ¢(u,v) = 0. Thus, unlike the case of ordinary dif- 
ferential equations, the envelope is not a new locus, 


If h(a) is taken as an arbitrary function of a, A(v) is an arbitrary function of v, and 3) 
ts the general solution. Thus, the general solution of a linear partial differential equation 
of order one is the totality of envelopes of all one-parameter families 1) obtained from a com- 
plete solution. It is to be noted that when h(a) is arbitrary, the elimination of a between 
1) and 2) is not possible; thus, the general solution cannot be obtained from the complete 
solution. 


9. Show that the conditions for exactness of the ordinary differential equation 
L(x,y) M(x,y)dx + pu(x,y) N(x,y)dy = 0 


is a linear partial differential equation of order one, Thus, show how to find an integrating 
factor of Mdx+Ndy=0. (See Chapter 4.) 


If uMdx + uNdy = 0 
is exact, then 2 (uM) 7 2 (uN) or yu = n = uc oN _ om), 
oy Ox Oy Ox ox dy 
This is a linear partial differential equation of order one for which the auxiliary system is 
dx dy dit 
1) >=: >eeoe 
ane. ig 2s 
ox Oy 


Any solution, involving 4, of this system is an integrating factor of Mdx+Ndy= 0, 


Writing 1) in the form 


aN _ MBN 
re) re) ox 8 
2) aA Yay = #, it is evident that if 
-N M 
ON _ OM ON OOM 
ee = f(x), then p = el flax is an integrating factor; or if ox oy - BY), KF sendy 
- M 
is an integrating factor. Moreover, if the equation is linear (that is, y'+Py = Q), then M 
= Py~Q, N=1 and 2) becomes Pdx = moe Sond be Pe is an integrating factor. 
ve b 


10. Find an integrating factor for (2x°y-y?)dx — (2x"+xy)dy 


iW 
oO 
. 


(See Problem 9 above. ) 


Here M = ox? y~y’*, N= ~(2e + xy), Sa = Xx 
y 
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d d 
We seek a solution involving uw of este, ge eal: ee ee Lee 


ox +xy = wy -y? —(y - 102”) 


du . -2y dx — 3x dy _ ~2y dx ~ 3x dy be du _ -2y dx — 3x dy 


p xy 


From Oe ; 
wy - 10x) -2y (2x + xy) — 8x (2x2 y-y?) —-xy(y - 10°) 


we obtain Inu =-21nx-3I1ny. Thus, “= x2 y75 is an integrating factor, 


oe 
Dee the integral surface of x” p +y°qt z*-0 which passes through the hyperbola 
my=xty, zeal. 


The auxiliary system is oe = dy = aa . 
oe y? a2 
rh + 
From oe 7 ae we obtain u = plea a, and from Ys ame we obtain v = eda b. 
x2? xz y? 72 yz 


F rae Xo +z xotl1 
We first eliminate x9,Yo,Z% between x9¥o =X%+Yo, 2 =1 and u = — = fol s@ 
%o920 Xo 


and = = = b, Solving the latter for x9 = attics: Yo = ee and substituting 
YoZo Yo a-1 b-1 

in xo0¥9 = Xo + Yo, we obtain : Ee + : 

a aa (Asti) wed bd 


must exist between a and b. Then the equation of the required surface is 


or a+b=3 _ as the relation which 


xt+z ytz 
XZ yz 


a+b = ut+v = 


= 3 or Qxy + z(x+Yy) = 3xyz. 


SUPPLEMENTARY PROBLEMS 


Find the general solution of each of the following equations. 


12. p+q=z=z Ans. 2 = e° p(x ~y) 

13. 3p + 4q = 2 3y—4x = f(32-2x) or P(3y—4x, 3z-2x) = 0 
14. yq -xp =z P(xy, xz) = 0 

15. xzp + yzg = xy y= x p(xy ~2") 

16. xp + y’q = 2° x-y = xy P(1/x - 1/z) 

17. yp -aqtx —y? =0 h(x? +’, xy-z) =0 

18 yzp — xzq = xy d(x +y", y’ a) = 0 

19. zp+yq=x X+z y bx? — 27) 

20. x(y-z)p + y(z-x)q = 2(%-Y) P(xyz, x+y tz) = 0 

al. x(y = 2° )p + y(2?-x")q 7 2(x*~y") P(xYZ, x? 4y%427) = 0 


22. Find the equation of all the surfaces whose tangent planes pass through the point (0,0,1). 
Hint: Solve xp+yq=2z-1. Ans. z= 1+ x(y/x) 


23. ‘Find the equation of the surface satisfying 4yzp+q+2y = 0 and passing through yr +2? =1, 
xt+z2=2, Ans. y2+2%+x+z = 3 


CHAPTER 30 


Non-linear Partial Differential Equations of Order One 


COMPLETE AND SINGULAR SOLUTIONS. Let the non-linear partial differential equation 
of order one 


1) f(x,y,z,P,q) = 0 
be derived from 
2) &(x,y,z,a,b) = 0 


by eliminating the arbitrary constants a and b. Then 2) is called a (or the) 
complete solution of 1). 


This complete solution represents a two-parameter family of surfaces which 
may or may not have an envelope. To find the envelope (if one exists) we elim- 
inate a and b from 


If the eliminant 

3) A(x, y,z) = 0 

satisfies 1), it is called the singular solution of 1); if 
A(x,Y,2) = €(% y Zz) NCQ Y,Z) 


and if € = 0 satisfies 1) while 7 = 0 does not, € = 0 is the singular solu- 
tion. As in the case of ordinary differential equations (Chapter 10), the sin- 
gular solution may be obtained from the partial differential equation by elim- 
inating p and q from 


EXAMPLE 1. It is readily verified that z = ax+ by - (a? + b?) is a complete solution 
of z= px + qy - (p?+ q*). Eliminating a and b from 


g = z-ax —by+a%+b? = 0, Es Bae G CEs aye gh 2, 
0a Ob 
1.2 1.2 pty whoa dy se 2 : dH e, : : F 
we have z= 5x + sy ~- g(x +y) = q(x +y). This satisfies the differential equation 
and is the singular solution, The complete solution represents a two-parameter family of 


planes which envelope the paraboloid x*+y? = 42. 


GENERAL SOLUTION. If, in the complete solution 2), one of the constants, say b, is 
replaced by a known function of the other, say b = ¢(a), then 


&(X,Y,2,a,P(a) ) = 0 
is a one-parameter family of the surfaces of 1). If this family has an envel- 
ope, its equation may be found as usual by eliminating a from 


8(x,¥,2,a,¢(a)) = 0 and os 6(x,Y,z,a,¢(a)) = 0 


and determining that part of the result which satisfies 1). 
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EXAMPLE 2. Set b = f(a) = a in the complete solution of Example 1, The result of 
; 1 2 
eliminating a from g = z-a(x+y)+ 2a" = 0 and 2 = -(x+y)+4a-=0 iS 2 = ee) 
a 
which can be readily shown to satisfy the differential equation of Example 1. This is a pa- 
rabolic cylinder with its elements parallel to the xOy plane. 


The totality of solutions obtained by varying ¢(a) is called the general 
solution of the differential equation. Thus, from Example 2, 8z = (x+y)? is 
included in the general solution of the differential equation of Example 1. 


When b = (a), ¢ arbitrary, is used, the elimination of a between 
&=0 and —=0 


is not possible; hence, we are unable to express the general solution as a 
single equation, involving an arbitrary function, as we were in the case of 
the linear equation. "Sy 


i 


SOLUTIONS. Before considering a general method for obtaining a complete solution 
of 1), we give special procedures for handling four types of equations. 


TYPE I: f(p,q) = 0. Example: p?-q?=1. «7 


From Problem 3, Chapter 28, it follows that a complete solution is 
4) z=ax+h(a)y tc, 
where f(a,h(a)) = 0, and a and c are arbitrary constants. 

The equations for determining the singuiar solution are 

z=axt+h(ayy tc, 0 =x + h'(a)y, 0 = 1. 

Thus, there is no singular solution. 

The general solution is obtained by putting c = #(a), ¢ arbitrary, and elim- 
inating a between 
5) z= ax + h(a)y + o(a) and 02=x + A‘(a)y + d'(a). 


The first equation of 5) for astipulated function ¢(a) represents a one-param- 
eter family of planes and its envelope (a part of the general solution) is a 
developable surface. (See Problem 10, Chapter 28.) 


EXAMPLE 3. Solve p’~q?=1, 


Y 


Here f(p.g) = p?-q?-1=0,  f(a,h(a)) = a? - [h(ay}*-1 and h(a) = (a7 ~1)% 


4 


A complete solution is z= ax + (a* = ly’ y + Ce 


iT 
Oo 


A neater form is obtained by putting a-=sec a; then h(a) = tan @ and we have 
z2=x seca + y tana+e, 
If we set c = f(a) = 0, the result of eliminating a from 


z=x seca + y tana, Q=x tanag+ysecqg or O0=% sina+ y 
ig zg? y’. 
This developable surface (cone) is a part of the general solution of the given differential 
equation. 
Note that we might have taken h(a) = ~(a? 1)” 
V 


1 
zeax - (a? -Ly*y 4c, 


and obtained as a complete solution 


See also Problems 1-2. 
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TYPE II: z= px + qy + f(p,q). Example: z= px tay + 3pteqt”. 


From Problem 4, Chapter 28, it follows that a complete solution is 
6) z= ax + by + f(a,b). 


This is known as the extended Clairaut type, for obvious reasons. This com- 
plete solution consists of a two-parameter family of planes. The singular so- 
lution (if one exists) is a surface having the complete solution as its tan- 
gent planes. 


PRANPUR 4) “Aolve 22 -ae Poy s Spe, 


nis 
A complete solution is z = ax + by + 3a?’ b 13 


a3 p35 - 0 eal tp ts . 0. 


The derivatives with respect to a and b are x+ and 


-1/3,<1 
Then ax + by = ne, xy =a 13 p ‘3 
and, substituting in the complete solution, we obtain the singular solution 
a a3 423 


2 iS 


= I/xy or xyz = 1, 
See also Problems 3-4. 


Example: z= p* + q?. 


ll 
Oo 


TYPE II?: f(z,p,q) 


Assume z = F(x+ay) = F(u), where a is the arbitrary constant. Then 
Oz dz ou dz dz du dz 
i aS ee es See and q = = a 

Ox du ox du 


When these are substituted in the given differential equation, we obtain 
an ordinary differential equation of order one 


dz dz 
du’ du 
whose solution is the required complete solution. 


p= 


f(z, 


EXAMPLE 5. Solve z = p? + qe 


Put z = F(x+ay) = F(u). Then p = dz/du, q = adz/du, and the given equation may be 
reduced to z= ra + rede: 
du du 
Solving ae ae or a2 A du, we obtain 2vz = eee are (u+b). 
du Vit a® Vz v1+ a® v lia? Vita? 


Thus, a complete solution is 4(1+ a*)z = (x +ay+b)*, a family of parabolic cylinders. 


Taking the derivatives with respect to a and b, we have 


Baz — 2(xt+ay+b)y = 0, x+ay+b=0, 
The si i j = 0. 
e singular solution is z 0 See also Problems 5-7. 
TYPE IV:  f,(x,p) = fo(y,q). Example: p-x? = qty’. 


Set f,(x,p)=a, f.(y,q) =a, where a is anarbitrary constant, and solve to 


obtai 
sa p= F,(x,a) and q = Fyly,a). 


Since z is afunction of x and y, dz = pdx+qdy = F,(x,a)dx + Fg(y,a)dy. 
Thus, 
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7) Z= f F(x, a) dx + f Fey a) dy + b, 


containing two arbitrary constants, is the required complete solution. 


EXAMPLE 6. Solve p-q = x? 4 y? or p~x? = qty’. 
Setting p—x’=a, qty’ =a, we obtain p=a+x’, q=a-y. 
Integrating dz = pdx + qdy = (a+x°)dx + (a-y")dy, the required complete solution is 


z= ax + 2/3 + ay - y°/3 + b, There is no singular solution. 
See also Problems 8-9. 


TRANSFORMATIONS. AS in the case of ordinary differential equations, it is possible 
at times to find a transformation of the variables which will reduce a given 
equation to one of the above four types. 


The combination px, for example, suggests the transformation X=1n x, since 
then 
oz _ oz dX _ 1 a ad apie: Oe, 
Ox Ox dx x OX OX 


Oz Oz 
2 becomes = = & 


Thus, q = px + p?x 
oy OX 


+ (822 | of Type I. 
OX 


Similarly, the combination gy suggests the transformation Y=Iny. 
The appearance of E, q in an equation suggests the transformation Z=l1nz, 


Since then p = Be ~ a Ge. OF. 4 
Ox dZ ox Ox 


oy 


= —; similarly, qd = oe 
Zz 


ZA OZ\2 


Thus, = (=), of Type I. 
3y ( = yp 


See also Problems 10-14. 


COMPLETE SOLUTION. CHARPIT’S METHOD. Consider the non-linear partial differential 
equation 


1) f(x,y,Z,P,q) = 0. 
Since z is a function of x and y, it follows that 
8) dz = pdx + qdy. 


Let uS assume p = u(x,y,z,a), where a is an arbitrary constant, substitute in 
1) and solve to obtain q = v(x,y,z,a). For these values of p and q, 8) becomes 


8) dz = udx + vay. 
Now if 8,) can be integrated, yielding 
9) E(x, y, z,a,b) = 0; 


this is a complete solution of 1). 


EXAMPLE 7. Solve pq +qx=y. 
Take p = a-—x, substitute in pq+qx=y, and solve for q = y/a. 


Substituting in dz = pdx + qdy, we have dz = (a-x)dx + (y/a)dy, an integrable equa- 
tion, with solution 


2 
z= ax — 3x74 by?/a +k or Qaz = 2a*x ~ ax? + y? +b, 
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Since the success of the above procedure depends upon our making a fortu- 
nate choice for p, it cannot be suggested as a standard procedure. We turn 
now to a general method for solving 1). This consists in finding an equation 


10) F(x,y,2,P,q9) = 0 


such that 1) and 10) may be solved for p=P(x,y,z) and g=Q(x,y,z), (that is, 
such that 


of oof 
3p oq 
11) A = # 0, identically), 
ar OF 
op oo 


and such that for these value of p and q the total differential equation 


8) dz = pdx + qdy = P(x,y,z)dx + Q(x,y,z)dy 


poe 9 oP iP -7: a0 oq _ Op 
Oz Oz oy Ox Ox Oy 


is integrable, that is, 


Differentiating 1) and 10) partially with respect to x and y, we find 


12) of + p of + of op + of oq = O, 
Ox oz * Op ox oq Ox 
oy Oz op oy oq oy 
3F OF 3F dp , 23F oq 
14 Shas pe aS See, Se Se 
) oy ray Ap Ox 3a ox 
15) oF + q oF + oF op + oF oq = Oy 
oy Oz Op ay oq oy 
Multiplying 12) by 2©, 13) by 2%, 14) by ~ 2, 15) by - 24, and adding, 
op oq op oq 
we obtain (noting that Pp = 94, 
Oy ox 
iat 3f, oF af Of. oF of 3F of OF af Of, OF 
(Spe. Sr gpSX- SS. 52 _ (plr gOS = 
ag Pap ag | Sy ae ea oe pe a be ee 


This is a linear partial differential equation in F, considered as a function 
of the independent variables x,y,z,p,q. The auxiliary system is 


16) a. is dq a dx a dy rs dz _ dF 
af oF Of af of of af af. 0 
+p Boe, Sh. Up ee ay page asa -—(p—tq= 
ae! Bn op ay ap ea (P35 739 


Thus, we may take for 10) any solution of this system which involves p or q, 
or both, which contains an arbitrary constant, and for which 11) holds. 
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EXAMPLE 8. Solve q =—ap+p*. 


5 s 
Here f = pe =xp-4q so that of = =p, or 0, Of 0, af Qp—x, Of: -1, and 
Ox oy az ‘Op aq 
of 3 of of of 3 
Ogg Sag oP q— = 0, es ee eee cee 
Ox Oz oy Oz Op og 
The auxiliary system (16) is Ge = ug = a : dy = ee aren 
—P 0 2px 1 = 2p? +xpt@ 
From de = 2 » we have Inp=-y+ Ina or p= ae” 
—p 
Using the given differential equation, q = -xp+p* SF seat eo 
So wy 2 H25 : 
Then dz=pdx+ qdy becomes dz = ae ’ dx + (-axe "have *\ dy. Integrating, 
-¥ 1 2 2% 
2 = axe ~ —- 50 e +b 


Th is i ion, 
ere is no Singular solution See also Problem 15. 


SOLVED PROBLEMS 


(In these solutions, the equations leading to the general solution will not be given.) 


TYPE I: f(p,q) = 0. 


1. Solve p? + q’ 


9, 


A complete solution is z = ax + by + c, where ag he 2 9. 


The equations for determining the singular solution are 


oe ee ee ee en ee , 01. Thus, there is no singular solution. 
y y 


2. Solve pgqt+p+q=o0. 


A complete solution is z= ax+by+c, where ab+a+b=0, or z= ax - 


There is no singular solution, 


TYPE II: z= px + qy + f(p,q). 
3. Solve z= px + qy + p* + pq+ qq’. 


A complete solution is z= ax + by + a? + ab + b*, 
Differentiating the complete solution with respect to a and b, we have 
Q0=x + 2a+ b, O=yta+ 2b. 
Solving to obtain a@ = (y-2x)/3, 6b = (x -2y)/3 and substituting in the complete solution, 


the singular solution is 3z = xy —~ x? — y?. 


4. Solve z= px + qy + pq’. 


A complete solution is z = ax + by + a*b*, The equations obtained by differentiating with 
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respect to a and b are 0 = x + 2Qab” and 0 = y+ 2a7b, then cae «feo, bes eit 


1? ; x? : x 3 3 2/3 2/ 
and the singular solution is 2=-x Bes sad ee ert V4 x >y ue 
ax 2y 16 4 


TYPE III: f(z,p,q9) = 0. 


A. Solve 4(1+ 2°) = 92" pq. 


Assume z = F(x +ay) = F(u). Then p = oF, q=a ae and the given equation becomes 
du du 
Va 22 
4(1+ 2°) = outee. or ere dz = 2du, 
du l+2? 


Integrating, Ja(1+z°) = urb, and a complete solution is a(1+ 2) = (x+ ay +b)", 


Using the results of differentiating this with respect to a and 6, 


1+2° 


the singular solution is 2 + 1=0. 


= Q(x t+ayt+ b)y and 0 = 2(x+ayt+ b), 


f. Solve p(i-q’) = q(1-2z). 


Assume 2 = F(x+ay) = F(u). Then p = =, qza = » and the given equation becomes 
u u 
dz 2 dz.2 dz dz 2 dz.2 
==)i[ Loa? (= = a—(1- r —) [1- -a‘(—) J] = 0. 
(ul om peas G2) 0) (eee eC ] 
Then ae = 0 and z=c; or paguayica eo =O; ee: = du and 
du du Vi-—a+t+az 
2 
QWl-a+az =u+b=x+ayt+b or 4(l-a+az) = (x+ay+b). 


Bach of z=c and 4(1l~a+az) = (x+ay+b)" is a solution; the latter is acomplete so- 


lution. Using it, the equations for obtaining the singular solution are 

& = 4(1-a+az) - (x +ay +b)” = 0, a = 4(-1+z) -— 2y(x+ay+b) = 0, a = -2(xtay+b) = 0; 
a 

there is no Singular solution. 


(« Solve 1+ p? = qz. 
dz dz F : : 
Assume z = F(x+ay) = F(u). Then p = ae qz=a ya! and the given equation becomes 
u u 


OE gy ap EG or ca cacti Wp 
du du az— a’ 7? 4 


Rationalizing the left member of the latter equation, we obtain (az + Va?z? — 4)dz = 2du. 


whose solution is baz? + «(Se Va22?— 4-2 In(az + Var? -~4)} = 2(u+b). 


a 
A complete solution is then a?z? + azVarz*-4 ~ 4 1n(az + Va*z* 4) = 4a(x+ay+b). 


Note that a?z? — az /a?z?~4 + 4 In(az + Va?z* 4) = 4a(x+ayt+b), obtained from 


dz 


az+ Ja? 2? -4 


= 3du, is also a complete solution, 
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TYPE IV: f,(x,p) = fely,q). 
8. Solve vVp-Vq+3x-=0 or vVpt+3x=V¥qQ 
Set Vp + 3x = a and vq =a. Then p = (a= 3x)" and q = re A complete solution is 


z & 


J(a- 


= {pdx + Jady + 6 


or 


3x) dx + a*fady + b ZF = (a ~3x)° + a*y + 6, 


There is no singular solution, 


9. Solve q 


2 
—~px+p. 


Set p?—px =a and q=a. 


A complete solution is z 


or z 


Another complete solution is 
There is no singular solution 


USE OF TRANSFORMATIONS. 


Then p 


h(x + Vx? 44a), 
b f(x + Jx? + 4a dx + afdy +b 


kext tx <? 44a) + aln(x+ lev de) + ay +d. 


obtained by the method of Charpit in Example 8. 


10. Solve pq = xry",2! or ol 1, 
Pa y” 
The transformation 
7 a 1 
Pt. Pot Yt Ba OE dk Me gee 
1-1 m+ n+l aX Ox aX of OY oy dY y” 
reduces the given differential equation to ae 4 = 
ox OY 
This equation is of Type I and its solution is Z = aX+ -Y+ ec. 
lel mth nel 
A complete solution of the given equation is feats a + + C. 
1-l m+1 a(n+1) 
There is no singular solution. 
11. Solve x?p? + y?q? = z, 
1) The transformation 
a et ut 
A = In x, ¥ = In Ye. 2°= 92", oe = of ad = px: % 92 = Oe dy = qyz * 
Ox ox aX : oY oy dY 
reduces the given equation to rey 2 (ey? 7 or (%)? + (22)? = 1, of Type I, 
ow oY Ox oY 
A complete solution is Z-=aX+bY¥+e or 42 = (alnx+b61n yte), where a’ +b? =1, 
The singular solution is z = 0. 
2) The transformation X = In x, Y-=-iny, p= ge = @ es ee oe g= s ae 
Ox OX dx x OX y oY 
: ade wed : . Oz 2 az .2 
reduces the given differential equation to (—) or = 24 of Type III, 
OX 
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Oz az 3 dz dz dz 
We set z= F(X+aY) = F(u). Then g Se mae = — a : and 
ad a ax du dy du 
Gee + eee =z or J 44 ie he ile 
du du a 
Integrating, Vita? 2? = utb = Xta¥+b = Ina ta Inys b. 
A complete solution is 4(1+ a’ yz = (Inxz - «@ ing i The singular solution is z = 0. 
12. Solve 4xyz = pq + Qpx?y + Iguy”. 
2 3 a Sz AX 7 3Z ford dy * Zz 
Let x =X%, y= Yo. Then p > ia Soe ae yo nd g a = = 2) a : 
ax OM dx 2 3Y dy oY 
: a2 oz Oz 3z : 
Substituting in the given equation, we have 27 AS yo + — of Type II. 
oy OY ax OY 
A complete solution is z=ak + bY + ab or eS ute ie by? 4+ ab. 
Eliminating a and 6b from this and 0 = x? + b, O- y? +a, obtained by differentiating it 


2 
+ xy 


with respect to a and b, the singular solution is found to oe 


ue & 


= 0. 


13. Solve p’x? = 2(z-qy). 
The transformation Y= In y, X = In x, p 
: a Oz.2 
reduces the given equation to A) (—-) (a= 
Ox 
We set z= F(X+ ay) = F(u). Then oz : dz Lae a 
OX du 3Y 
Then pcaaae b2(Va? + 4- a), got = (far +4 ~ ajdu, and In z (Va? + 4 —~ 
du 
A complete solution is In 2? = (Va? + 4-ay(lnx + a@Iny +b). 


There is no singular solution, 


14. Solve rie + q° = 2 (xs y) or (by? 4 (ay = xX + Ye 
. ; 3 yA OZ é ‘ 
The transformation Z=i1nz, pez Wa gqtzi— reduces the given equation to 
OX y 
rs) OZ OZ z Of 2 
bik Cas =xty or ( Z, ~X sym a, of Type IV. 
Ox oy Ox oy 
OZ Z Z 2 Z + 
Set ors x = Sotyi (24) Then ae (a+x)* and % (y~ay. 
Ox Oy Ox Oy 
. 1 i 
A complete solution is Z = ftatxydx + [(y-aydy + b 
or Inz = 5a yy + sya)” + bd, 
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CHARPIT’S METHOD. 
15. Solve 16p?z" + 9qg7z* + 427 ~ 4 = 0. 


Let f(x,y,2,P,9q) = 16p 2” + 9q7 2" + 427 - 4, 


thn 2-9-2, OF - 30,22 + 18922 + 82, 2 = 30922, at = 18qz7, and the aux- 


Ox oy 2 Op q 
d d dx d dz ' 
iliary system woe = cane : 7 ae es is 
of + pe of +q of _ of = of -(p of + q of) 
Ox Oz oy oz Op og op og 
dp 7 dg _ dx _ dy 7 dz 
32p?z + 18pq7z + 8pz 32p*qz + 18q>z + 8qz —32pz? -18q2z? =32p?27 - 18q727 


Using the multipliers 4z, 0,1, 0,4p, we find 
42(32p>z + 18pq?z + 8pz) + 1(-32pz7) + 4p(-32p7 2? ~ 18q°2") = 0 


and so dx + 4pdz+ 4zdp = 0, 
Then x + 4pz =a and p= - — + Substituting for p in the given differential equa- 
z 
tion, we find (x-a)’ + 9972" + 4274-0, Using the root q = = Laz? = daa)? , 
ss res d(x —a)dx 
dz = pdx + qdy Sie Oo diok 2 1a27 = }@cy dy or dy _ Siz dz+ a(x-a)dx] 
4z 3z 2 1-2? - d(x -a) 
3/2 (x-a)" by 
Then y-b = -= 1-27~ J(x-a)? op ETE ee 32S is a complete 
2 4 9/4 


solution, This is a family of ellipsoids with centers on the xOy plane. The semi-axes of the 
ellipsoids are 2 units parallel to the x-axis, 3/2 units parallel to the y-axis, and 1 unit 
parallel to the z-axis. The singular solution consists of the parallel planes z = it, 


Another complete solution may be found by noting that the equation is of Type III. Using 


¢ : d d F 
F(x+ay) = F(u) and setting p = 7 and q=a = » the given equation-becomes 
lu lu 


2,dz.2 22dz2 | 2 z dz 2 
16z°(—) + 9a°z"(~—) + 42° ~4=0 or = ———— du. Then 
du du /y 72 /6 + 9a2 


~/fl-z* = ROR Ea OS = see ayety, 


¥ 16+ 9a2 V¥16+ 9a? 


This complete solution (16+ 9a?) (1 -z?) = 4(xt+ay+ by? represents a family of elliptic cyl- 
inders with elements parallel to the xOy plane, The major axis of a cross section lies in 
the xOy plane and the minor axis is 2 units parallel to the z-axis. 
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SUPPLEMENTARY PROBLEMS 


Find a complete solution and the singular solution (if any). 


16. p= q Ans. z= bx + by +c 
17. p+p=q z =ax+by+c where en ae 
18. pgzptgq (b-1)z = bx + b(b-l)y +e 
19. z = px + qy + pq z=ax + by + ab; S.S., Z = =xy 
20. pe+g = 42 eer e = (kaye bys S.S., z = 0 
21. pr=1+q° fuedi aan +40? Wes 2? 4a" ) = 4(x+ay+b) 
22. 27 (p? 49741) = 1 Gea yaiek) = (x+ay+b); S.S., 2 21 = 0 
23. p+ pq = 42 Gears aaay soy S.S., 220 
4. po-x-=q-y 3(z-b) = nies ay’? + diyeay?” 
25. yp - xq? = xy 4(a—1)y? = (32 -ax°— by" 
96. (ay")xq? + y’p = 0 (3 /ax° bby 24a? <4) 
27. x'p® - yzq - 27 = 0 x In2=a+ (a°-1)x In y + bx 
Hint: Use X=1/x, Y=lny, Z = I1nz. 
28. xp? + y°zq ~ 227 = 0 xy Inz = ay + (a? — 2)x + bxy 
Hint: Use X=1/x, Y=1/y, Z=1nz, 
29. xp’ + y°q = 0 x (zy+a+ by) + ay” =0 
30. 2py” - q°z = 0 zs atx + ay” +b 
31. q = xp + p? 2 = Qaxe? + 2a e + b 
32. zp fe yp * yq = 0 yz" = 2(axy + ay’ + a’ + by) 
Hone: > er pz=a and q = =(1 : =). 


33. pg + Qx(y+1)p + yl(y+2)q - 2(y+1)z2 = 0 


Ans. z= ax + by? + 2y+a); SS, 2 + xy’ + 2y) = 0 


CHAPTER 31 


Homogeneous Partial Differential Equations of Higher Order 


with Constant Coefficients 


AN EQUATION SUCH AS 


3 3 3 
1) (x? ey? y 22 fg eo + oe 
3x2 axdy? ay? x? oxy os 


2 2 
OZ OZ 4 ,3 9% Oz — axty 


which is linear in the dependent variable z and its partial derivatives is 
called a linear partial differential equation. The order of 1) is three, be- 
ing the order of the highest ordered derivative. 


A linear partial diffefential equation such as 


3 5 3 3 
Ce? ip 4G. a SE a Bag, 


2) 
ax? ax ay ax ay” ay? 


in which the derivatives involved are all of the same order, will be called 
homogeneous, although there is no agreement among authors in the use of this 
term. 


HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT CORFFICIENTS. Consider 


3) Pea a ec ea 
Ox Oy 
2 2 2 
4) AO hk Pee Ge See a 
ax° Ox Oy ay? 
2 2 2 
5) Ri 5 pe ieee 5 Se Be, 
ax? Ox oy ay? 


in which the numbers A, B, C are real constants. 


It will be seen as we proceed that the methods for solving equations 3)-5) 
parallel those used in solving the linear ordinary differential equation 


f(D)y = Q(x) where D = —. 


We shall employ two operators, D,, = 2 and D, = 2. so that equations 
>< 


3)-5) may be written as 


3!) F(D,,D,)z = (AD, + BD,)z = 0, 
4") f(Dg,Dy)z = (AD; + BD,D, +CD;)z = 0, 
5!) f(D;,Dy)z = (AD; + BD,D, + CDy)z = x + 2y. 
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HOMOGENEOUS PARTIAL EQUATIONS, CONSTANT COEFFICIENTS 


Equation 3') is of order one and the general solution (Chapter 29) is 


z= oly - Ax), ¢ arbitrary. 


Suppose now that z = ¢(y+mx) = d(u), ¢ arbitrary, is a solution of 4!); 
then substituting 


in 4') we obtain 
d?d 


da? (Am? + Bm +C) = 0. 


Since dis arbitrary, d?4/du? is not zero identically; hence, m is one of the 
roots m=m,,m, of Am? +Bm+C=0, If m Am, z=¢,(y+m,x) and z= ,(ytm,x) 
are distinct solution of 4'). Clearly, 

z= by (y + m,x) + bo (¥ +m_x) 


is also a solution; it contains two arbitrary functions and is the general 
solution. 


More generally, if 


6) f(D, ,Dy)z = (D,, — my Dy) (Dy — maDy) +e ee es (D,~mD,)z = 0 
and if m, #4 my A vereress # m,, then 
7) z = $4(y +mx) Pe (YAR: eI Es + dn(y + mx) 


is the general solution of f(D,,D,)z = 0. 


2 2 
EXAMPLE 1. Solve (Dy - D,Dy - 6Dy)z = (Dy + 2Dy) (Dy — 3Dy)z = 0. 
Here, my = ~2, m, = 3, and the general solution is y = Py (y -— 2x) + doly + 3x). 


See also Problems 1-2. 


If my = my = reese =m, # Mr ay fosvens # m,, so that 6) becomes 


61) F(D,,D,)z2 = (Dy ~ mDy)" (Dm y Dyer (D,-—m,D,)z = 0, 


y 
the part of the general solution given by the corresponding k equal factors is 
by (y tmx) + xPo(y tmx) + x’ be (¥ + m4x) ie aexeuse + x* 1b, (y + mx), 


and the general solution of 6') is 


he 
Zz = $y(y tmx) + xPo(y tmx) + oceeee + x *D,(y + mx) + P par (Y + My 41%) 
eae ae + dn (y + mx), 
where $,,%,,°**+* dyn are arbitrary functions. 
2 2 2 
EXAMPLE 2, Solve (D2 - DiDy - 8D,D, + 12D3)z = (Wy - 2Dy) (Dy + 3Dy)z = 0. 


Here, m, =m) =2, my =-3 and the general solution is z = $y(y +2x) + xho(y + 2x) + Poly - 3x). 


See also Problems 3-4. 
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If one of the numbers, say m,, of 6) is imaginary then another, say m,, is 
the conjugate of m,. Let m,=a+bi and m,=a~bi so that 6) becomes 
6") f(D,,D,)z = [D,~(atbi)Dy] [Dy —(a—bi) Dy] (Dy — mgDy)+ +++ (D,,- m,Dy)z = 0. 
The part of the general solution given by the first two factors is 
pi (y tax +ibx) + },(y tax —ibx) + i[@,(y + ax + ibx)- ,(y t+ ax — ibx)], 
(?,,¢, arbitrary, real functions), and the general solution of 6!') is 
z = $y(y+ax +ibx) + ¢,(y tax —ibx) + i[d,(y tax + ibx)~,(y + ax — ibx)] 
+ Dy (Pt Mgk) Fo teetens + Pya(¥ + Myx). 
EXAMPLE 3. Solve (. - DD, + 2D-D, ~ 5D,D3 + 3D3)z 
= O, - DY D, + $+ iVTDD, LD, + $1 - iVTL)D,]2z = 0. 
Here, my=m,=1, mg=~4(1+2V11), mg=-4(1-iV11), and the general solution is 
2 = Py(ytx) + xbg(yta) + oly - $1 + tVTI)x] + bly - $1 - i VT1)zx) 
+ ifda{y - $1 + tVTT)x} - dafy ~ $1 - ivi1)x}). 
See also Problem 5. 
The general solution of 
Bt) f(Dy,Dy)z = (AD), + BD,D, + CDy)z = x + ay 
consists of the general solution of the reduced equation 
4!) f(D,,D,)z2 = (AD) + BD,D, +CD5)z = 0 


plus any particular integral of 5'). We shall speak of the general solution 
of 4') as the complementary function of 5')y, 


In setting up procedures for obtaining a particular integral of 


8) f(D,,Dy)z2 = (Dy -—m,D,)(D,.~_m,D,)++++ (D,-m,D,)2 = F(x,y), 
we define the operator ae See by the identity 
f(D,.,D,) 
f (Dy. D,) —t—— F(x,y) = Flxy). 


ery f(D,,D,) 


The particular integral, denoted by 


geo os l F(x,y) = - = u F(x,y), 


F(D, , Dy) (D,,— m,D,) (Dz — m,Dy)+ ++ (Dy = MD.) 


may be found, as in Chapter 13, by solving n equations of the first order 


9) uy, = ——— F(x,y), Ug Swe yt 2 Uy = a 
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Note that each of the equations of 9) is of the form 
10) p-~ mq = 8(x,y) 


and that we need only a solution, the simpler the better. In Problem 6 below, 
the following rule is established for obtaining one such solution of 10): 
Evaluate z = Jg(x,a—mx)dx, omitting the arbitrary constant of integration, 
and then replace a by ytmx. 


EXAMPLE 4. Solve (D, - D,Dy - 6D, )z = (D+ 2D,,) (D, = 3D,)z = x+y. 


From Example 1, the complementary function is z = Py (y - 2x) + Poly +3x). 


To obtain the particular integral denoted by z = este She +y)]: 


D+ 2D, Dd, = 3D, 


a) Set u = wa (8 +y) and obtain a particular integral of (D, - 3D,)u= x+y. 


Dy y 


Using the procedure of Problem 6, we have u = f(x +a—-—3x)dx = ax — x" and, replacing a 
by y+3x, u = xy +2x°, 


b) Set z = — = ot Th iy + 2x") and obtain a particular integral of 
2 
(Dy + 2Dy)z2 = xy + 2x. 


Then z = {xa + 2x) + 2x Jax = aot + * and, replacing a by y-2x, z= sty + oe 


Thus the general solution is z = ¢4(y-2x) + $g(y +3x) + sty + ae 


See also Problems 8-9. 


The method of undetermined coefficients may be used if F(x,y) involves 
sin(ax + by) or cos(ax t+ by). 


EXAMPLE 5. Solve 
2 2 ; 
(Dy. + 5D,D, + 5Dy)z = [D, - $(-5 + v5)D,] (D, - $(-5 - v5)D, Jz = x sin(3x-2y). 
The complementary function is z = dy[y + 5(-5 + ¥5)x] + holy + $(-5 - V5)x). 
Take as a particular integral 


z = Ax sin(3x -2y) + Bx cos(3x-2y) + C sin(3x ~ 2y) + D cos(3x - 2y). Then 
Dz = (6A-9D)cos(3x ~ 2y) - (6B + 9C)sin(3x - 2y) — 9Ax sin(3x - 2y) - 9Bx se aoyy, 
D,Dy 2 = (-24+6D)cos(3x -2y) + (2B+6C)sin(3x —2y) + 6Ax sin(3x-2y) + 6Bx cos(3x -2y), 
D2 = -—4D cos(3x -2y) ~ 4C sin(3x - 2y) - 4Ax sin(3x - 2y) - 4Bx cos(3x - 2y), 


and (De + 5D,Dy + 5D, )2 = Ax sin(3x -2y) + Bx cos(3x- 2y) + (C + 4B) sin(3x-— 2y) 
+ (D- 4A) cos(3x-2y) = x sin(3x -2y). 


Then A= 1, B=C=0, D=4 and the particular integral is 
z = x sin(3x—-2y) + 4 cos(3x -2y). The general solution is 


z = daly + $(-5 + V5)x] + doly + 40-5 - V5)x] + x sin(3x-2y) + 4 cos(3x -2y). 


See also Problem 10. 
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Short methods for obtaining particular integrals, analogous to those of 
Chapter 16, may be used. 


2) sede Beers se A Baty ' provided f(a,b) # 0. 
fad.) f(a, b) 


If f(a,b) = 0, write f(D, ,D,) = (D, - as a(D,,D,), where g(a,b6) #4 0; then 


1 1 eax toy - 1 1 eae tdy Z 1 xT jax toy 
(D, - 2D," 8(B, Dy) 8(a,b) (D, - = Dy)" g(a,b) v! 
b ? b 
1 7 1 a 
b) oe Sin(ax +by) = —————————_ sin(ax + by) and 
f(Dz,D.D, , Dy) f(a? , -ab, -b?) 
1 ‘ _ 1 
coS(ax + by) = coS(ax + by), 


f(D? , D,,D, , D2) f (-a” ,~ab, -b”) 


x 


provided f(-a?,-ab,-b’) # 0. 


EXAMPLE 6. Solve (Di. ~3D,D, +2D,)2 = (D,,- D,) (D,,- 2D, )z epee gig 2 sin(x-2y), 


The complementary function is z = Py (y +x) + Poly + 2x), 


Now ee er t5y - sae gertay = son is one term of the 
D, -3D,D, + 2D, 2° = 3+293 + 23 
particular integral. Since $,(y+x) includes ety, we write 
—_—-—, ae 2 1 (ate . 1 ee aes a 1 sores ee 
Dy - 3D,D, + 2D, D,- Dy Dy — 2Dy Dy, - Dy 1-2'1 Dy - Dy 
1 . 1 : ar 
Also, So ee Sin(x-2y) = Se re te Sin(x-2y) = -— sin(x ~ 2y). 
Dy -3D,D, + 2D, ae 5) 2901) (<9) i 


1 
grr gt 


Thus, the general solution is z = pi(y+x) + foly +2x) + ri - 7 Sin(x ~ 2y), 


c) If F(x,y) is a polynomial, that is, F(x,y) = Spx, where i,j are posi- 
tive integers or zero and Pi; are constants, the procedure illustrated below 
may be used. 


EXAMPLE 7. Solve (Df ~ D,.D,, ~ 6D; )2 = x+y. (Example 4.) 


For a particular integral, write 


1 1 D. 
So = = + rt) = (lL + 24 Jaen} = Seryr3y 
Dy, - Dy ~ 6D, De, Py _ 5 Dy Dy. D,, D, Dy 
Dy, pe 
tn di 1 3 2 1 
Home (x+ytx) = —(2ut+y) = =x + Hx"y, Note that D, (x+y) = 1 and — = fax . 
2 2 ¥ D 
Dd, D,, “ 


See also Problems 11-18. 
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(D,, — Dy) Dy, + Dy) (Dy, + 2Dy)2 = 0. 


Here m, = 1, m, = -l, mg, = —-2 and the general solution is 
z = dyly +x) + foly-x) + Poly -2z). 
e 3 a pe 2 3. - = 
2. Solve (D, = 52D, + SDD, + 3D,)2 = (, - 3D,)[D, - + V2)D, JD, - (A - V2)Dy]z = 0. 
Here my = 3, my = 1+V2, mq = 1-V2 and the general solution is 


nN 


3. solve (PD, + 3D,D,-4D,)2 = 
Since m, = 1, Mg = Mg = -2 

ae 

generai solution is Ze 


4. Solve (Di ~ 2D,D, + Dy)z = 


Here my = mg = 1, Mg = My 


2 
D, - D, ) Dy, + 2D,) z = 0. 
, the general solution is 
Pily +x) + Poly -2x) + x Pg ly — 2x). 


bily +x) + Poly —2x) + y holy - 2x). 


=D Ope Diy 2 = 0: 


= -1 and the general solution is 


= fly +3x) + bly + 1+ V2)x] + bgly + -Vv2)z). 


Another form of the 


z = daly tx) + xholytx) + Poly -x) + xPal¥—X)- 


2 2 
h. Solve (Dy -2D,D, + 5Dy)z = 


Since m, = 1+2t, mg = 1- 


[D, - (1+ 2t)Dy][D, - (1-21), Jz = 


21, the general solution is 


z= dyl(y tx +2ix) + Ply t+x—2ixn) + il Poly +x + Qix) ~ Poly +x -2ix)]), 


where $,,¢, are real functions. 


If we take $,(u) = cosu 
ee = cos bx 
POR cos bx 


Pily+x+2ix) = 


= cos(y+x) cosh 2x - 


Pi(yt+x-2tx) = 


= cos(y+x) cosh 2x + 


holy +xt+2ix) — holy +x ~2ix) 
Thus, we obtain as a partic 
z = 


+ i(2ie’* sin 2x) 


cos(y +x) cos(2ix) - 


cos(y +x) cos(2ix) + 


and @.(u) = e’, then since 


+ t sin bx, sin bx = Oe es 
2u 
‘ Lb 
~ i sin bx, cos bx = nC . 
sin(y +x) sin(2ix) 
it sin(y +x) sinh 2x, 
sin(y +x) sin(2tx) 
it sin(y +x) sinh 2x, 
7 Pe 7 Ft - Pe el as = 


ular integral 


-2ix . yt 
e 


) = 2ie’*” sin2x, 


[cos(y+x) cosh 2x ~ i sin(y+x) sinh 2x] + [cos(y+x) cosh2x + 2 sin(y+x) sinh 2x ] 


= 2 cos(y+x) cosh 2x —- ae. ** sin 2x. 


Note that z is a real function of x and y. 
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6. Show that a particular integral of p-—mg = g(x,y) may be found by integrating dz = g(x,a-mxjdx, 
omitting the arbitrary constant of integration, and then replacing a by y+m. 


The auxiliary system is as = dy = ee . Integrating the equation formed with the 
a —m &(%,yY) 
first two terms, we have y+mx = a, Using this relation, the equation 
dx dz dx _ dz 
— = becomes —_— =~ > 
1 &(x,Y) 1 g(x,a-mx) 


Then z= Sg (x, a-mx)dx and, in order that no arbitrary constants be involved, we replace 
a by y+mx in the solution. 


{+ Using the procedure of Problem 6, find particular integrals of 


a) p+3q = cos(2x+y), b) p-2qg = (y +1)”. 


a) Here m= -3 and g(x,y) = cos(2x+y). 
Then z = fe (x, a-mx)dx = Joos (2x + a +3x)dx = = sin(5x +a) and, replacing a by y~—3x, the 


required particular integral is 2z = 2 sin (2x +y). 


by z = Sg (x,a-mx)dx = J(a-2x aie?” dx = z(a+ iver’ - zxe™ + ze™, 
Replacing a by y+2x, we have z = diy 42x +1)e* - 2 ee + 2 ee ae + ee 
3 3 9 3 3 
2 2 
8. Solve (D, + 2D,Dy - 8D,)z = (D, - 2D,)(D, + 4Dy)z = vax+3y. 
The complementary function is z = $,(y+2x) + do(y-4x). 
To obtain the particular integral denoted by ee: ae eee ee V2x+3y, we obtain from 


(Dy, = 2D, ) (Dy + 4Dy) 


1/2 


(D+ 4Dy)u = V3x+3y the solution u = J [2v+3(a-mx)]}/* de = f(ae+3(04+40)]? ax 


Sctax4 3a)? de = (14x + 3a)? = a(n ayy 


and from (Dy-2Dy)z = u = (ee ayy? , the solution 


1 3/2 1 5/2 1 5/2 
z = —f [(2x+3(a- 2x) dx = ~ —~(3a—-—4x = — ——(2x + 3y) ‘ 
Bi : j 210 : 210 4 
: : 1 5/2 
The general solution is z = $y(y+2x) + do(y-4x) - CTT eames < 
9. Solve (D, - 2Dy)" (D,, + 3Dy)z = er, 
The complementary function is z = Py(y+2x) + xPo(y+2x) + Pgly- 3x). 
: : : 1 xXey ; 
To obtain the particular integral denoted by ——--—-——-—_——__-_______—e , we obtain 
(D, - 2D, ) (D,, - 2D,,) (D,, + 3D, ) 
from (D,+3D,)u =e’. *” the solution u = Dedham Pada, ae zen" = oat: 
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= 1 ~% 

from (Dy. = 2Dy)v =u = ent? the solution v = rpemr son = dee = =xe —o 
1 2&+¥ , 1 a 1 2a 1 2 axty 
and from (D,-2D,)z = uv = eve the solution z = zJ%e dx = aan e = rig e . 


1 
The general solution is z = y(y+2x) + x dol(yt 2x) + hal(y—3x) + are, 


2 2 
10. Solve (Dy + DDy - DD, - D3)z = (Dy, + Dy) (D, - Dy )2 = e cos 2y. 
The complementary function is z = di(y-x) + xbo(y—-x) + Pglytx). 


Take as a particular integral z = Ae cos ay + Be™ sin zy. Then 


3 x : a 2 x Xo. 
Doz = Ae’ cos 2y + Be™ sin 2y, D,.D,z = ~4Ae cos 2y -— 4Be™ sin 2y, 
DID, z = -24e” sin ay + 2Be~ cos 2y, Doz = gAe~ sin 2y - 8Be~ cos ay. 


Substituting in the given differential equation, we have 


(5A + 10B)e™ cos 2y + (5B - 10A)e~ sin 2y = e* cos 2y, so that A=1/25 and B = 2/25, 


The particular integral is z = S e” cos 2y + = e* sin 2y, and the general solution 


1 
is oz = dy(y~x) + xhely-x) + holytx) + xe cos Q2y + ae" sin 2y. 


11. Solve (Dp - 2D,Dy)z = Dy (Dy, - 2D,)z = en + xy, 


The complementary function is z = $,(y) + Poly + 2x). 
; ‘ , : 1 2% 1 3 . F 
A particular integral is given by se + 7 aes yo The first term yields 
Dy. - 2D,Dy Dd, - 2DxDy 
peer = Lee Writing the second term 
(2)* = 2(2) (0) + 
1 1 1 D 1 2 1 1 
= ey Se ae eee ayy Sea yt ae = RG yee 
Des iy pe D, pe Dy pb ¢ 
x {-2— x x x 
x 
xy x° 1 2x xy x° 
we obtain —+ + -—. The general solution is = + +2x) + -e + — + —-s 
a oe g z = Pry) + Poly + 2x) ri eT 
12. Solve (D2 - 7D,Dy ~ 6D3)z = (Dy + Dy)(Dz + 2Dy)(Dy — 3Dy)z = sin(x+2y) +e", 


The complementary function is z = ¢4y(y~x) + do(y—2x) + Og(y+ 3x). A particular in- 
tegral is given by + _____ sin(x+2y) + ee ene gos; 
(Dy, + Dy) (Dy — DyDy ~ 6D) (Dy, -3Dy) (Dz + 3D Dy +2D5) 


(Note. The separation in the first term is one of convenience, i.e., we could have written 
1 


ee sin(x + 2y). The separation in the second term is necessary, how- 
(Dy, + 2Dy) (D,.- 2D,Dy -3Dy) 


3x +9 


ever, since e is part of the term daly + 3x) of the complementary function, ) 
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1 
For the first term: ea ee Sin(x+2y) = J —_———- sin(x + 2y) 
(Dy, + Dy) (Dy, — Dy Dy ~ 6 Dy ) Dy + Dy -1+2 +24 
1 De- Dy 1 ; 1 
= = si +2 = —— -Dy) sin(x +2 = = — cos(x +2y). 
ae bp et DD 3503) by) Sin(x + 2y) ag costs + 2y) 
Dd, - Dy, 
3x+y 
For the second term: —____++___ Pe ar . aes 
(Dy, - 3Dy ) (Dy +3D Dy + 2D5) Beas EPA 
z=, tak 1 eoety Be get 
20 D, 3D, 20 
; . 1 1 3x4y 
The general solution is z = y(y-x) + dol(y—2x) + Holy + 3x) - qe COS(e+2y) + 55%e ; 
13. Solve (Dz ~7DyDy - 6D>)z = cos(x-y) + x7 + xy? + 


The reduced equation is that of Problem 12. A particular integral is given by 
1 
—__,__ cos(x-y) + ee tay? yd, 
(Dy, + Dy) (D,.- D,Dy- 6D,) Dy- TD Dy — 6D, 


(Note that cos(x-y) is part of the complementary function; hence, the corresponding fac- 
tor (D,+D,) must be treated separately, ) 


: COS(x-y) = : 


For the first term: ae aor ; ; 
(D,, + Dy) (Dy, - DD, - 6D) D, + Dy 


cos(x~-y). We must 


solve (Dy, + Dy )u 7 7c08(x-y)s obtaining u = Jf 00s [x(a +x)]dx = 5 J eos (na) oe 


= Yeas) = l costs ) 
4 4 a 
: 1 2 2.2.3 1 2 2 3 
For the second term: a RO 3 +4+xY +y°) = Sag a txy +y°) 
D. —~7D_D, — 6D D 
ae pd=72 62) 
2 D> 
x x 
D, =D 
1 
= =(1+72%2 6) (x + xy? + y’) = [x + sy ty (2x + 6y) + + (6)] 
Db po Pp D? 2 p> 
x x x x x x 
1 
- s(x +xy +’) + (2x + 6y) ae ay + = 9 Gea) + - xy? + Sey, 
3 5 6 72 60 24 6 
D,, Dy. D,, 


The general solution is 


N 


2 ye + apt’ (1+ 21y) 


= Py(y—x) + holy —2x) + aly +3x) + 3 cos(x —y) + 5 
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SUPPLEMENTARY PROBLEMS 


Solve each of the following equations. 


14. (De - 8D.D, + 15Dy)2 = 0. Ans. z = by (y +8x) + byly +5) 

15. (D2 = 2D.D, = Dy yz = 0. Ans. z= py ly +x(1+V2)] + holy +x(1—-Vv2)] 

16. (D2 - 4D,D, + 4Dy)z = 0. Ans. x = dy(y +2x) + xhy(y + 2x) 

17. (D2 + 2DzD, ~ DD, ~ 2D3)z = 0. Ans. z= Py(y+x) + Poly-x) + Pa(y 2x) 

18. (D3) + DiD,)2 = 0. Ans. z = Py(y) + xbo(y) + bala) + yPa(x) + Poly -¥) 
19. (De + 5D,Dy + 6Dy)2 = et), Ans. 2 = by(y—2x) + do(y—3x) + so? 


20. (De + Dy)z = xy’, 


; ; . : 1 
Ans. z= @zi(y+ix) + Oy(y ix) + ilbo(y+ix) - be(y-ix)] + say ( tty -2°) 


y+2x 


1 
21. (D? - 3DrD, + 4D))2 =e Ans, z= y(y-x) + Poly +2x) + xPo(¥ + 2x) + al e 


22. (D2 + 2DED, - DD, - 2D, 2 = (y+2)e. Ans. z= y(y+x) + bol(y—x) + byly— 2x) + ye 


23. (Dp - 3D{Dy - 4D,Dy + 12D))z = sin(y +2x). 


Ans. 2 = by(y~2x) + Poly +2x) + do(y 3x) + Fx Sin(y +2) 


= 8 
24. (? - 3D,D, + 2D))2 = Yx + 2y. Ans, z= y(y+x) + xboly tx) + Paly— ax) + sage + 2y)'” 


25. (D2 + DpD, - 6D,Dy)z =x +. 


Ans, z= y(y) + Poly + 2x) + Pgly -3x) + =e - ay + sey 
26. (DP - 4D/D, + 5D,.Dy - 2D5)2 =o % + eM 4 oP, 

Ans, z= Py(y +x) + xPoly+x) + Pg ly + 2x) - ser = me xe * 
27. (D> - 2D2D, 2 = 26% 4 3x7y. 

Ans. 2 = y(y) + xPely) + Og ly t+ 2x) + xe + sty + ae 


28. (D? - 3D,D, - 2D) )2 = cos(x + 2y) - e(3 + 2x). 


Ans. z=,(y-x) + x@o(y—x) + Pgly + 2x) + = sin(x +2y) + xe” 


CHAPTER 32 


Non-homogenous Linear Equations with Constant Coefficients 


A NON-HOMOGENEOUS LINEAR partial differential equation with constant coefficients 
such as 


2 2 ; _ ee wa? 
f(D, , D, )z = (D,, — D, + 3D, + D, +2)z = (D, + Dy +1) (D, - D, +2)z = x + xy 


is called reducible, since the left member can be resolved into factors each 
of which is of the first degree in D.,D,, while 


F(D,,D,)z = (D,D, +2D3)z = D, (D, + 2D))z = cos(x-2y), 
which cannot be so resolved, is called irreducible. 
REDUCIBLE NON-HOMOGENE|OUS EQUATIONS. Consider the reducible non-homogeneous equa- 
tion 
1) f(D, , Dy )z = (a,D, + b,D, + 0,) (aD, + b, Dy + Co )erees (anD,, + baD, + cn)z = 0, 
where the a;,b;,c; are constants. Any solution of 
2) (a,D, + b;D, +c;)z = 0 


is a solution of 1). From Problem 5, Chapter 29, the general solution of 2) is 


3) z= eC b(ajyy-b;x), a; #0, 
or 
3!) es on 1¥/ bi W(ayy— b,x), b, #0, 


with ¢ and Ww arbitrary functions of their argument. Thus, if no two factors 
of 1) are linearly dependent (that is, if no factor is amere multiple of another), 
the general solution of 1) consists of the sum of n arbitrary functions of the 
types 3) and 3!'). 


EXAMPLE 1. Solve (22, + Dy + 1) (D,- 3D, + 2)z = 0. 


The general solution is z = e 7 $,(2y-x) +e” de(y+3x). Note that the first term 


on the right may be replaced by Bb ay ci85 and the second by er Weoly + 3x). 


EXAMPLE 2. Solve (2D, + 3D, - 5) (Dy + 2D,,) (D,,- 2) (Dy + 2)z = 0. 


The general solution is z = oe? &, (ay - 3x) + bo(y 2x) + en daly) + e 7 Py (X). 


See also Problems 1-2. 
If 


R 
4) £(D,,D,)z = (a, D+ by Dy+e,) (a,,, D, + Bay, Dy +Cpiy ots (an Dy + by Dy + Cy)z = 0, 


where no two of the n factors are linearly dependent except as indicated, the 
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part of the general solution corresponding to the k repeated factors is 


e Ot / 4 [by (4,y— byx) + xP,(agy—byx) + oor + xb, (ayy byx)]. 


2 
EXAMPLE 3. Solve (2D,+ Dy +5) (D- 2D, +1) z=0. 


The general solution is z = e dy (2y-x) +e [doly + 2x) + xbg(y +2x)). 
See also Problem 3. 


THE GENERAL SOLUTION OF 


5) f(D, ,D,)z = (a,D, + b, Dy +1) (aD, + b, D, +c¢y)¢t* (ayD, + b,D, + Cn)z = F(x,y) 
is the sum of the general solution of 1), (now called the complementary func- 
tion of 5)), and a particular integral of 5), 


1 
6 = ———~ F(x,y). 
) z F(D, ,D,) (x,y) 


The general procedure for evaluating 6) as well as short methods applica- 
ble to particular forms of F(x,y) are those of the previous chapter. 


u 


(Dy - D,Dy ~ 2D, + 2D, ~ 4D,)z 
(Dy, ~ 2D,) (Dy, + Dy + 2)z = ye~ + 8xe ~. 


EXAMPLE 4. Solve  f(D,,Dy,)z 


ul 


l 


The complementary function is z Py (y + 2x) + ee (y-x). 


1 x 1 x x 
To evaluate ~~ ye’ = ——-—_—--_________ ye’, we ffirst solve (D, + Dy, + 2)u=ye 
7@,.D,)” (D, ~2D,)(D, + D, +2)” gage : 


ae oA du + We obtain y=x+a _ readily and the equa- 
1 


whose auxiliary system is _ 
1 ye*- 2u 


du = “ or it + 2u = ye~ = (x+a)e™, This linear equation has Pi as integrating 


1 3x 1 3x 1 3x 1 3x 1 3x a 


2x 3x 1 e) 
factor; hence, ue = }(x+a)e dx = =-xe~ - -e + -ae = =-xe ~-e + =(y-x)e 
J(x+a) : ; : 5 50 7%) 


1 x 1 x 
and u = -ye - ~e. 
3 9 


We then solve (D, - 2Dy )z =u = sve - =e" obtaining the required particular in- 


tegral (see Problem 6, Chapter 31) 


z 5 J [3(a~2xye* - ae" ]de = sae - =e + se — =e 
9 3 


= 5 + 2xe* - sxe” + as = =(y + a. . 


To evaluate E 3xe), we solve (D,. + D + 2)u = xe? whose auxil- 
(D, - 2D,) Dy, + Dy + 2) : 


: d 
iary system is = -W = eee Then y=x+a, and from ~————- = = or 
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= + 2u = 3xe% = 3y-aje, ue = 3f(y-aye’dy = 3(y-1~a)e” = 8(x=1)e” and 

¥ 

us 3(x-1l)e . Solving in turn (Dy, - 2Dy )2 = u = 3(x-l)e ?, the required particular 
a ~at2 3 ~a+2x 30 = 

integral is ZS 3f(x-le GOES de = a(xe oe eg me ae *) 7 (x - ae a 


a 3 3. - 
The general solution is z = ¢y(y+2xr) +e Xb (y -x) + Ae + 2% + 5% = = a 


(De - DDy ~ 2D) + 6D, - 9Dy + 5)2 
2x+ 4 x+y 
e +e 


EXAMPLE 5. Solve f(D,,D,)z 


i 


(D, + Dy + 5)(D, - 2Dy + 1)z 


The complementary function is z = e ~Py(y-x) + e Poly + 2x). 
For the particular integral corresponding to the first term of F(x,y), we use 


1 eaxtly 1 ax+by 


— = ———e > f(a,b) #0, 
f (Dy Dy) f(a,b) 
and obtain 2 - gern = Se au 3 = nen 
Dy - D,Dy ~ 2D, + 6D, ~ 9D, + 5 
In evaluating Jat we note that f(1,1) = 0. This means that gore is a part 
f(D, Dy) 

of the complementary function. (To see this, take @,(y+2x) = er. Wo(y +2x); then 
e da(y+2x) = ele + Woly +2x)] = e%** + Waly +2x).) We write 

1 BROMO 1 1 ety ek 1 1 os a wet", 
f(D, +D,) D,-2D, +1 D,+D,+5 ED 2D eek 


The general solution is z = eo daly —x) + e doly + 2x) + Leeere + 2 ae 


See also Problems 4-5. 


The use of the formula 


7) 1 yesxtty _ gaxtdy St ee es ye V = V(x,y), 
f(D, , Dy) f(D,+a, D,+b) 


is illustrated below. 


EXAMPLE 6. Solve (De + 3D,D, = 2D2)z : De (D, + 3D, - 2)2 = i ayer: 


The complementary function is z = d4(y) + xPely) + a bg (y~-3x). A particular in- 


tegral is z = ean een ayye"™* 


2 
Dy (Dy, + 3Dy - 2) (Dy + 2)" (Dy, + 3D, + 3) 


ys gy ! (x? + 2y). 


Setting (D, + 3D, + 3)u = x? + 2y, the auxiliary system is 2 = = 
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Then y = 3x+a, and from eee aca or de ar hipaa 2y, we have 
1 dx 
x +2y—-3u 
x q 1 2 1 2 1 2 
be?” = fers Gru Gaje ae = eee 28s 255 and u = Le ieee 
3 9 27 «3 3 9 27 3 


L 2 . 
Next, setting (D,+2)v = u and making use of the integrating factor e ae y being re- 


2x - 2x 12 2 16 2 12 5 17 1 2x 
arded as a constant, v - fet (eg ~ ox - cet Hyde = (2x - —x --— + ye 
° oe oe Jee = 5% 795 + By) (* ~ is” ~ ios 3”? 
12 5 17 1 
and Uv SX mK meme t+ Ty, 
6 18 108 «3 


Finally, setting (Dy, +2)w = v, we have 


2% ax 1 2 5 17 1 1-325, <2. 7 1 2x 
ue = = = ox --—— + ayjdx = (—x - =x + —~+ y)e 
. ae ie ae (5% — 9% * ore * 
12 2 7 1 
and wo= =x - =x + —— + my, 
12 9 216 «66 
2xt+¥ 7 ‘= 
Then z = we and the general solution is 
2x 1 2 2 7 1 2xn+y 
= Pily) + i By — + (— ne a ae es 
z Pr(y) + xPoly) +e $3 (BY -x) Gs* ; sie ay S 


See also Problems 6-7. 


IRREDUCIBLE EQUATIONS WITH CONSTANT COEFFICIENTS. Consider the linear equation 


with constant coefficients 


8) F(D.,Dy)z = 0. 

Since DD, (ce **”) = ca’ bi e+? where a,b,c are constants, the result of 
substituting 

9) $e cet ty 


axe by 


in 8) is cf(a, bye =Q. Thus, 9) is a solution of 8) provided 


10) f(a,b) = 0, 


with c arbitrary. Now for any chosen value of a (or b) one or more values of 
b (or a) are obtained by means of 10). Thus, there exist infinitely many pairs 
of numbers (a;, 5; ) satisfying 10). Moreover, 


6 6) 

11) z= & c; ety. where f(a;,b,) = 0, 
tel 

is a solution of 8). 


If F(De,Dy)2 = (D,+ hDy +k) &(Dy, Dy 2, 


then any pair (a,b) for which a+hb+k=0 satisfies 10). Consider all such 
pairs (a;,6;) = (-hb,-k,b;). By 11), 

io9) a 

> a as by _ ek c, bin he) 

t= 1 oak 
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is a solution of 8) corresponding to the linear factor (D, +hD,+k) of f(D,, Dy). 


This is, of course, e b(y~hx), ¢ arbitrary, used above. Thus, if f(D,,D,) 
has no linear factor, 11) will be called the solution of 8); however, if 
f(D,,D,) has m<n linear factors, we shall write part of the solution involv- 
ing arbitrary functions (corresponding to the linear factors) and the re- 
mainder involving arbitrary constants. 


EXAMPLE 7. Solve f(D,,D,)z = (De+D,+Dy)z = 0. 


The equation is irreducible, Here f(a,b) = a +a+b = 0 so that for any a = a;, b; = 
-a;(a; +1). Thus the solution is 


29) 
a.xtd-¥ axa (A,41)¥ F ‘ 
Zo > cje hs = ce’ * % : with c; and a; arbitrary constants, 


tal t=1 


2 
EXAMPLE 8. Solve (D,,+ 2D) (D,,- 2D, +1) (D,,-Dy)z = 0. 


Corresponding to the linear factors we have $,(y—2x) and edo (y + 2x) respectively. 
2 
For the irreducible factor Dy, — Dy we have anh = 0 or a=b. 
The required solution is 
= ewe 
a XK ; . 
2 = dyly-2x) + e “boy +2) + > c,e * ‘ im with c, and b, arbitrary constants, 
t=1 


In obtaining a particular integral of f(D,,D,)z = F(x,y), all procedures 
used heretofore are available. 


2 2x t5y 
EXAMPLE 9. Solve £(D,,, Dy )z = (D,, - D,)z =e ‘ 
ea) 
; ; bx + Dey 
From Example 8, the complementary function is z= > ce . 
tt 
1 
For the particular integral: eam Pigaee: = pia E at eo = == imc! 
bi sD? 2- (3)° i 
Ray) ~ (3) 
& b,x + dsy 1 
The required solution is z = > ee." E 7 greta? 
i=l 


See also Problems 8-11. 


THE CAUCHY (ORDINARY) DIFFERENTIAL EQUATION f(xD)y = F(x) is transformed into a 
linear equation with constant coefficients by means of the substitution x =e” 
(see Chapter 17). The analogue in partial differential equations is an equa- 
tion of the form 


F(xD,,yD,)z = > c xy DD? z = F(x,y), c,, = constant, 


which is reduced to a linear partial differential equation with constant co- 
efficients by the substitution 
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EXAMPLE 10. Solve (2°D? + 2xyD,Dy - xD,)z = x°/y’ 


The substitution x =e, y = es xD.z = Dyz, yDyz = Dyz, Dex = D,Wy- 12, 


xyD. Dy = DD y'D,z = D, (D,, -1)2 transforms the given equation into 
Z _ Zu2U 
[D,,(D,- 1) + 2D D, - D Jz = DW, + 2D,-2)z = e 
whose solution is z = ¢,(v) + e*” bo (v-2u) - so, 


Thus, the general solution (expressed in the original variables) is 

3 

2 2 1 

z = dy(iny) + x dy(In 2) a = or z= Waly) + x ¥(%) aA 
x y x 


) 


2 


Se 


See also Problems 12-13. 


SOLVED PROBLEMS 
REDUCIBLE EQUATIONS. 
1. Solve (Dp ~ Dy + 3D, - 3D,)2 = (Dy ~ Dy)(D, + Dy + 3)2 = 0. 


The general solution is z = @y(y+x) + ede ly —x). 


2. Solve Dy(2Dy - Dy + 1) (Dy + 2Dy - 1)2 = 0. 


The general solution is z = di(y) + e° da(ay+x) + e” da (y +2x). 


3. Solve (2D, + 3Dy - 1)° (Dy, — 3Dy + 3) 2 = 0. The general solution is 


2 = 2 [dy (2y—3x) + xby(2y—3x)] + €7 [Pa(y+3x) + yPa(y+3x) + y dey + 3x)]. 


2 
4. Solve (2D,D, + Dy - 3Dy)z = Dy(2D,,+ Dy-3)z = 3 cos (3x - 2y). 


The complementary function is 2z = Py (x) + eo Pp (2Y ~X). A particular integral is 
1 3 3 
fog 3 cos(3x-2y) = ——----—--—_ cos(3x~2y) = cos (3x — 2y) 
2D,Dy +D,-3D, 2(6) — 4-3D, 8-3Dy 
3 Sab Esey) cos(3x-2y) = 3 (g43D ) cos(3x-2y) = SS [4 cos(3x—- 2y) + 3 sin(3x- 2y)]. 
100 y 50 
64 - 9D, 


The general solution is z = $,(x) + e” hy (2y ~x) + “i [4 cos(3x~- 2y) + 3 sin(3x -2y)]. 


5. Solve D,, (Dy, + Dy = 1) (Dy + 3Dy - 2)2 = x = 4xy + 2y". 


The complementary function is z = ¢4(y) + e da(y—-x) + oe bg ly — 3x). 


A particular integral is denoted by z = — i ee 4xy + 2y"). 
Dy, (Dy, + Dy - 1) (D,, + 3D, - 2) 
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To evaluate it, consider ae eae er Pe 2y7) = pt Ge" ey 2077) 
D,, + 3D, ~ 2 -1l+ 2(D, + 3D,) 

2 2 2 

= $£(-1 - $+ 3Dy) - AD + 3Dy) - eee (x = Axy + 29°) 
= b[-(27 ~ any +2y2) - (5x4 4y) -— 1/2] = - dx? - dy + 2y* — 5x4 4y + 7/2). 


sae | 


Consider next Seneca ee Yt 4xy + 2y*-5x+ 4y+7/2) = 3 ek eee ee + ay? ~ 5x + 4y + 7/2) 
Dy + Dy - 1 1-(D,,+ Dy) 


= $[1 + (Dy +Dy) + (Dg + Dy) + vee] (x? = 4xy + 2y? ~ 5x4 4y +7/2) = k(x? — day + 2y? ~ Ix + 4y +4). 


si 
Finally, z = 2 (x? — any + 2y? — Ix + 4y +4) = k(x? /3 — 2x? y + ny’ — Ix?/2 + aay 42/2). 
Dy, 


The general solution is 


z = diy) + e” do(y~x) + Pas da(y -3x) + ay(# ~ 120" y + 12xy? — 21x? + Bary +32), 


VERS. pte yy 
f(D,, Dy) 
2 
Solve — (D,, + Dy ~ 1) (Dy + Dy — 3) (Dy + Dy)2 = e ?** cos(2x~y). 
The complementary function is 2z = e~ dy (y-x) + oP bely-x) + byl(y-x). 
: . 1 x +42 
For the particular integral, ———--—__________________- e cos (2x - y) 
(D,, + Dy - 1) (D,, + Dy — 3) (Dy, + Dy) 
a erty ere oak ae nate cevo er cos (2x — y) 
(Dy, + Dy + 1) (Dy +Dy~ 1), + Dy + 2) 
= ek tyt2 — + ____ Cr eT aes es a cos (2x ~'y) 
(Dy, + 2D-Dy + Dy - 1) (De + Dy + 2) D, +Dy + 2 
D, + Dy - 2 
= = see 5 ERR Sa cos(Q@x-y) = oe eo UD Dee 8) cos(2x-y) 
Dy +2D,Dy +Dy 4 ~ 
= - 7 gn {sin(2x~y) + 2 cos(2x-y)]. The general solution is 
z= e by(y-x) + en doly-x) + daly-x) - ne {sin(2x-y) + 2cos(2x-y)}. 
Solve Dy (Dy ~ 2Dy) (Dy, + Dy)Z = 07794? 5 ay”), 


The complementary function is z = dy(y) + Po(y+2x) + Poly~x). 
For the particular integral 


1 eta) 


— = un bey Sa ses hee ee Sek 
Dy (D,, - 2D, ) (Dy, + Dy) (D,, + 1) (Dy - 2Dy — 3) (D,, + Dy + 3) 


(xs ay), we first 


272 NON-HOMOGENEOUS LINEAR, CONSTANT COEFFICIENTS 


find u = Pete ae ee a = §—# x? + ay’) 


D,,+ Dy +8 1 + 40D, + Dy) 


[1 - (Dx + Dy) + (Dx + Dy) Rama ee ay) 


Cah pe 


Te 22 2 2 10 1 2 2 
= os 4y -- 4 + —(9x + 36y — 6x -24y +10), 
ai Pay ae ay) ma rik y — 6x — 24y + 10) 


1 1 1 2 
then vo= —————— u = - > ---—— uo= ~ gil - 3(2Dy- Dz) #5 @dy- Be) —seedu 


1 2 2 
= Peer + 36y ~ T2y +58), 


Sid Tikdtiyy. ee oe SSD aD Saw’ = ~ <.(9x" + 36y" ~ 18% — Ty +76). 


The general solution is 


2 
z = dyly) + Poly t 2x) + Pgly-x) - = (9x" + 36" ~ 18 ~ 12y + ie)e" . 


TYPE: IRREDUCIBLE EQUATIONS. 


2. w+ 
8. Solve f(Dy,Dy)z = (Dy-Dy)z = @ , 
2 
a byxt bey 

The complementary function is z = > c,e : from Example 9, 

t=1 

The short method for evaluating the particular integral eee. _ eo cannot be used, Since 
f(a,b) = f(1,1) = 6. We shall use the method of undetermined coefficients, assuming the par- 
ticular integral to be of the form z = Axe™*? + Bye’. 

Now Dz = (A +Ax + By)e**, Dyz = (Ax +2B +By)er"? and (Dy = Dy)2 = (A-2B)e"*” = eo 
hence A-2B - 1. Taking A =1, B=0, we have as particular integral z = xe *?: taking A=0, 
B=-~4, we have z= - bye "7; and so on. Choosing the first, the required solution is 

2 
@ 
bs x + bey 
Z 7 t x+y 
z = ba ce + xe . 
(a7 
2 2 2 
9. Solve (2D, - Dy, + D2 = x -¥ 
ie a.xnt+bd.y 2 2 
The complementary function is z = y c,e ‘i 2a; -b; + a, = 0. 
del 
: F 1 2 1 1 
The particular integral oa tied ae Bay (x -y) 
2D, -D, + Dy. Dy f Dy + 2D. 
2 
Dy 
1 De +2D2 | (Dy + 2Dey 2 1.2 x +4. 2 
ees ee er x 4. 2% os boeee]a hay) = -—[x -y+ — +] 
De De my De yD Os 
y y y m Sy y 


“~ 
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12 2 204 te! 12.2 T .3 log lou D4 26 
= Te —y+xy +2y +y /12) = - raed + a = Seay = ri Fa aEoe 
D, 
o f2 
. : : 2) a;x + V2a;+a; ¥ 12213 1 4 tuo J 4 
The required solution is z= = c,e — XY t+ Yo — oxy - ay - ey. 


i 3 6 ~ 12° —& ~ 360 


: : f 2 2 : 
10. Find a particular integral of (D, + Dy) (D,- D,~D,y)z = sin(2x + y). 


A particular integral is given by 


; : : Sin(2x+y) = d sin(2x + y) 
(D,, + Dy) (D,, - Dy - Dy) (-4+D,) (Dy Dy + 1) 
J : 1 ; 
= > sin(2x+ y) = —————— sin(2x +y) 
D,D,, ~ Dy - 4D, + 5D, ~ 4 5D, - 4D, -5 
2 5 Dy- 4Dx + 5 ~sin(2x+y) = - a [5 sin(2xe+y) ~ 3 cos(2x+y)]. 


25D, - 40D, D, + 16D? - 25 


The method of undetermined coefficients with z = A sin(2x+y) + B cos(2x+y) may also be 


used here. 
: . ‘ 2 axeuy F 
11. Find a particular integral of (D, ~ 2D, + 5)(D, + Dy + 3)z = e sin(x -2y). 
A particular integral is ——_-_+ -____ Pig sin(x ~ 2y) 
(, - 2Dy + 5) (Dy, + Dy + 3) 
3x +4y 1 . ax +4 1 
= e Skane Se LTRS sin(x-2y) = e a SIn(x ~ DY) 
(D,, ~ 2D, ) (Dy + 6D,, + Dy + 16) (Dy. ~ 2Dy ) (6D, + Dy +15) 
gory +H Sin(x-~2y) = : gr aged 243 sin(x - 2y) 
= = = 7 3D, - 6D, -4 
8D, WDD, 2D, +15D, 30D, My y 
z : eoethy : 3 Dye — 6Dy = Sthiea ayy: “Sx oo eur ey (3D,- 6D, +4) sin(x -2y) 
9D, -36,,D,+ 36D, - 16 
1 


= = eas er hig cos(x —2y) + 4 sin(x -2y)]. 


TYPE: (xD, ,yDy)z = 0. 


12. Solve (xDzD; - yDD,)z = 0 or — (x y"D2Dy ~ x" DzD3)2 = 


The substitution x=e", y=se, xy DDy2 = D,y-1)(D,-~2)D,(y- V2, 
x 9 DuD? 2 = D,(D, -1)D,(D, -1) (Dy - 2)z ~~ transforms the given equation into 
DD, (D,, - 1) (Dy ~ 1) (D, - D2 = 0. The required solution is 


dy) + Fy(v) + e” Pg (v) + e% by(u) + Pg(v +n) or, in the original variables, 


N 
il 


z = (ny) + (in x) + x@g(In y) + yhy(In x) + Cn xy) 
= ¥r(y) + bez) + xWg(y) + y¥a(x) + Wo(xy). 
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13. Solve (x" De - ay Dy -4yDy -1)z = xy Iny. 


The substitution x nie: yre™ transforms the given equation into 


2 2 2ut+3v 
[p,(D,,-1) - 4D, (D,-1) - 4D, -1]2 = (,- 4D, -D,- bz = 
i : : ‘ F : 1 Qu+3v 
A particular integral of this equation is given by ———--~--—- ve 
2 2 
Dy~ 4D, - Dy - 1 
2u+3u 1 2u+3v 1 
ia 2 “es 2 2 pe 
(D,, +2)" - 4, +3)" - (0,42) -1 D1 ao4 0, RD OSD s aid 
: ' F 2 2 : 1 24 
By inspection, a solution of (D,-4D,+3D,-24D,~-35)w =v is found to be w = = —-u + meee ts 
; 35 (35) 
Hence, the particular integral is z = - et (35u — 24). 
(35) 
The required solution of the given differential equation is 
a aut dU 
z = > ce” BOT ss eae ern ey (35v — 24) or, in the original variables, 
j=l a 1225 
(oe) F ; 
a; ; 23 2 2 
2 5 Dejxty! - sc. ay’ (a5 In y - 24), a, - 4b, ~a,-~1-0. 
ica 


SUPPLEMENTARY PROBLEMS 


Solve each of the following equations. 


14. (D, +D, +1), -2D, =z = 0. Ans. 2 =e y(y=x) + & Goly +2x) 

15. (D, + 2D, -3)(D, + Dy = 1)2 = 0. Ans, 2 = e dy (y-2x) + eb, (y-*) 

16. (2D,,+ Dy +1) (Dy +3D,D, -3D,)2 = 0» Ans. z= by(y) + Cbg (2y =x) + e'by(y-3x) 
17. (DD, + Dy), -D, -2)2 = 0. Ans. 2 = Py (x) + Poly) +O daly +) 


2 
18. (D,, + 2D, ) (D,, +2D, + 1) (D, + 2D, +2)z=0. 


Ans. z = dy(y—2x) + e de (y —2x) + eo” [daly -2x) + y Paly - 2x)] 


19. (D+ Dy) (Dy, + Dy, - 2)2 = sin(x + 2y). 
Ans, z=@,(y-x) + eho (y -x) + as [6 cos(x+2y) - 9 sin(x+ 2y)] 


grt 


20. (Dy + Dy — 1) (Dy + 2Dy + 2)2 0 = + y(1- 2x). 


Ans. z= e dy(y-x) + eda (y -2x) + xy + Soden ye 
- a iT 


x 1 -x 


2 p —% x 1 
2i. (D,, + D,Dy + Dy -1)z =e +e, Ans. 2 =e yy) + e Pol(y-x%) + 57e > Be 
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(D3 - DD, = Dy + Dy )2 = (x +2)/x°. Ans. z = Py(y) + Poly +x) + e ba (y ~x) + In x 
i 
(3D,D, - 2D) - D, 2 = cos(3y + 2x). Ans. z = Py(x) + er Pp (BY + 2x) — : sin(3y + 2x) 


2 2 
(D? + DD, ~ Dy + D, = Dy)z 


2-3 _ azx+d:¥ 1 ax-sy 2 2 7 
Me =e . Ans, z = > ce art » @,4+0,b,—b,+a,—b; = 0 


2 d . 
(3B; +2, +Dy =1)2 =3e°” Sin(x +y). 
. axe by xy 2 2 7 
Ans, Zz = > ge -e cos(x+y), 3a, - 2b) +a,-1 = 0 


(De +2D,Dy, - 2Dy +3)z = ent) cos(x + 2y). 


a;,x+0;9 1 , 2 
Ans. 2 = D> ge a ae cos(x+2y),  @; + 2a;b, - 2b, + 3 = 0 


: : = 2 
(DP + DD, + D+ Dy + 1)2 =e are +2y’y, 
a;xtb,y Y: ° ee 2 
Ans, 2 = > Cc; e ot on e 2% (gx? 4 18y + 18x +12y +16), d +a,b,+a,+b; +1 = 0 


2 2 _ .2y x. 
(D,D, + Dy ~ 2)z =e cos 3x + e sin 2y. 


a,x +b, 
Ans. z= > cze t 0 = = rie, cos 3x - 55 e* (cos 2y + 3 sin 2y), a; b; + be 2 =Q 
2,2 3 
(xyD,Dy -— ¥ Dy -3xD,, + 2yD,)z = 0. Ans. z = fy (In xy) + yGo(In x) = Yalay) + Vole) 


(x DP - 2xyD,D, -3y'D, + xD, -3yD, ) = xy sin(1n x). 


Ans, 2 = by (xy) + Poly/x) - Po xy(4 cos(In x?) +7 sinqdin x*)] 


2,2 2 2 2 
(xD, +xyD,D, — 2y Dy ~ xD, ~ 6yD, )z = 0. Ans. z = y(y/x ) + x Po(xy) 


(x" De = xyD,Dy - 2y°Dy +xDy—2yDy)z = in(y/x) ~ 1/2. 

Ans, Zz = by (xy) + Po(y/x) + $(1n xy Iny + 4 Inx Iny 
x? ty? 
xy 


2.2 2, ,2 2,2 2,2 
(x yD,Dy -xy DD, -x Do+y D, yz = 
“? y 


—-—) 
xy 


Ans, z= xy(y) + yPo(x) + Pg (xy) - 5 


CHAPTER 33 


Partial Differential Equations of Order Two 


with Variable Coefficients 


THE MOS'T GENERAL LINEAR PARTIAL DIFFERENTIAL EQUATION of order two in two indepen- 
dent variables has the form 


ii) Rr + Ss + Tt + Pp + Qq + Zz =F 


where BR,S,T,P,0,Z,F are functions of x and y only and notall R,S,T are zero. 


Before considering the general equation, a number of special types will be 
treated, 


TYPE I. 
vz 

3a) ro= 22 = F/R = F,(x,y) 
Ox 
372 

2b) . F/S = F.(x,y) 
x dy 
a*z 

25 t = © = F/T = F,({X,y)- 
oy 


These are reducible equations with constant coefficients (Chapter 32), but a 
-e direct method of solving will be used here. 


EXAMPLE I. Solve s =x-y. 


3 , 

Integrating s = ae x-y with respectto y, p = oe = xy - by? + W(x), wW arbitrary. 
Ox OY Ox 

Integrating this relation with respect to x, 205 xty - bxy? + dy(x) + Pol¥)s 


i 
where iO) = W(x) and @,(y) are arbitrary functions, 
(LX. 


TYPE II. 

an = op z 

3a) Rr + Pp = R= + Pp = F 
Ox 

ee Oop ~ 

Bb) Ss + Pp = S—= + Pp = F 
oy 

30) Se sebee S Sk He 2 
Ox 

" oq r 

Bal) Tt +Oq = T—+Qq = F. 

ay 


These are essentially linear ordinary differential equations of order one in 
wliich p (or q) is the dependent variable. 


NW 
ol] 
a 
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xt 24 
EXAMPLE 2. Solve xr+2p ~ (9x+6)e>”. 


Considering p as the dependent variable, x as the independent variable, and y as con- 


Op 


: : axt2y 
stant, the equation is as + Op = (9x + Bye 
x 


for which x is an integrating factor. 


Integrating x? 2 + Qxp = (9x? + 6xye*?, we have 
x 
pe 
a?p = pit eer = ; Pedal - ea + - wane) (O07 + 6x) 
= aege + fy (y) or p= tg geet e? + = dy(y). 
Ox x? 
Then z - ere - 2 4) + ely) is the required solution. 
TYPE ITI. 
op op 
4a) Rr + Ss + Pp = F or R= + S— = F-— Pp 
Ox Oy 
fe) 
4b) Ss + Tt +Qq = F or UE Ee Re RE en 9 
Ox oy 


These are linear partial differential equations of order one with p (or q) 
as dependent variable and x,y as independent variables. 


EXAMPLE 3. Solve 2xr-—ys+2p = 4xy? or 2x = ~ y= = 4xy? 2p, 


Using the method of Lagrange (Chapter 29), the auxiliary systemis — gen ae ee 
2x -Y xy? — 2p 
From the first two ratios, we obtain readily xy? ane or 


By inspection, 2y" (2x) + 2py(-y) = y?(4xy° — 2p) = 0. Thus, 


2 
Qy" dx + Qpy dy ~ y'dp =Q or 2Qadx ~ Wea se abY ay = 0, and Ee Be BOD) 


4 2 7 
y y 
The general solution is p/y*® ~ 2x = Wixy*), Then 
pvt = = Oxy? + yxy”) and z = xy? + chy (xy?) + de(y), where S batay") = x" yxy’). 
va x. 
TYPE IV. 
3°2 3 
5a) Re + Pp + Zz = F or pos 4 PS! 4. ges F 
ax? ox 
a7z Oz 
5b) Tt + Qq + Zz = F or TS + Oo 42a SF, 
ay? oy 


These are essentially linear ordinary differential equations of order two with 
x as independent variable in 5a) and y as independent variable in 5b). 
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EXAMPLE 4. Solve t ~ 2xq + x°z = (x-2)e**, 


2- 2 2 
The equation may be written as (Dy - 2x Dy +x )z2 = (Dy -x)'z = apie » 


The complementary function is 2z = ed, (x) + xe? ho(x) and a particular integral is 


-2 
bs Egy ipyerernt = x7 20 eo t2y 


(Dy = *) aay x-2 


The required solution is z =e d,(x) + xe’ de(x) + 


See also Problems 1-8. 


LAPLACE’S TRANSFORMATION. This transformation on 
1) Rr + Ss + Tt + Pp + Qq + Zz = Glu,v) 
consists of changing from the independent variables x,y to anew set u,v, where 
6) u= u(x,y), v= v(x,y) 


are to be chosen so that the resulting equation is simpler than 1). By means 
of 6), we obtain 


Oz Qz Ou Oz dv Oz 
+ = q 


> Ay Shaye, + Lay Uae + Lay y Py Uae # ZyYyrae FH Zyy te + yy Ya 
7 ate 2 
FRyy (Uy) + 22 y Wy Vy + Zyy(Vy) + Bybee + Ly Yyy s 
2 OP + + 
Ss ce = Uy + (Zyyby + Zyyry Ux + 2yYyey (Zy yey ZyyYy My 
= Zip by by + Zp (UY, + uv, ) + yy lg Uy + 2 Ury + 2, ey ? 
Og 2 2 
t = = u + 22 v + 2,uU + v, 
ae Z yy (Uy) uptyYy Zyy (Vy) ubyy 7 ZyYyy 
Let 
1') R'z + S'z 4+ T7'z. + P’z +0Q'z + Zz =F 
UU uv VU uu Vv 


be obtained by making the above replacements in 1) and rearranging. We shall 
need only the coefficients 


R’ = R(u,)’ + Suu, + T(uy) and T’ = R(v,) + Sv,v, + T(v,). 


y 2. 


We note that both are of the form 


7) RG,) + Sé€, + TE) = (ad, + bé,) (eg, + #,). 
1) Suppose b/a # f/e; then, if for u we take any solution of ag, + bg, =O and 
for v any solution of ef + £6, = 0, 1) is transformed into 1!) with R'=T'=0. 
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EXAMPLE 5. Solve a) 2° (y-1)r -x(y'-1)s + y(y-Lt + xyp -G = 0, 


b) y(x+y)(r-s) ~xp-yq-2==0. 
: 2 2 2 a ees s 
a) Here 7) is x (y-1)(g,) - ay - DEC + ¥Y-DE,Y = 0 
or x (Ey = (yt DES, + WEY = @E- VE, HEE) = 0 


Now xé,-yé,-0 is satisfied by €=u=xy and xg,~§,=0 is satisfied by €= v=xe’. 


Moreover, it is easily shown that these solutions also satisfy the given differential equa- 
tion. Hence, the required solution is 


z = dy(ty) + bo (xe>). 


b) Here 7) is yxtylE,) -E)1 -0 or (€-€)& = 0. 
Now on 8) =0 is satisfied by €=x+y and So. =0 by €=y. However, neither of these 
solutions will satisfy the given differential equation. 
We take u=x+y and v=y, Then p=2,, Q=2, +25 FH2yys S = ly + Zyys and the 
given differential equation becomes 
“V(X +) 2 - XZ, — YZ, -— YZ, - 2 = 0 or uvz,,, + uz, + vz, + 2 = 0. 


This may be written as 


1 1 1 _ 0,02 1 1 dz 1 2 30. 1% 1 7 
Zuy + ou + aut are = Sn Sn + 32) + aS, + mia (s + us, + 52) 0. 
Let oz +—-z=w; then oe + —w =0 and wu = wW(v). Now 
Ov Ou 
Oz 1 1 1 1 1 
a + is == ge). zu = Sh) + Po(¥), and es = qPilY) + sbe(u), 


2 = P1) , Pole +y), 


where cu = ueyp(v) and di(v) = =X). The required solution is ez) 7 


EXAMPLE 6. Solve xr ~y't + px -qy =x. 


F 2 2 2 2 
Here 7) is x (Gy - y (Sy) = (*E, ~¥Ey (XE, +S, ) = 0. 
Now x~. “Ie, =0 is satisfied by ¢=xy and xg + Sy =0 by €=x/y. It is found read- 


ily that these solutions satisfy the reduced equation rm y*t+ px—qy=0; hence, the com- 
plementary function is z = dy(x/y) + do(xy). However, this complementary function may be 
obtained along with the particular integral as follows. Take u=xy and v=x/y; then 


_ 1 2 x 2 1 2 é z 
Pe ey at Qe st ee tys r=y Zuy + 2yy + Z2yve t=x Zan ~ 2 Aunt a Fon + Au 
y y y Y y: 
and the given equation becomes 4x2, =x or Zuy = a. 
Integrating first with respect to u, 2, = wv) + qu, 
and then with respect to v, z= Oy(v) + o(u) + guy = $y(x/y) + Po(xy) + ax, 


where oie) = W(v), 
dv See Problems 9-10. 
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ii) Suppose b/a = f/e; then R(€, \ + SEE + Ca = mag, + bE) « This 


x? 


case is treated in Problem 11. 


NON-LINEAR PARTIAL DIFFERENTIAL EQUATIONS OF ORDER TWO. One possible method for 
solving a given non-linear partial differential equation of order two 


8) F(x,y,Z,P,9,1,8,¢) = 0 


is suggested by severalaf the examples of linear equations above. In each of 
Fxamples 1-3, the first step consisted in finding a relation of the form 


9) u=w(v), w arbitrary, 


where u = u(x,y,z,P,q) and v = v(x,¥,2,P,9), from which the given differen- 
tial equation could be derived by eliminating the arbitrary function. Such a 
relation 9) is called an intermediate integral of 8). For example, p- xy + ty? 
= y(x) is an intermediate integral of s = x-y, (Example 1). 


It can be shown that the most general partial differential equation having 


u= wv), w arbitrary, 


where u = u(x,y,Z,p,q) and v = v(X,¥,2,P,9); as intermediate integral has 
the form 
10) Rr + Ss + Tt + U(rt-s’) = V, 


where R,S,T,U,V are functions of x,y,z,pP.q. However, it is evident from the 
definitions of R,S,::+,V that not every equation of the form 10) has an in- 
termediate integral. The discussion below concerns Monge’s method for deter- 
mining an intermediate integral of 10), assuming that one exists. 


TYPE: Rr +Ss + Tt = V. Consider the equation 
11) Rr + Ss + Tt = V, 


that is, 10) with U identically zero. Since we seek z as a function of x and 
y, we have always 


12, ) dz = OF ii 2 ay os pdx + qdy, 
Ox Oy 
12,) dp = CB 5S iy rdx + sdy, 
Ox Oy 
12,) dq = 84 ax + Lidy = s dx + t dy. 
Ox Oy 
Solving the latter two for r= ap 5, t = eee and substituting 
y 


dp sisdy” 2-6. 4 ged 5S 
dx dy 


in 11), we obtain R = or 


13) s(R(dy)? — Sdxdy + T(dx)’] = Rdydp + T dxdq ~ V dxdy. 
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The equations 
14,) R(dy)? - Sdxdy + T(dxy? = 0 
14.) Rdydp + T dxdq — V dxdy =» 0 
are called Nonge’s enuations. 


Suppose R(dyy? - S dx dy +T(dxy = (Ady + Baxy = 0. If now 
u = u(x,y,z,P,q) = a, v= V(X,¥,2,P,9) = b satisty the system 
| Ady + Bax = 0 
[ R dydp + T dxdq — Vdxdy = 0, 
then u = wW(v) 


is an internediate integral of 11) since u=a, v=b satisfy 13) and, hence, 
11). 


Suppose R(dy)* — S dx dy + T(dx)’ = (A,dy + B,dx)(A, dy +B,dx) = 0, 
where 4,B,-A,B, #0 identically. We now have two systems 


\ 


A, dy + B,dx 0) A,dy + B,dx = 0 
and 
R dydp + T dxda — V dxdy = 0 R dydp + T dxdq — V dxdy = 0. 
If either system is integrable, we are led to anintermediate integral of 11); 
if both are integrable, we have two intermediate integrals at our disposal. 
Procedures for finding a solution of a given equation for which intermediate 


integrals have been obtained will be discussed in the examples and solved 
problems. 


EXAMPLE 7. Solve q(yq+z)r — p(2yqg+2z)s + yp’ t + rq =. 


Here R= q(yq+2), S 7 - p(2yqg+z), T= yp’, ve- pq; Monge’s equations are 
2 2 
Ridy) — Sdxdy + T(dx) = q(yq +2)(dyy + p(2yq +2z)dxdy + yp" (dx) 
= (gdy + pdx)[(yqg+z)dy + ypax) = 0 


ii 


and Rdydp + Tdxdg - V dx dy g(yg+2z)dydp + yp’ dx aq + io dxdy = 0. 


qdy + pdx = 0 
We seek first a solution of the system 2 2 
qiyq+z)dy dp + yp dx dq +p qdxdy = 0. 


Combining the first equation and 121), we have dz=0 and z =a, Substituting in the second 
equation dy = ~pdx/q, obtained from the first, we obtain 

(yg +z)dp ~ ply dg+qdy) = 0. 
We add ~pdz-=0Q to this, obtaining 


dp _ ydq+qdy+dz 


(yqg+z)dp - ply dqg+qdy+dz) = 0 or 


P YZ 
; : yqt2 i : ; : 
with solution pe = 6, Then yg+z = pef(z) is an intermediate integral, The Lagrange 
system for this first order equation is ig = dy = ae + From ay = ae we obtain yz = a, 


t() -y 2 -y 2 
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and from eke ge we obtain x = fee = o4(z) + 6, Thus, the required solution is 
Pizhe 4% z 
x = py(z) + bo (yz). 
(yg+z)dy + ypdx = 0 
Consider next the second system 2 2 
q(yqg+z)dydp + yp dxdgq + p qdxdy = 0. 


From the first equation, pdx + qgdy = -zdy/y; then dz = -z dy/y and yz =a, Substituting 
from the first equation, the second becomes 


jdp - dq - pqdy = 0 or —- --- -— = 0 
qy ap — py aq — pq ay p g y 
with solution gy/p = 6. Then qy = peg(yz) is an intermediate integral. The Lagrange Sys- 
tem is pes dz = 0. Then z =a and the first equation 2 ay has solution 
B(yz) -¥ g(ya) -y 

d 
x= o f (yay & = de(ya) + b. We thus obtain x = 4(z) + pe(yz) as before. 

4 


The solution may also be obtained by using the two intermediate integrals simultaneously. 


z _ 28 (y2) 


Se ee , q 
f(z) - glyz) ylf(z) - g(yz)] 


Upon solving them for p 


and substituting in pdx + qdy = dz, we have yzdx + zg(yz)dy = yf (z)dz — yg(yz)dz. 
Writing f(z) = zf1(z) and g(yz) = -yzgi(yz), this equation becomes 
dx = f,(z)dz + gx (yz) lz dy + ydz] 
and, integrating, x = $y(z) + holyz)- 
See also Problems 12-16. 


TYPE: Rr + Ss + Tt + U(rt-—s?) = V. Consider equation 10) with U #0. By 


_ dp- sdy t= = sc 


as in the preceding type, we obtain 
dx dy 


substituting r 


s{R(dy)* — S dx dy + T(dx)* + U(dx dp +dydq)] = Rdydp+T dxdq+U dp dq — V dx dy. 
The equations 

15,) R(dy)’ — S dxdy + T(dx)’ + U(dx dp + dy dq) = 0 

195,) R dydp + Tdxdq + Udpdq — Vdxdy = 0 


are called Monge’s equations. Note that when U = 0, these equations are 14,) 
and 14,). However, unlike 14,) and 14,), neither can be factored. 


We shall attempt to choose > = A(x,y,z,p,q) $80 as to obtain a factorable 
combination 
16) A LR (dy)? —Sdxdy+t T(dxy +U(dx dp +dydq)] + R dydp+T dxdq+U dpdq-V dxdy 
= (ady +bdx + cdp)(a dy + 8 dx + y dq) 
= aa(dy)* + (aB + ba)dx dy + bB(dx)’ + c8 dx dp + ay dy dq + ca dy dp 
+ bydxdq+cydpdq = 0. 
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Comparing coefficients, we have 
aa=Rd, aStba=-SA-V, b8=TA, c&=UA=ay, ca=R, by=T, cy=U. 


The first relation will be satisfied by taking a=) and a=R; this choice de- 
termines b=T/U, 8=AU, c=1, y=U. The remaining relation af+ba=-—SA-V 


2 
takes the form UX + = = -SA-V or 
2.2 
17) Ur + SUX + TR + UV = Oz. 


In general 17) will have two distinct roots } = A,, ’ = A,; thus, 16) can be 
factored as 


18,) (A,Udy + Tdx + Udp)(Rdy + ,Udx + Udg) 
18,) (A\,Udy + Tdx + Udp)(Rdy + A},Udx + Uda) 


0 and 
0. 


There are four systems to be considered. The system \,Udy+Tdx+Udp = 0, 
A,Udy+Tdx+Udp = 0 implies (A,-A,)Udy = 0 and, hence, unless \,=A,, Udy=0 
identically. Similarly, the system Rdy+A,Udx+Udq =0, Rdy+A,Udx+Udq = 0 
implies Udx =0 identically. We therefore shall use only the systems 


lt 


\,Udy+Tdx +Udp = 0 \,Udy + Tdx+Udp = 0 
19) 


and 
Rdy +\,Udx+Udgq = 0 Rdy + \,Udx+Udq = 0. 


Each system, if integrable, yields an intermediate integral of 10). 


EXAMPLE 8. Solve 3s ~ 2(rt-s*) = 2. 


Here, R=0, S=3, T=0, U=-2, V=2. Then UX + SUX+TR+UV = 4X - 6X~4 = 0, 
Ay=~4 and A,=2, We seek solutions of the systems 


A,Udy + Tdx + Udp = dy ~ 2dp = 0 AgUdy + Tdx + Udp = -4dy ~ 2dp = 0 
and 
Rdy + A,Udx + Udg = -4dx - 2dq = 0 Rdy + AyUd« + Udq = dx - 2dq = 0. 


From the first system, y-2p=a and 2x+q=b; then (i) y-2p = f(2x+q) is an intermedi- 
ate integral. From the second system, 2y+p=a and x-—2q=6; then (ii) 2y+ Pp = g(x- 2q) 
is an intermediate integral. Since q appears in the argument of both f and g, it is no 
longer possible to obtain a solution of the given equation involving two arbitrary functions 
by solving for p and q and substituting in dz = pax +qdy. 


We shall attempt to find a solution involving arbitrary constants from the intermediate 
integral y-2p = f(2x+q). To obtain an integrable equation, take f(2x+q) = a(2x+q)+ B, 
where a and £ are arbitrary constants. The Lagrange system for 


y - 2p =a(Qx+q)+ 6 or ep+aqg=y-~ 2ax- 6 
= dx dy | dz 
2 a y - 2ax - B 


From the first two members, ax = 2y + &. Substituting forax, the last two members become 


dy _ dz 
e SB 25. <8 
or adz = (~ 3y —~2& ~8)dy and az=- Sy ~ 2y-By +7, 
Thus, az = Bye - (ax + B)y + Py(ax = 2y) is a solution of the given equation involving 


one arbitrary function and two arbitrary constants, 
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Treating the second intermediate integral similarly, we take 2y+p = y(x -2q) + é or 
p+2y¥q = yx - ay + 8, where Yy and 6 are arbitrary constants. The corresponding Lagrange 
system is ae es ay x SP A als From the first two members, ya dye +, Now the first 
1 2y yu ~ 2y + 8 
and third members become as = ee and 2 = = 354? — 2x + 8x +7. Thus, 
1 —3yx -2€ +8 2 
Zs Pyx° - (2y-6)x + bo(y-2yx) is also a solution involving one arbitrary function and 
two arbitrary constants, 
A solution involving two arbitrary functions of parameters A and yw will next be found. 
Set 2x+q =A and x-2q = w so that x = (24+ y)/5. Then (i) and (ii) become y-2p = 
f(\) and 2y+p = gi), and y = [f(A + 2¢qH]/5. Now 
(iii) p = aly-fl = - 2y + em and 
(iv) q = A- Qe = $(x -p). 
Substituting the second value of p and the first value of gq in dz = pdx + qdy, we have 
dz = [-2y + g(u)]dx + (A - 2x)dy 
1 1 
= = 2(ydx+xdy) + 58 (uy) [2 d\+du]} + EAL Adda + 2g Hyde] 
2 , ; 1 t 1 1 
= = 2(ydx+xdy) + = lhe (u)dut g(uydr] + aif (AX) + fOA]A - sfAdA + re(wdu 
2 1 
and z = — dxy + 5 NH) + a MOA) ~ P(A) + Pele) 
= — day + Ay - di(A) + Pol). 
This solution may have been obtained by using the first value of p in (iii) and the sec- 
ond value of q in (iv). 
See also Problems 17-18. 
SOLVED PROBLEMS 
3? 
1. Solve re=xte™” or 22 = x77, 
2 
Ox 
F ; ; ; Oz x -y F 
One integration with respect to x yields p = xy oe e ~ + d4(y), and the second inte- 
a ; 


4 


gration with respect to x yields z = - e + xdy(¥) + holy). 


2. Solve xy*s = 1- ax’y. 


2 


Integrating ie xy”? - 4xy~> with respect to y, OF aoa xty ~ 4x Iny + $(x). 
Ox oY ‘Ox 
Integrating this with respect to x, zs ; Inx - 2x” Iny + $3(x) + ely), 


where = pale) = Wr). 
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op 
x ao —?p 2 
Y D2 pP_Y oz y 
Integrating ae ae = - with respect to y, we get 7 = ; + p(x) or -—— = Ps + ypix). 
x 
y 


d 
Integrating with respect to x, we get z = yn x + yp (xX) + holy), Where Pia) = (x). 


4. Solve t-—xq = ~siny -x cosy. 
Integrating 2 ~xq =-(sin y + x cos y), using the integrating factor ee, we obtain 
y 
i ion aye 2 3 
eq = ~fe (siny + x cosy)dy = e cosy + W(x) or gq = = = cosy + e W(x). 
y 
A second integration, with respect to y, yields z = Siny + e* Po(x) + Holx), 
where g(x) = W(x)/x. 
A. Solve sy - 2xr - 2p = 6xy, 
The auxiliary system for the equation ax - woe = ~G6xy - 2p is oe 7 dy = goth eek: 
Ox Oy 2x -y -6xy - 2p 


From the first and second ratios, we find xy” = a, By inspection, 
3 2 2 
2y (2x) — (2yp + xy )(-y) + y (- Bry - 2p) = 0 
3 2 2 
so that 2y dx - (2yp + 2xy°)dy + y dp = 0, 


2 
y (dp + Indy + 2ydx) - 2y(pt 2xy)dy gg ang «= Bt = aah; 
y 
y y 


or 


Thus, we obtain as solution p + 2xy = y? way’). Then 
3 2 
= = Oxy + y Wixy?) and z = ~x’y + py(xy”) + P2(¥)s where ae by (xy*) = y? plry de 
Ix x 
6. Solve xs + yt +q= 10x°y. 


The auxiliary system for the equation Pie + ym = 10x*y — q is — = -- = 
Ox oy x y 


From the first two ratios, x/y = a. By inspection, 
(q - 8x y)x - 2x" (y) + x (10x °y -q) = 0 
so that (q - 8x°y)dx - 2x" dy +xdq =0, or xdq+ qdx = 8x y dx + ax dy, 
4 
and qx = Ax yt+od. 


The general solution is qx = 2x" y + Wy/x). Thus, 


Cane te ee aes, ga? y CARs SR a fs 2 
5 = Qx“y te Pe) and z= xy + fi) + PolX), where 5y 8D = pv). 
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1 
7. Solve t-—q- = -1)z = xy” 7 xy? + ax y ~ ax, 


2 
The equation may be written as [D; Dy = ie -1)jz = xy - zy + 2x y ax" 
The complementary function is z =e” g,(x) + ge BG 
For a particular integral we try 2z = Ay? + By +C, where A,B,C are functions of x or con- 
2 11 1 1 2 2 22 3 3 
stants. Then [D -D, - =(--1)]z = 24-2Ay-B - (— - -) (Ay +By+C) = xy =x y+ 2x y- 2x, 
¥y a pas 2 x 
x 
identically. Equating coefficients of the several powers of y, we have 
1 1 1 1 1 1 
Lyte liesiaew:. sheteatee ss She iaen Coes, 
x x x _ x 


2 
x 


2 2 
Then A = See B=C=0 and the required solution is 2z = ol bx) 4g? NUS Gods - xy . 


8 Solve ys +p-yg-2z = (l-x)(1 + Iny). 


This equation is solved readily by noting that it may be put in the form 


a2 
1 1- 
_o2 gh Oi ot OE ey Oe ee ee hey *(1 + In y). 
Ox By Y Ox Oy y ox By = oy =O 
Setting w = 92 + ayy the equation becomes ou -we kee + In y) for which err is an 
oy ox y 
integrating factor. Then 
- Mee 2 = 1 
ew = ee | (e =xe“)dx = eouly Vine™”) + Wey) and w= % EPR ev Wy). 
y y y 
; ‘ oz 1 l+iny x . ‘ : 2 
In turn, integrating x + = = mak ae + ey), using the integrating factor y, we find 
'y 
DS: x ry x 
yz = xf (+Iny)dy + eS yply) dy = xylny + e” dily) + Go(x). 
LAPLACE’S TRANSFORMATION. 
9. Solve t-s+p-—q(1+ 1/x) + z/x = 0. 
Setting (S,, eee = 0 and solving, we have & =x and €=x+y. 
For the choice u=x and v=x+y, PPL +Z + G = Zys S = Zt Zyye and t= diye Sub- 
stituting in the given equation, we have Zo= Z + =(Z z) = ieee -z) + 1 02 -z) = 0. 
ae ae a Ou ov x Ov 
Let Leer iene ee, eee and iy tern ae SOON 
Ov Ou ui Ov 


wv), we have e 2 = = $4(v) + (uy or z= dv) + e*’ plu). 


ete 


Integrating ee =Z = 
Ou 
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xt 
ere 


x 


In the original variables, z = Py(x+y) + e  bix) £ fixey) + e B(x), 


where f(x+y) = en” bax ty) and g(x) = e P(x). 


10. Solve xys ~ xr a px-qy +z = - oxy. 
2 2 , 
From XE, Sy -x(€,.) = xE (Sy -%*€.) = 0, we obtain € =y and & = xy, 


“ra 2 ; 
Using u=xy, VEY, PF ¥Zys JQ XZ + lye FTV Aye 8 = Uy t+ XY2 + YZ,» the given 


differential equation becomes 


1 1 Qu 0 Oz 1 1 oz 1 2u 
Fi jhe SE rE A Sede tS a or —(— - -2z) - -(— - -z) = - =F 
v u wv . Aue Bu v Udy : 
2 
2 2 
Let ret then Ot Oe a eed ee a) or pee Ee eis 
BU ay Ou a u 2 v2 
Oz 1 2u Z u? 
Integrating w = =~ —~-z2 = ~~ + uy(v), we have = = — + uyy(v) + do(u) or 
Ov v 2 v v2 
a? a 
z= — + uv wiv) + vde(uy = soe UY Ag(v) + vu elu). 


In the original variables, z = xy Aq(y) + y de(xy) + xy = xPi(y) + yPelxy) + xy. 


dl. Solve x7r - axys + y't ~ xp + 3yq = By/x. 


Here ve ae axye,$y, + vé, vs (x§,. - ys, > = 0, and since the factors are not dis- 


tinct we obtain only € = xy, 


We set u=xy and take v=y; then PHY, Q=xXZ, + 2y, r=y*z S = 2 + xyz 


uu’ UM + Yeyyr 


t-x 2 + Quz + zy and the given differential equation becomes 


Me UU 


2 
ee + Byz,, = By/x or vz, + 302, = 8v"/u, 


an equation of the Cauchy type. However, it is seen that v is an integrating factor; hence 


WP + Buz, = 8v°/u and v2, = 2v"/u + (un). 
av 1 vw? 1 

Then =z, =~ + —— (nu) and z= — ~- —— (uy + $4(u) 
u af u oy? 


7 1 
— + 5 ¥u) + Py(u) 


v 


1 
= dy(xy) + = bY) + 
y 


zx 
x 


or z = dy(xy) + x? Pe(xy) + 2, where W(xy) = xy? Peolxy). 
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MONGE’S METHOD. 


12. 


15. 


14. 


15. 


Solve qs — pt = as 


2 
The Monge equations are g dxdy + p(dxy = 0 and pdxdy + o dxdy = 0. 


From the first equation, qdy + pdx = 0; then dz = pdx + gdy = 0 and z =a. 
; 2 ; 
Substituting qdy = —pdx in the second equation yields dqg-—q dx = 0; thus l/gix=b 
and l,q +x = f(z) or [x-ftzy]q = -] is an intermediate integral. 


The required solution is obtained by solving this first order equation; thus 


XZo- J f(zjdz = ~y + gde(x) or ytxz = fy(z) + do(x), where (2) = f(z). 


Solve q’r ~ 2pygs + pet = pq. 
The Monge equations are (q dy + paxy = 0 and q dydp + oe dx dq ~ pq dx dy = 0, 
From the first equation, qdy + pdx = 0; then dz = pdx +qdy=0 and z=a, 


Substituting qdy = ~ pdx in the second yields -qdp+pdq+pqdx=0 or - PT = 0 


and e°q/p = b, Thus eg ~pf(z) = 0 is an intermediate integral. The Lagrange system 


for this equation is ae eet g dz = 0. 
P+ ace® 
From the second equation, z= c. Then the first becomes j = dy with solution 
(ea 
e /f(e) + y = d, As required solution, we find 
youre e*/f (2) + by(Z) = e* Plz) + helZ)s where @,(z) = - 1/f(z). 
, 2 3 
Solve x(r+2Qxs+x t) = p+ ax", 
The Monge equations are (dy — 2x dxdy + vay = (dy - x dx) = 0 


and x dydp + x? dx dq - (p + 2x? dx dy = 0. 


We seek a solution of the system dy—xdx = 0, x dydp + x? dxdq - (p + 2x? dx dy = 0. 
From the first equation, x -2y =a. Substituting dy =x dx in the second, we get 
xdp + x dq - (pt 2x? dx = 0. 
Using the integrating factor 1/x”, we obtain the intermediate integral p +xq = x ta f(x = ay). 


The Lagrange system is “ = ay = sae 


2 
The first two members yield x ~2y=c 


% x4 xf (x? ~ 2y) 
and then the first and third become Ges = = bes —— * Solving, 
x +xf(c) 
2 
28 ix” + 4x f (c) + Pc) or 22 ix + bx” f(x” ~ 2y) + p(x - 2y). 


Solve q(l+q)r — (1+ 2q)(1+p)s + (1+pyt = 0. 

The Monge equations are 
q(L+qy(dyy + (1+ 2g) (1+ p)dx dy + (1+ p)*(dx)” = [qdy + (1+ pdx] [(1+@)dy + (1+ p)dx] = 0 
and q(1+q)dy dp + (14 p) ax dq = 0. 


16. 
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Consider first the system 
qdy + (1+p)dx = 0 


q(1+q)dy dp + (1+ p)’ dx dg = 0. 


From the first equation, pdx + qdy = ~dx; then dz = -dx and x+z=a, The substitution of 
qdy = -(1+p)dx in the second yields 


~(1+q)dp + (1 + p)dg = 0 


from which we obtain TER = 6, Thus, l+p = f(x+z) is an intermediate integral. 
1+@q i+g 
Consider next the system 
(1+ q)dy + (1+ p)dx = 0 
q(1+q)dy dp + (1+ p)’ dx dq = 0. 


From the first, pdx+qdy = ~(dx+dy) so that dz = ~(dx+dy) and x+y+z-=a. The substi- 
tution of (1+q)dy = -(1+p)dx in the second gives -qdp+(1+p)dq = 0 which is satisfied 


by a = b, Thus, =f = g(x+yt+z) is an intermediate integral. 
Solving the two intermediate integrals for p = series, q = arin and substituting 
a gas Bey 
in the relation pdx + qdy = dz, we have 
(fe+f-—g)dx + fdy = (g-f)dz, fedx = -f(dx+dy+dz) + g(dx+dz), 
dx = _ dx+ dy + dz + dx + dz and x =hy(xtyt+z) + do(xt+2). 


g(x+y+Z) f(x+z) 


Solve (x-z) [xq?r - q(x +2+4+2px)s + (z+ px+ pz +p’x)t] = (1 + pg? (x+ z). 


Monge’s equations are 
xq’ (dy) + q(x+2+ 2px)dx dy + (1+ p)(z+ pxy(dx) = [q dy + (1+ p)dx] [xq dy + (z+ px)dx] = 0 
and (x= 2) (xq? dy dp + (1+p)(z+ px)dx dq] - (1+ p)q? (x+ z)dx dy = 0. 
Consider first the system 
qdy + (1+p)dx = 0 
(x ~ 2) xq’ dy dp + (1+ p)(z + px) (x —2)dx dg - (1+ p)q” (x + z)dx dy = 0. 


From the first equation, pdx + qdy = -dx; then dz =-dx and x+z =a. Substituting qdy = 
-(1+p)dx, z+=a-x in the second, we have 


1) —(2x-a)xqdp + (2x-a)(a—x+px)dq + (1+p)qadx = 0. 
To solve this equation, consider x as a constant so that dx=0. Then i) becomes 


~(2x~a)xq dp + (2x—-a)(a~x + px)dq = 0 or x(q dp-pdq) ~ (a~x)dg = 0 
xpta~x : , : : . 
and ag = W(x). To determine W(x), we take the differential of this relation, 
q(x dp+pdx-—dx) -— (xp+a-x)dq = q’ db 


and obtain xq dp ~ xpdq = q dy - pqdx + qdx + adg ~ xdq. 


Ee See Act Le aS Seal 2 Se 7 a oe 


From i), xqdp—xpdq = 
2x-a 2x - a 
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then qed) — pq dx + qdx + adg - xdq = (a-x)dq + a 
Fea a cad Le Pa es a and ee eee eee 
g(2x -a) ax~a 2x -—a 
Thus, “P22=* 2 *P*? = f(y+2z) is an intermediate integral. 
q(2x-a) q(x-2z) 
Consider next the system 
xgdy + (z+px)dx = 0 
(x —2)xq?dy dp + (1+ p)(z+ px) (x-2z)dx dq - (1+ p)q?(x+ z)dx dy = 0. 
From the first equation, pdx + qgdy = -zdx/x; then.dz = ~zdx/x and xz=a, Substituting 


xq dy = —(z+px)dx, z=a/x in the second, we have 
ii) ; ~xg(x°~a)dp + x(l +p) (a" - a)dq + (1+ p)q(x? + a)dx = 0. 


Considering x as a constant, this becomes qdp-~(l+p)dg = 0 and we have nit = (x). From 


2 
this relation we find qdp-—(1+p)dq = qd, while from ii) qdp-—(1+p)dgq = Ot Pye TO ax, 


x(x -a) 
2 2 
Then dw = pied 2A eae ne 7 Year + 0) ae = ee + al ca In = ~Inx +1n(x?-a) +Inb, 
22 2 x 2 
qQ x(x -a@) x(x -a) MO 
2 
and wW = cA aa = cae ah Thus, fn: = g(xz) is an intermediate integral. 
x q q(x ~z) 
, _ f-2 ees 
Solving the two intermediate integrals, we find p = -—= and q = ; then 
xg-f xg~f 
dz = pdx + qdy = PAE i + a or = f(x +z)(dx+dz) + dy = zg(xz)dx + xg(xz)dz, 
xg-f xg~f 


Thus, y + dy(x+z) = @,(xz) is the required solution, 


Solve Sr+¢stt+ (rt-s*) = ~9, 


Here, R=3, S=T=U=1, V=-9; then 
Uae SUNATR AY 2 42x 68-0 and Ng Dy, Ag Se S85 
We seek solutions of the systems (see equations 19)) 
AwUdy + Tdx + Udp = 2dy+dx+dp = 0, Rdy + AUd« + Udg 
and AjU dy + Tdx + Udp = -3dy+dx+dp = 0, Rdy + A\Udx + Udgq = 3dy + 2dx + dq 


i 
It 


3dy ~ 3dx + dq = 0 


u 


0. 


From the first system, we have 2y+x+p=a, 3y-3x+q-=6; thus, p+2y+x = f(q+3y-3x) is- 
an intermediate integral. From the second system, we have -3y+x+p=c, 3yt+2x+q = d; 
thus, p-3y+x = g(q+3y+2x) is an intermediate integral. Since q appears in the argument 
of both f and g, it will not be possible to solve for p and q as before, and it will not be 
possible to find a solution involving two arbitrary functions. We give two solutions invalv- 
ing arbitrary constants, 


Replacing the arbitrary function f of the first intermediate integral by a(q+ 3y-3x)+8, 
we obtain 


pt+2y+x =a(q+3y-3x) + B or p- ag = (3a-2)y - (Gat+ljx + B 


18. 
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for which the Lagrange system is ae = dy = wee Od ag From oe = dy | we find 
1 -a (38a-2)y-(3a+1)x+f8 1 -a 
yrax =€&; then dx gids Be eee ee and 
1 (3a -2)¥- Ba +1)x+8 -(3a +at+1)x + 3a -2€ + B 
z2=- 5 (8a? + a +1)x? + (8aF-2 +B)x +n = - $30? +a 4+1)x? + (Say +307x — 2y~2ax+B)x+7, 
Thus, z = $(3a7 — 5a —1)x? + (3a~2)xy + Bx + dy(y+ax) is a solution involving one arbi- 


trary function and two arbitrary constants, 


Replacing the arbitrary function g(q+3y+2x) of the second intermediate integral by the 
linear function y(q+3y+2x)+6, we obtain 


p-3y+x = Y(q+ 3y+2x)+8 or P~Yq = 3(¥+1)y¥ + (2¥~-1)x + 8 


for which the Lagrange system is ad = dy a dz . From dx 7 ay we get 
1 -y 38(y¥+1)y+(2y-1)x+8 1 -y 
y+ryx = &; then aad Ses tas SO red dz as and 
d B(y+ Dy + (2y-1)a +8 By? +ys ye + B¥E + BE + 8 
Z == $y? + y +1)x? + (By€+3E + 8)x + 


Thus, z = L(3y74 By ~1)x” + 3¢y +1)xy + 8x + ho(y+yx) is also a solution. 


Solve xgr + (p+q)s + ypt + (xy -1)(rt~s*) + pq = 0. 


Here, R=xq, S=p+q, T=yp, U=xy-1, V=-pq; then 


U?? + SUX+ TR + UV = (xy -1)°? 4 (Pegy(ey—-1)A + pg = 0 Hid: hy ee eee 
xy-1 xy~-1 


-pdy + ypdx + (xy ~1)dp = 0 
Consider first the system : The system is not inte- 
xqdy ~ qdx + (xy ~1)dq = 0 


grable since neither equation is integrable. 


Consider next the system -gqdy+ ypdx + (xy-1)dp = 0, xqdy - pdx + (xy-1)dg = 0. 


We multiply the second equation by y, add the first, and divide by xy-1 to obtain 
qdy+dp+ydq=0 and thus p+yq =a, Again, we multiply the first equation by x, add 
the second, and divide by xy-1 to obtain pdx+xdp+dq=0 and thus xp+q = b. How- 
ever, the form of the resulting intermediate integral xp+q=f(yq+p) or yq+p=g(xp+q) 
does not permit a solution involving two arbitrary functions. 


To obtain a solution, involving one arbitrary function and two arbitrary constants, we 
replace f(yqg+p) by the linear function a(yq+p)+$ in the first form of the intermedi- 
ate integral above and have 

(x-a)p + (l-ay)gq = 8, 


; d d : 
The corresponding Lagrange system is Bi Bes nese From the first two members we 


x-a l-ay 


obtain aln(x-a) + In(l-ay) = Iné or (x— a) (1~ay) = €, and from the first and third 
members we get z= 6 In(x-a)+ 7. Thus, the solution is 


z = Biln(z-a) + ¢l(x-a) (1~ay)). 
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SUPPLEMENTARY PROBLEMS 


Solve, 
19. r= xy Ans. 
0. s=x'+ y° 
21. t =-— x" sin(xy) 
22. xr -p=0 
2 
23. «xr+p=i/x 
2 
24. yt-g = 2x’y 
25. ys - p= ay? sin(xy) 
26. t+qe= xe > 
27. rts = 3y 
28. xyr + x?s - yp = xe? 


30. 


2yt — xs + aq = xy 


eek ye 2 pS Bey oe 


LAPLACE’S TRANSFORMATION. 


31. 


32. 


33. 


35. 


36. 


37. 


nN 


N 


1 
x dy (y) + Poly) + ary 


ii} 


1 
dy (x) + poly) + gor ytay’) 
= y dy(x) + Og(x) + sin(xy) 


x” daly) + oly) 


" 


NW 


pi(y) Inx + Poly) + U/x 


y bi(x) + fo(x) + xy” Iny 


iT 


a 


y by(%) + Poly) - sin(xy) 
y 


e da(x) + Pex) - xye™ 


fy(x-y) + Poly) + xy? 


i 


= by(x?—y?) + holy) + $27? 
= py(x?y) + bela) + bx?y? 


= dy(x/y) + boly) + x7y? + x? 


6r -s - t = 18y - 4x Ans, Zz = $y (x ~ 3y) + po(x + 2y) + yar ty") 

x(ay-Lyr = (xy? = 1s + y(xy-1)t + (e-Dp t+ (y-1g 70 Ans, 2 = dy(xe”) + dolye”) 
2 

x(y-xyr - (ye =x )s + yly-x)t + (ytx)(p-q) = 2etye]) 

Hint: Let x+y=u, xy=v. Ans, 2 > dy(x+y) + Delay) +x -y + Inx 


(y-1)r - (~=ls t+yy-bt+p-ge aye (1- yy 


2 2 2 2 
xyr-(% -y )S~xyt+ py—qx = 2(x -y ) 


r-2s+t+p-q = e (2y ~3) Oa 


Hint: Let x+y=u, y=uv. 


2 2 
y (r-2s+t) -y(p-q) -~27Y 


MONGE’S METHOD. 


38. 


(e*—1)(qr—ps) = pqe I.I.: p = Y(z). 


Ans. 


Ans. 


Ans, 


Ans. 


4 


G.S.: 


= py(x+y) 4 Pelye’) + (a+ y)yre™ 
2 2 
=hy(x'+ yy) + Poly/x) — xy 


= dilxty) + er dolxty) + xe” + ye 


1 12 
= ydy(x+y) + Re ae eres 


ni x 
x = @y(z) + Poly) +e 


x 


46. 
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r—3s-10t = -3 Id: 
G.S.: 
q’r — 2pqs + pt = 0 ILI: 
gr-(l+pt+q)s+(1itp)t = 0 LI: 
G.S.: 


y2 2 
(l-q) r-2(2-p-2q +pq)s + (2-p) t = 0 


SReMOS ARS (eS oot 


I.I.: 3y¥+4x~—p = f(5y+ Ix-q), 
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p-5q = Wely - 2x) 
Py(y+ 5x) + dol(y—2x) + xy 


p+2q = Waly + 5x), 


tt 


z 


qw(z). G.S.: xdy(z) + ¥ = be(Z). 


wu 
I 


p-G = Yy(xt+2), ptl = q Welvty) 


z= f(x+z) + g(xt+y) 


eae ee rere eae 


i) 
i 
vo 


GS. x + y daly t+ Qx—z) = holy + 2x -72) 


Ty+4x-p = g(5y+ 3x-q) 


Sol.: 2 = 2x74 3xy + 3y°—2ax?— Bet di(ytax) or z= 2x” xy + 2y? + 297 - bx + Poly + yx) 


Qr~6s +2t+(rt—s°) = 4 
I,I.: 2y+2x+p = f(2y+4x+q), 


Sol.: z= ax? + Bx (x+y) + by(y tax) 


r—654+4t ~(rt—s") = 3 


I.I.: 3y+4x—-p = f(3y+3x-q). Sol.: 
2 
yr-ps+t+y(rt-s )=-1 
I.I.: ypt+x = f(qty). Sol.: 
xqr—(x+y)s+ypt saxy(rt—s*) = l-pq 
Ti.: xpt+ty = flyq+~x). Sol.: 


4y+Qx+p = g(2y +2x+q) 


2 a yx? 4 8u-—x7 ~ axy~y? + dolyt ¥x) 
z= ox? 4 3xy + Sy + Bx + blytax). 
2 
az = ay? — Baz y* + 6axy+ 6by + Plax+sy). 


z=axty/a+Blnx+ (xy), 


Applications, 
geometric, 41, 75, 133, 178 
physical, 49, 133, 178 


Approximation, numerical, 186 
Arbitrary constant, 1, 78, 231 
Arbitrary function, 232 
Auxiliary system, 239 


Beams, 134 

Bernoulli’s equation, 35 
Bessel equation, 222 
Bessel functions, 222 


Cauchy linear equation, 108 
C-discriminant, 69 
Characteristic equation, 
complex roots, 83 
distinct real roots, 83 
repeated roots, 83 
Charpit’s method, 247 
Clairaut equation, 62 
Complementary function, 79, 257, 266 
Complete solution, 
of ordinary differential equation, 79 
of partial differential equation, 240, 244 
Conditions, 
for exactness, 24, 165 
for integrability, 164 
for linear independence, 178 


Damping factor, 134 
Differential equation, 
Bernoulli, 35 
Bessel, 222 
Clairaut, 62 
exact, 12, 24, 123 
extended Clairaut, 246 
first order, first degree, 12, 24, 35 
first order, higher degree, 61 
Gauss, 223 
homogeneous ordinary, 15, 78, 82 
homogeneous partial, 255 
Legendre, 220 
Legendre linear, 108 
linear, 
of order one, 13, 35 
of order n, 78, 123 
of order two, ill 


Index 
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Differential equation, 
linear, 
partial, first order, 238 
partial, higher order, 276 
non-homogeneous, partial, reducible, 265 
non-homogeneous, partial, irreducible, 268 
non-linear partial, 244, 280 
numerical solution, 186 
partial, first order, 238 
partial, higher order, 
constant coefficients, 255, 265 
variable coefficients, 276 
solution in series, 197 
systems of, 157 
total, 164 
Direction field, 8 


Electric circuits, 57, 136 
Exact equations, 12, 24, 123 
Existence theorem, 7 

Extended Clairaut equation, 246 
Extraneous loci, 68 


First derivative method, 187 

Functions, 
Bessel, 222 
complementary, 
homogeneous, 15 


79, 257, 266 


Gauss equation, 223 
General solution, 
of ordinary differential equation, 7 
of partial differential equation, 238, 256, 265 


Harmonic motion, 134 
Homogeneous equation, 15 
Homogeneous function, 15 
Homogeneous linear equation, 78, 
Hooke’s law, 55 

Hypergeometric series, 223 


82, 255 


Indicial equation, 208 
Infinite series, 197 
Integral curve, 7 
Integrating factor, 12, 24 
Intermediate integral, 280 


Kutta’s Simpson’s method, 188 
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Lagrange system, 239 


Laplace’s transformation, 278 
Legendre equation, 220 
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Order, 
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reduction of, 122 
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Series, 
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Taylor, 187 
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ordinary differential equation, 99 
partial differential equation, 266 
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Singular point, 199 
Singular solution, 
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particular, 7 
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Systems of equations, 157 
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